Prof. Girardi Sequences: Limit Thm.’s

Bounded Sequences ‘

Def. A sequence {s,}, is bounded below provided (3L € R) (Vvn e N) [ L <, |.

(such an L is called a lower bound of {s,}, )

Def. A sequence {s,}, is bounded above provided (3U € R) (Vn e N) [ s, < U |.
(such an U is called a upper bound of {s,}, )

Def. A sequence {s,}, is bounded provided {s,}, is bounded above and bounded below.

Note. A sequence {s,} isbounded < (3M €R) (VneN)[|s,| <M ] & (IM eR>?) (VneN) [ [s,| < M |.
(such an M is called a bound of {s.}, )

Thm. Each convergent sequence is bounded.

Common Technique/Useful Lemma

Lemma. Let a, beR.

Ll. a=0 — (Ve>0)[0<a<e]. 2.1.9
BS4p28
L2. a=0 — (Ve>0)[0<a<e]. Rmk
BS4p28
L3. a=1b — (Ve>0)[la—bl<e]
L4. a<b — (Ve>0)[a—-b<e]
‘A]gebra of Limits
Thm. Let ¢ € R and 3.2.3
BS4p64
lims, = SR
n—oo
limt, = TeR
n—oo

Then the following hold.
Al. lim cs, = c<lim sn>.

n—o0 n—o0

A2, lim (s, +1,) = <lim sn> + (nim tn>.

n—o0 n—o0 — 00

A3. lim (s, —t,) = (hm sn) — (lim tn).

n—00 n—00 n—00
A4. lim (s,-t,) = <lim sn> . (hm tn>.
n—0o0 n—oo n—oo
n 1. T o0 n . .
A5. lim 2 — l,m;s, provided lim,, o t,, # 0 and (¥n) [t, # 0].
n—o0 1, hmnﬁoo n

‘Sequences and Continuous Functions‘

Def. Let 2y € I C R with I an opend interval. The function f: I — R is continuous at z( provided
(Ve>0)(F0>0) Ve el)[|lzr—x|<d = |f(x)— f(xo)]<e] ,orequivalently,
(Ve>0) (30 >0) Ve el)|[ x € Ns(xg) = f(x) € N(f(g))] -
Thm. (continuous functions preserve convergent sequences )
Let f: I — R be a continuous fucntion on an open interval I of R.
Let lim s, =L € I and {s,: n € N} CR.
Then lim f (s,) = (L).

n—o0
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‘Order Properties of Limits

Thm. Let Ny € N and «, 8 € R and {x,}, be a sequence from R. Let

lims, = SR

n—oo
limt, = TeR
n—oo
Then the following hold.
O1. Ifs, <t, for each n > Ny, then lim s, < lim t,. 3.2.5
n—oo n—0o0 BS4p65
02. If a <s, < for each n > Ny, then a < lim s, < . 3.2.6
n—00 BS4p66
03. Squeeze Thm. 3.2.7
BS4p66
If s, <z, <t, for each n > Ny and lim s, = lim {,,
n—oo n—o0
then {z,}, also converges and lim s, = lim z, = lim ¢,.
n—oo n—oo n—oo
O4. The sequence {|s,|}, converges and lim |s,| = (hm sn) : 3.2.9
n—oo n—oo BS4p68
O5. The sequence {max{s,,t,}}, converges and lim (max{s,,t,}) = max{ lim s,, lim tn}.
n—oo n—o0 n—oo
The sequence {min {s,,,}} converges and lim (min{s,,t,}) = min{ lim s, lim ¢, ¢.
n—00 n—00 n—00
Helpful : max{s,,t,} = Sn T + s | and min {s,,t,} = Snttn I8 |
2 2 2 2
Le., the max{a,b} is (the midpt btw a&b) + (half the distance btw a&eb).
while the min {a, b} is (the midpt btw a&b) - (half the distance btw a&b).
‘Ratio Test for Sequences
Thm. Let {z,} n € N be a sequence of strictly positive real numbers such that 3.2.11
BS4p69
L= lim 2ot (Ratio)

n—oo I,

exists and L < 1. Then the sequence {z,}, .y converges and lim x, = 0.
n—oo

pf. Pf’sIdea. Find r s.t. L <r < 1. Find N € N s.t. if n > N then

z;—:l—L‘<(r—L).

So if n > N then
Tn+1

<r and so 0<xpi <razy,
‘/En

and so inductively (use math induction to prove) we get

ie. — ie. —
0< Tpy1 < T‘ll'n < rt (T’IZL‘n_l) = TQ:L‘n_l < r3mn_2 < el < r(” N+1)$N = e |:7"1 N:EN} — O

for the constant C:= [r'"Vay]. Note lim r" = 0 since 0 < r < 1. Now apply Squeeze Theorem.
n—oo
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