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Prof. Girardi §3.6: Practice Problems

Some hints are very generous. Do not except such generous hints on the exam.

Prove that each point on or inside the circle whose equation is
(x =12+ (y-2)?*=4

is also inside the circle whose equation is

Definition. The point (x0,yo) € R? is:
e inside the circle whose equation is (x — k)2 4 (y — k)% = r2 provided (zo — k)% + (yo — k)2
e on the circle whose equation is (z — h)2 + (y — k)2 = 72 provided (zo — h)? + (yo — k)2 =r
e outside the circle (z — h)? + (y — k)2 = r2 provided (zo — h)? + (yo — k)% > r2.

NA
<
S

Symbolically looks: (V¥ (z,y) €R?) [ P(z,y4) = Q(x,y) ] where P (z,y) and Q (z,y) are open senences in the variable z and y.

(V(z,y) €R?) [(z—-1)2+(y—2)2<4 = 22+y2<26].
Proof. Let (z,y) € R? satisfy
(-1 +(y-2?%<4 (1.1)

We shall show that 2 + y2 < 26.
Since the square of a real number is nonnegative, the inequality (1.1) gives

0< (z—1)2 <22 and 0< (y—2)2 <22 (1.2)

The following inequalities follow from (1.2) by algebra.

e —1] <2 and ly—2] <2

—2<z—-1<2 and —2<y—2<2

—1<x<3 and 0<y<4

0<z2<9 and 0<y2<16 (1.3)
Using (3) we now see that

224+ 9% <9416 =25 < 26.

We have just shown that if (z — 1)2 + (y — 2)? < 4 then 22 + y? < 26.
This completes the proof that each point on or inside the circle with equation (z — 1)2 + (y — 2)2 = 4 is also inside the circle whose
equation is x2 + y? = 26. O

Are the following statements true or false? Justify your answer.
For each integer a, if 3 does not divide a, then 3 divides 2a? + 1.
For each integer a, if 3 divides 2a% + 1, then 3 does not divide a.
For each integer a, we have 3 does not divide a if and only if 3 divides 2a? + 1.

3.1: use cases with a and mod 3. 3.2: use contrapositive and modulo arithmetic. 3.3: follows from 3.1 and 3.2.

Prove that if z € R and y is a irrational number then z + y is irrational or x — y is irrational.
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Prof. Girardi §3.6: Practice Problems

Since being irrational does not give us much of a bird in the hand, can we somehow work with the rational numbers, which give us some
birds in the hand? When symbolically write, note we can get a conditional open sentence by using R2 as the universe. Think about all

them nice closure properties of Q@ (to help avoid algebra). Proof is very similar to proof of book’s Prop. 3.19 (§3.3, p123).

Symbolically written:
(V@ €ER)[y¢Q = {(z+y) €QV (e —y) €Q}]. (4.1)

Knowing a real number is irrational does not give us much of a bird in the hand. On the other hand, knowing a real number is
rational give us some bird in the hand (e.g., nice closure properties, a numerator, and a denominator). As stated, all the real numbers
in open sentence in (4.1) are irrational. So let’s look at some negations of the open sentence in (4.1) in attempt to get some rational
numbers (as so to get some birds in the hand ). Below are some negations (4.1) (some more useful than others).

~ [y eR)[ygQ = {(+y) ¢QV -y ¢Q}]]
Gy er?) ~ [y€Q = {(@+y) €QV(z-y) ¢Q}]
(Recall think of P = @ as a promise. So the negation of P = @ is to break our promise. Thus ~ [P = Q] =[P A (~ Q)].)
By eR?) [y€QA ~{(z+y) €QV(z—y) ¢Q}]
@@y eR?) [ygQ A (z+y) €Q A (z—y) €Q]
G eR) [@+y)EQA (z-y) €Q A y£Q] (4.2)

The statement in (4.2) gives us more to work with (more of a bird in the hand) than (4.1). So let’s try a proof by contradiction and
assume (4.2) holds (i.e., the negation of what we want to show holds) and go looking for a contradition. Our birds in the hand
are: x4y € Q and z —y € Q. Can we somehow use that x+y € Q and z —y € Q to find a contradition to y € Q7 The key observations
are: (z+y)—(z—y)=2yand y= % (2y).

