Defs.

Rmk.

Functions and Sets

Set up for this entire handout. Let f: X — Y be a function from a set X to a set Y.
LetzeXandyeVY. Let AC X and BCY. Pictorially have fr X =Y

U U

A B.
The function f is injective (or one-to-one) provided if x1, 25 € X and x1 # xq, then f (z1) # f (22).
(So fis 1-to-1 & [if 1,22 € X and f (z1) = f (z2), then z1 = z2. ])
The function f is surjective (or onto) provided if y € Y then there is x € X such that f (z) = y.
The function f is bijective provided f is injective and surjective.
(The function f: X — Y has and inverse function f~': Y — X if and only if f is bijective.)
The image (or direct image) of A under f, denoted by f[A], is the set

note

flA] = = {f(x)eY 1z € A} note {yeY: f(z)=yforsome x € A} C Y.
The inverse image (or preimage) of B under f, denoted by f~![B], is the set

f1[B] de—f{ €X :f(x)e B} "L {xeX: f(zx)=y for somey € B} nogte X .
y € fl4] PAL y = f(a) for some a € A 2% (Ja € A) [f (a) =]

of image

vef'B] %X f(x)eB.

of preimage
Be careful though:
reA = f(x) e f(A)
f(x)e f(A) + x € A (W)
Proposition. Let Ay, A3, A; C X and Bj, By, B; C Y for each 7 in an indexing set I. Then

xGUAZ- ;gf ze A forsomeiel 5 (Jiel)[re A

mGﬂAi pALY veA forecachiel 5 (Viel)[re A

of intersection

and
A C Ay = f[A] C flAs] (1)
B, C By = [fB]C B (2)
and
A C oA G
[UtB] < B (“
and
flUier Al = Uier flA] (5)
fNier Ai C  Nier flA] (6)
f[X\A] 2 fIX]\f[4] (7)
f ' Uier Bl = Uier f[B)] (8)
f 7 Mier B) = Nier fTHB] . (9)
fff'IY\B] = X\ f'[B (e 7 [BC] = (17 1B19) ) - (10)
Remarks:

e If f is injective (ie., 1-to-1), then equality holds in (3) & (7) and the implication in (W) holds.
e If f is surjective (ie., onto), then set equality holds in (4).
e To help remember (6), think about what can happen when N;c; A; = 0.
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