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Part 1

. Equivalence Relation 1
.3-1/1

E1 On 1
,

the operation = (i .
e, "is equal to")

is
a relation on R

,

-

↓ Theoperation Visa
relation on a set X providat

either X, -X2 (i
. e .

2
,

tidles (2)
or X

, 4X2s Li
.
e. X

,
does not tidle x2)

Def The operator~ is a equivalence relation on X provided
&

~ is a relation on X and < to get "equivalence" party

(r) ~ is reflexive ,
i

.e . xnx , xzX

⑪ (S) v is symmetric ,
ic . [x , ~X2] = [xzeX, ]

,
Hx

,,XX

-

(t) ~ is transitive , i. e. [I, 242) and (x22X33] => (x
, -X3) ,

#X
,
y

X2,Xz3X
... o

a-mine
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Ex 2 : ix of equivalence relations 1 .3-1/2

(1) = on the Set IR

(2) on 12 where (x,, %) ~ (X2
,%2) X1 = X 2 ·

So SexyTSIR2 : (x
, y) ~ (17

, y)3 = E
(17

,
8)

= the live X = 17

-><7
, 0on on thelinewa N

also
E(it

,
1) (17

, 17 on the
u

· (17, 1)

34·
(17, 0

Y

(3) on the set X = the collection of all sets where
def

S
, u5z = = bij. f : S+ Sz :

Note~a relation bas either - or #fa bijation f : S,S2
.

Note ~ is an equiv , relation bCS if S
,
S

,53 ,
5 Ed this

(r) SVS
,

take the bij f : StS
given by f(s) = S

: Lidentity function
(s) If sirSe

,
then 52ms ,

bla
N

its bijfis , -32 thenE :32ts
,

is bij·

(t) Let S
, -Se and SzvS3 .

WTS S
, wSz

↓ H

=> bijf : S ,
7S2 = big g

: Sat S3 :

Then I: S
. -Sy is a bijection,

Def Let no be a equiv ,
rel ,

on a set X .

-

For do EX ,
the equivalence class Ex

, generated by to is

Edut ExeX : X-X03 X
you can use either

↓

Not

Exo = EXX : Xoux3 <
One for def-

sinceo is-Immetric Iso xno XoX) .



Th Two
equirclasses are either disint or equal . lis-113

B See Ex2 .2 I won
r

we equir classes the vertical line).
-

Recall The equiv .
class Exo : EXEX : XvX0 3.

-

Pf . Have an equir rel .

~
On a set X

.

· let x
,
4
,

2x sit.and are not disint . [WTSEx
,

= Ex2)
↓

we can pick ye Ex, Eye

· Pic
.

EX, Exz

-⑪
· note X , Ex ,

Since v is 4x: xw
, 3 and X

, ~X)
↑

Likwise 423EX2 . reflexive

·Gaim1 X
, ~X2

[&·he-

#mETEx
,=WwwL Know

-aims Exe E
,

is similar to Claim2.

Haim2
+ Painte => Ex

,

= Ex2



Ex/Def Let BrI .
So] bij f : N- B 113-114

10 ->b
,

20 - -bz

30 -> - b3

4 -> - D4
the real math form

↓verb =no -> obn
aka merates

X
-

key idea
. The bij f

"

counts outs
"

all the eltis in B
.

-

Note
-- slang

⑳

nEIN# i disjoint union

B=
a one point subset of B

.

noun
Yet Let BwIN

.

An enumeration

ib
, be ,
bat is

where the function f : N -> B given by
f(n) = bn

is a bijction .

R so we can just say ,
eg,

Since Br N
,

we can enumerate B us

B = 36
, by

,
by, . . ..

3
.

Why think this way : Bas sometimes an enumeration
-

is easier to work with than the bij f : - B.

Recall ArB # J bij btw A & B
·

-

So "loosely speaking"
-

Ant #) A & B Il have same # ofelt" Y

It is g k to think (loosely) like "have same #of elt"
when A & B have a finite # of elements but
-

not ok when A and B are not finite (i
. e . are infinite) ,

au



Thm 1 . 3 . 13 (Cantor) Let X be a set .

1 .3-1/5
&

There does not exist a sujection f : X + P()

from the set X onto the power set P(X) of Xa

17- LTGB G
.

<Let X be a set)
,

· WLOG
,
X is nonempty since if X = 0 then X has O dements

but P(X) = 503 has I element so # surjetion from Xonto PCX-
· So let X be nonempty.

· BrOC assure I a surjection
f : X -> P(X) - (#)

<WTF -- > w w

[an elt in X -> X Bo a subset of X Y= =

so mapping
an elt to a set

· Consider the subset D of X defined by

4 == ExEX: 3 (1)
(So XED- X maps to a set that does NOT contain x) In brilland idea of Cantor !
· Since DSP(X) and F : X + P(X) is surj

·
7 Xo2X st

f(x) = D. (2)

def of D
· Claim 1No

assume XoED # Y f(x) xD .
-

- u

def of D def off
·Claim2VOE

assume#D.Yet XD +
&

u

· Claim 1 and Claim I gives <note : Claim1 says XOED)
xocDnD = 0

,

which is a contradiction.

Thus the original assumption in (A) is false .

Thus# a surj .
+:X P(X)

·
⑤

Cor If X is a set
,

then XNP(X) ·


