Defs.

TBB §13.1-13.3 and 4.1-4.4 Introduction to Topology

(M, d) is a metric space provided M is a nonempty set and d is a metric on M. TBB
Note, d is a metric on M provided d: M x M — R is a function that satisfies, for each z,y,z € M, §13.2

(Ml) d ((E, y) >0 (M?)) d (.’L‘, y) =d (y, :E) (symmetric)

(M2) d(z,y) =0ifand only if z =y (M4) d(xz,y) <d(x,z)+d(2,y). (triangle inequality)
If d is understood, often we refer to (M, d) by just M. HMWK: read §13.1-13.3.
Throughout this handout, (M, d) is a metric space (e.g., M = R with d (=, y) := |z — y|) and

S,G,F,KCM and x,x0,y € M and e>0
and def stands for definition while NTN stands for notation.
‘Neighborhood (NBHD) ‘ §4.2.1
N.(zg) "= e-NBHD centered at x ' {yeM:d(y, z) <e}
N!(zo) "= deleted e-NBHD centered at zy = {ye M:0<d(y,z0) <e} = No(zo)\ {zo}
In the TB? book, if z € N.(zg) then Nc(zq) is called a NBHD of . We will avoid this terminology. In reality, a NBHD of z is any open set containing x.
‘Neighborhood (NBHD) for M = R with d(z,y) := |z — y| ‘
Ne(zo) = {yeR: |zo—y| <e} = (w0 —¢,20+¢)
Nli(zo) = {yeR:0<|zg—yl<e} = (xo—e,20)U (x0,x0+¢)
[ DEFINITIONS AND NOTATION |
xo is an interior point of § N e &L (3 >0) [No(z0) € S] &= o €int (S) §4.2.1
- book
xo is a limit point! of S N ppes &L (Ve > 0) [NL(zo) NS #0] §4.2.3
< (Ve>0) (Fyel) [y € N.xp)]
o is an isolated point of § &= none &, [0 € S]and [(Fe > 0) [NL(zg) NS =0]] §4.2.2
<~ (Fe>0)[Ne(zo)NS = {x0}]

2o is a boundary point of § &= 29 € dS PLN (Ve > 0) [ Ne(z0) NS # Oand Ne(z9) N SC # 0] 5424
the interior of S "IN g0 = the set of all interior points of S §4.3
the closure of S NS gy §4.3
the boundary of § "= 99 & the set of all boundary points of S

\ SEQUENTIAL CHARACTERIZATIONS \

A sequence {z,,},- | from M converges to z provided (Ve > 0) (3N € N) (Vn € N) [n > N = z,, € N.(xo)].
zo € S’ if and only if there is a sequence {s,} -, from S such that li_)m sp =z and, Vn € N, s, # xg.

zo € S if and only if there is a sequence {s,}>c; from S such that li_)rn Sp = Tp.
n—oo

| DEFINITION OF OPEN AND CLOSED SET |

G is open &4 cach point in G is an interior point of G <= (Yz € G) (3 > 0) [N.(z) C G] §4.3.2

Fis closed? <& pC & M\ F is an open set

| PROPOSITIONS | (follow directly from defs.)

o Sisclosed <2 S contains all its limit points <= S/ C S.

o (isolated point of S) C S C (isolated point of S) W S’ where W means disjoint union.
o (?)/ c s (and so (S)' € S’ € SUS = thus S is closed)

L Another word for limit point is accumulation point.

2We will use this def. of closed and not the book’s def.!!l The two definitions are equivalent but ours is more widely used.
See book’s Thm. 4.16 (S is closed < S is open), Def. 4.9 (S is closed < S’ C S), and next fact.
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‘UNIONS AND INTERSECTION OF OPEN/CLOSED SETS

§4.4
Thm. Let I' be an arbitrary indexing set and n € N,

o. If {G,}yer and {G;}]-, are collections of open subsets of a metric space M, then:

U G, is open and ﬂ G, is open.
vyel i=1

o. If {F,} er and {F;};, are collections of closed subsets of a metric space M, then:

() Fis closed and |J Fiis closed.
yel’ i=1
Recall. ze€ | G, PN (Fyel) [z € Gy] while re () F &l (Vyel) [z € Fy]
vyell yel’

‘One Theorem for when (M, d) is the R with d (z,y) := |z — y|. ‘

Thm. A subset G of R is open if and only if

oo
the set G = |J (an,by) for some disjoint open (possibly degenerate/empty) intervals { (ay,by,) }oo ;.
n=1
| INTERIOR OF A SUBSET S OF A METRIC SPACE|  Order to show: 1, 5, 2, 3, 6, 4.
1) interior of S "= §° ¥ set of interior points of S

(1)

(2) S° is open
(3) s°c S

(4) S°=S < S is open
(5)

U G where Gg = {G € P (M) : G is open and G C S}.
Gegg
(6) S° is the largest open set contained in S (i.e., S° is the largest open set inside of S) in the sense that

S° is an open set contained in S and (now the largest part) if H is an open set contained in .S then H C S°.