Compare Problem 4’s ThinkingLand to book’s Prop. 3.19’s ThinkingLand (p123). Do you see the two TL’s are basically the same?

Proof. We shall show Problem 4 by contradiction. Thus let z,y € R satisfy that
z+yeQ and r—y€eQ and y € Q. (4.3)

We shall find a contradiction (to our above assumption in (4.3)).
Since both = + y and = — y are rational, Q is closed under subtraction, and

(z+y)—(z—y) =2y

we have that 2y € Q. Since % is also rational, Q is closed under multiplication, and

Y= %(21/)

we get that y € Q. However we assumed that y € Q. So we have a contradiction.
This completes the proof by contradiction of Problem 4. O

Prove that there exist irrational numbers x and y such that 2V is a rational number.

V2
We know +/2 is irrational (by Thm. 3.20, p124). Try cases. Consider the number (\/Q) , which is either rational or irrational (who

is irrational.

i

V2
knows, but who cares since ...) Case 1: The (\/5) is rational. Case 2: The (\/5

V2 V2 V2
Case (\/i) is rational, take z = v/2 = y. Case (\/§> is irrational, take x = (\/ﬁ) and y = V2.

Let a and b be natural numbers such that

a® = b, (6)

Prove that if a is even, then 4 divides a.
Prove that if 4 divides a, then 4 divides b.
Prove that if 4 divides b, then 8 divides a.
Prove that if a is even, then 8 divides a.

Give an example of natural numbers a and b such that a is even and a? = b>, but b is not divisible by 8.

. Thm 3.10 . . ER 3.2.1 .
Helpful. If n € N then [ nis even <——===s p2 is even ] and [ nis even <——==== n3 is even ]

Let a,b € N satisfy

From class (Thm 3.10 and ER 3.2.1).
Theorem S. An integer z is even if and only if 22 is even.
Theorem C. An integer z is even if and only if 23 is even.

Let a be even. Then

Thm. S 2 (6.1) 3 Thm. C
a even ————= a“ even —= b even ———=> b even.
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So Jj,k € Z s.t. a =2k and b= 2j. So
Al Al §
a? = b3 28y 9212 — 938 28 2 98 A y2 o0y TIMS, g oven 29 3n € Z st k = 2n.
even even
Know a = 2k so get
a =2k = 2@2n) = 4n =20 4a

divides

Let 4 divide a. Then

6.1 B q
4\a%HnEZs.t.a:4n¥>b3:(4n)2:2(8n2) Aty 53 even 222-Cs § even
divides even
6.1 E A PO A -
b, sk e Z st b= 2k S (20)% = (4n)? s 933 = 2%n? 2 4 = 202
even 4=2
ot 13 even 22Oy | oven <2y Jj € Z st k = 2 =P b = 2k = 2(2)) = 4j = 4 | b
even even together divides
Let 4 divide b. Then
6.1
4\b$>3keZs.t. b:4k:2(2k)%beven%b3 evengwl2 even
divides even
Ihm S, even 225 4 | a —def. Jj €Z s.t. a =4j.
3a. divides

So now have j, k € Z s.t. a = 4j and b = 4k. So get

a2 =08 = (45)2 = (k)3 2B 4252 = 2353 28, ;2 _ 43 — 2(2k3) 2L 52 oven
even

Thm. S

j even def. 3n€Zs.t.j:2n$>a:4j:4(2n):8nd£f'>8|a.
even

divides

Follows from parts: 6.1, 6.2, 6.3.

n m

Think prime fractorizations: a = H(pz)k‘ and b= H(qz)J‘ Since a is even we know .
i=1 i=1
n m

H(pi)%i by H(qi)3ji _uniqueness of ) — 1 and Vi €{1,2,...,n}: p; = ¢; and 2k; = 3j;.

i=1 (6.1) ;3 prime factoriz.

Sotryn=m =1and p; = q; = 2 and (for 2k; = 35;) k1 = 3, and j; = 2. So take a = (pl)k1 =23 and b= (ql)j1 =922 Soa=238
and b = 4 will do it.

Prove Theorem 7.
Theorem 7. Let a and b be integers with a # 0. If a does not divide b, then the equation

ar® +br+ (b+a) = 0 (7.1)

does not have a solution that is a natural number.

Proof by contrapositive. So assume there exists n € N that is a solution to equation in (7.1), i.e., an® 4+ bn + (b+a) = 0. Note

ie.

az® + bz + (b+a) =0 when 2 =—1s0o z — (—1) = x + 1 is a factor of ® + bz + (b + a). Now use long division of polynomials to get
Symb()llcall% t he Orlgm al (7_0) ls ........................................................................
(V(a,b) € 770 ><Z) [atb = {(VneN) [an®+bn+ (b+a)#0] }]. (7-0)
Symbolically, using the contrapositive, (7-O) is (logically) equivalent to
(V(a,b) € 770 x Z) [{GneN) [an®+btn+(b+a)=0]} = apb]. (7-CP)
Proof by contrapositive. So assume there exists n € N that is a solution to equation in (7.1). Thenwe have
an® +bn+ (b+a) =0
an®4+a=—bn—b
a(n+1) (n2 —n+1)—-b(n+1)
a(n2—n+1) =-b
a(fn2+nfl) =b.
The last equation imples a | b,

A Pythagorean triple is a 3-tuple (a, b, ¢) such that a,b,c € N with a < b < ¢ and a* + b* = ¢*.

Are the following propositions true or false? Justify your conclusions.
If (a,b,c) form a Pythagorean triple, then 3 divides a or 3 divides b.
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If (a,b, c) form a Pythagorean triple, then 5 divides a or 5 divides b or 5 divides c.

Both are true. Helpful Facts. Lemma 8.1: if a € Z, then [a # 0 (mod 3)] < [a? = 1 (mod 3)]. Pf: is proof by cases. is proof
by contrapositive. Look over your class notes. Lemma 8.2. If ¢ € Z, then ¢ = 0 (mod 3) or ¢2 = 1 (mod 3). Pf: use Lemma 8.1.

Proposition 3.33. If a € Z and @ Z 0 (mod 5), then a® = 1 (mod 5) or a® = 4 (mod 5). Pf: by cases, book §3.5 (p151).

(V(a,b,c) € N3) [ (a,b,c) is a Pyth. triple = (3|aV 3[b) ] .
(V(a,b,c) €N3) [ (a,b,c) is a Pyth. triple = (5la V 5[bV 5|c) ] .
We will use the following facts from class and book.
Lemma 8.1. If a € Z, then [a # 0 (mod 3)] < [a? = 1 (mod 3)].
Lemma 8.2. If ¢ € Z, then ¢2 = 0 (mod 3) or ¢ = 1 (mod 3).
Proposition 3.33. If a € Z and a # 0 (mod 5), then a? = 1 (mod 5) or a® = 4 (mod 5).
Proof by contradication. Let (a,b, c) be a Pythagorean triple. By way of contradiction, assume 3 { a and 3 1 b.
Then a # 0 (mod 3) and b# 0 (mod 3).
Thus Lemma 8.1 gives a®> = 1 (mod 3) and 2 = 1 (mod 3).
Since ¢ = a2 + b2, mod. arithmetic gives ¢ = 2 (mod 3).
Since there is a unique number r € {0, 1,2} such that ¢2 = r (mod 3)
we get ¢ #Z 0 (mod 3) and ¢? # 1 (mod 3). This contradicts Lemma 8.2.
Proof by contradication. Let (a,b, c) be a Pythagorean triple. BWOC, assume 5{a and 51 b and 51 c.
Then a Z 0 (mod 5) and b# 0 (mod 5) and ¢ Z 0 (mod 5). Thus Prop. 3.33 gives
(A) a2 = 1 (mod 5) or a2 = 4 (mod 5)
(B) »> = 1 (mod 5) or b2 = 4 (mod 5)
(C) ¢2= 1 (mod 5) or ¢2 = 4 (mod 5).