’CLOSURE OF A SUBSET S OF A METRIC SPACE Order to show: 1, 3, 2, 4, 5, 6.

1) closure of § = § ¥ SuUass " SuY

(1)
(2)
(3)
(4)
(5) S

is closed

CQCOCO\

4 < S is closed

5 m F where Fg ={F € P(M) : F is closed and S C F}.
FeFs

(6) S is the smallest closed set that contains S (i.e., S is the smallest closed set that sits on top of S) ie.,

S is a closed set that contains S and (now the smallest part) if H is an closed set that contains S then S C H.

19.11.02 Page 2 of 4 Prof. Girardi



TBB §13.1-13.3 and 4.1-4.4 Introduction to Topology

COMPACT SUBSETS OF A METRIC SPACE‘ §4.5
Defs. A collection
C = {Gv}yer
of subsets of M is an OPEN COVERING of S provided each G is open and the G,’s cover S in the sense that
scya,-
~yel

We call C a FINITE SUBCOVERING of S (of the covering C) provided, for some n € N,

C=1{G,)r, c¢ and Sc |G,
i=1

Def. A subset K of M is cCOMPACT 3 provided each open covering of K has a finite subcovering of K. So:
K is compact <= V open covering C of K 3 finite subcovering Cof K.

Lem. Lemmata towards the Heine-Borel Thm.
L1. A compact subset of R is bounded.
L2. A compact subset of a metric space is closed.
L3. A closed subset of a compact set in a metric space is compact.
L4. A closed and bounded interval of R is compact.

!Rest of Handout (M,d) is the R with d (z,y) := |z — y|. ‘

| HEINE-BOREL THEOREM |

Thm. Let S C R. Each open covering of S has a finite subcovering if and only it S is closed and bounded. I.e.,

a subset S of R is compact <« S is closed and bounded .

|[BW = BOLZANO-WEIERSTRASS |

Thm. Recall the (baby) BW Thm. FEach bounded sequence from R contains a convergent subsequence. Thm2.40

Thm. BW Thm.?  (sequential form, BWPg) Thm4.21
a subset S of R is compact <« each sequence from S has a subseq. that converges to a point in S.

Thm. BW Thm. (set form, BWPge) Cord.22

a subset S of R is compact < each infinite subset of S has at least one limit point that is in S .

Def. The diameter of a subset E of a metric space (M,d) is diam E :=sup{d (z,y) : z,y € E}.

Thm. Recall the Nested Interval Property. If a sequence { [an,b,] },—; of nonempty closed interval of R ERr29.6
satisfying

[an,bn] D [ant1,bnt1] for each m € N and li_>m diam [ay41,bp+1] =0

then NP2, I, contains precisely one point.
Thm. If a sequence {E,}, - ; of nonempty compact subsets of R satisfies Thm4.24
E, D FE,4 foreachneN

then N>° E,, is nonempty

Thm. Cantor Intersection Thnm. If a sequence {E,} 2 ; of compact closed subsets of R satisfies Thm4.25
FE, D Epyq foreachn eN and lim diam FE, =0
n—oo

then N°2_, E,, contains precisely one point.

3We will use this def. of compact and not the book’s def.!!! Our def. of compact is the correct topological def. and is
equivalent to, in the special case that M = R (with the usual metric), the book’s def.’s Def. 4.34.
4TBB book calls this theorem the Bolzano-Weierstrass Property (see Thm. 4.21).
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For this chart, let the metric space (M, d) = (R, d) where d is the usual metric on R, d (z,y) = |z — y|.

Fill in the chart. No explanation required. Here, S C R and a,b € R with a < b. Recall:

e 19 is an interior point of S &L (32 > 0) [ Ne(zo) C 5]

e 1( is a limit point of § <

= def
e S =

Sus.

def

(Ve > 0) [Ni(zo) NS # 0] <=(Ve > 0) (Fy € 5) [y € N(o)].

n—o0

o € S < there is a sequence {sn}p2, from S such that lim s, = xo.

n—o0

zo € S’ & there is a sequence {s, },-; from S such that lim s, =z and, Vn € N, s,, # .

g interio; Oof S limit pogits of S closuregof S Iyse jngpen? ise 5/ I(i)osed?
(a,b] (a,b) [a, b] [a, b] no no
(a,b) (a,b) [a, b] [a, b] yes no
[a, b] (a,b) [a, b] [a, b] no yes
(a,0) (a,0) [a, 0) [a,0) yes no
(0,1)u {17} (0,1) [0, 1] [0,1] U {17} no no
{1:neN} 0 {0} {0}u{l:neN} no no
Q 0 R R no no
0,1]NQ 0 [0,1] [0, 1] no no
R R R R yes yes
0 0 0 0 yes yes
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