Since ¢? = a?+b2, by mod arithmetic, now use (A) and (B) to argue that c? can be congruent to 0, 2, or 3 (mod 5). This contradicts (C),

using the fact that there exists a unique r € {0,1,2,3,4} such that ¢ = r (mod 5).

More on Pythagorean triples.

Prove that there exists a Pythagorean triple (a,b,c) where a = 5 and b and ¢ are consecutive
natural numbers.

Prove that there exists a Pythagorean triple (a,b,c) where a = 7 and b and ¢ are consecutive
natural numbers.

Prove that there exists a Pythagorean triple (a,b,c) where a is odd and b and ¢ are consecutive
natural numbers.

Def. If b,c € R with b < ¢, then b and ¢ are said to be consecutive if c=b+ 1.
2
Lemma 9a. Let a,b,c € R. Then a2 + b2 = (b+ 1)? if and only if b = anl
algebra a2 -1
b=
2

Lemma 9b. If a,b € N and b= “2;1, then a < b if and only if 2 < a.

0 < a? — 2a — 1. The zeros of the concave up parabola f (z) = 22 — 2z — 1 are 1 + V2.

Why? a? +b2 = (b+ 1)2 <222 12— 9p 4 g

algebra

21
Why? a < aT
Use Lemma 9a with a = 5. So b= 25;1 =12 and so ¢ = 13.
49-1 — 94 and so ¢ = 25.

p)
2 2
Yes, lots of them. By Lemma 9a and Lemma 9b, any triple of the form (a, a 2_1 R aT-H) where a is odd and a > 2 would do.

Use Lemma 9a with a =7. So b=

Definition. Two prime numbers that differ by 2 are called twin primes.

Conjecture 11. If p and ¢ are twin primes other than 3 and 5, then pq + 1 is a perfect square
and 36 divides pq + 1.

Is Conjecture 11 true or false? Justify your answer.

Let p and ¢ be twin primes. Without loss of generality, p < ¢. So ¢ = p + 2. Now express pq + 1 in terms of only p (i.e., get rid of ¢).
Note 36 divides a perfect square k2 if and only if 6 divides k. Cases with p and mod 6.

Let p and ¢ be twin primes other than 3 and 5. Without loss of generality p < ¢ (given what we need to show it does not matter which
of the 2 primes we think of as the smaller prime of the two). So ¢ = p + 2 since p and ¢ are twin prime. Since p and ¢ are twin primes
but not the twin primes 3 and 5, we also have p > 3. Since, by algebra,

pg+1l=p(p+2)+1=p>+2p+1=(p+1)2 (11.1)
we get pg + 1 is a perfect square. Next we want to show 36| (pg + 1). Note
36| (pg+1) < 36/ (p+ 1)> < 6| (p+1). (11.2)

Let’s do cases with p mod 6. There exists a unique r € {0, 1,2,3,4,5} such that p = r (mod 6), which leads to 6 cases.
Cases 1-3. p= 0 (mod 6) or p= 2 (mod 6) or p= 4 (mod 6). Cases 1 -3 cannot occur since p is prime and p > 3 and so p is odd.
Being odd, p cannot be congruent, mod 6, to an even number.
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Case 4. p= 3 (mod 6). If r is a prime and » = 3 (mod 6) then r = 6k + 3 = 3(2k + 1) for some k € Z and so 3|r and so the prime
r = 3. Taking r to be our given prime p gives that p = 3 but we know p > 3. So Case 2 cannot occur.

Case 5. p= 1 (mod 6). If p = 1 (mod 6) then by mod arithmetic p +2 = 3 (mod 6). By the observation in Case 2, taking r to be
our given prime p + 2 gives that p+ 2 = 3. But p+ 2 > 5. So Case 3 cannot occur.

Case 6. p = 5 (mod 6). By def. of congrence, there exists k € Z such that p = 6k + 5. Thus

pg+1=(p+1)% = ((6k+5)+1)% = (6k+6)* =36 (k+ 1)2. (11.3)
Note k + 1 € Z by closure properties of Z since k € Z. Thus 36 (()) pg + 1 by def. of divides.

Since we have exhausted all possible cases, this finishs the proof.

Are the following statements true or false? Justify your conclusions.
If @ and b are integers, then (a 4 b)* = (a2 4 b?) (mod 2).

= (a®*+1*) (mod 3
Y= (a*+bY) (mod 4
If @ and b are integers, then (a4 b)° = (a® + %) (mod 5

(
If a and b are integers, then (a + b
If @ and b are integers, then (a + b

~— ~— ~—

~— ~— ~—
~— ~— ~—

Parts 12.1, 12.2, 12.4 are true. Part 12.3 is false. Algebra gives: (a + b)? — (a2 + %) = (a® +2ab+b?) — (a? + b%) = 2ab. For the

higher powers, if needed, review (the linked) Pascal’s Triangle.

Let n € N and a,b € Z. The following are equivalent (TFAE).

(1) a is congruent to b modulo n (1) b is congruent to a modulo n
(2) a=b (mod n) (2') b= a (mod n)
(3) n divides a — b, i.e., n|(a — b) (3") n divides b — a, i.e., n|(b —a)
_ to see (4)<(4") (4/) (3] (S Z) [b —a= TL_]]
E"‘; g: € Zi {a -0 ; ”2 vake JZ—k (5") (3j €Z)[b=nj+a]
5 €Z)[a=nk+

Note (1) notation (2) def. of (3) def. of (4) algebra (5) Slmlharly, (1/) PN (2/) o (3/) o (4/) o (5/)

congruence divides
As def. of a = b (mod n) we can use (unless otherwise indicated) any of the above equivalent formations: (3), (4), (5), (3'), (4), (5').
If needed, review (the linked) Pascal’s Triangle.
Algebra gives (a 4 b)2 — (a2 + %) = (a? +2ab+b%) — (a? +b2) = 2ab. Thus 2 divides (a + b)? — (a? + b%) by def. of divides since
a,b € Z. So by def. of congruent mod 2 (see (3) above) we get (a + b)? = (a® +b?) (mod 2).
Similar to 12.1. For help with algebra, use Pascal’s triangle.
Algebra (with help from Pascal’s triangle) gives

(a+b)* — (a4 + b4) = (a4 + 4a3b + 6a%b? + 4ab® + b4) — (a4 + b4) = 4a3b + 6a2b? + 4ab®

= 2 [ab (2a® + 3ab + 2b7)] .
Opps, algebra was not so friendly in this problem. Maybe it is not true. In order for (a + b)* = (a* +b*) (mod 4), the above
computaations shows we would need [ab (2a2 + 3ab + 2b2)} to be even. But Lemma POO and friends give us that if a and b are both
odd, then [ab (2&2 + 3ab + 2b2)] will be odd. So, for a counterexample, take your two favorite odd numbers. To make life easy, how
about a =1 =10. Then

(a+b)*=(1+1)*'=16=4(4)+0=0 (mod 4)
but

at +vt=1141"=2 (mod 4).

Similar to 12.1. For help with algebra, use Pascal’s triangle.

230812 Page 5 of 5 Mathematical Reasoning by Sundstrom, Version 3


https://mathbitsnotebook.com/Algebra2/Polynomials/POBinomialTheorem.html
https://mathbitsnotebook.com/Algebra2/Polynomials/POBinomialTheorem.html

