Prof. Girardi Practice Problems

You are highly encouraged to discuss and work together on these problems.
To help with this is our course Bb’s Exam Discussion thread/page (look for Discussions next to Gradebook).

e Post a note on Bb’s discussion thread saying, e.g., Bob has reserved T-Coop Study Room 123
for this Monday (7/4) for 7-9. Let me know if you want to join.

e Link to reserve a TCL Study Room.

e Since the problems are not to be handed in (but rather serve as practice for exams), you may
be sharing and posting not only ideas but also solutions.

>.  Let’s recall some definitions, which you need to know for this exam as well as these problems.
Def. A nonzero integer n divides an integer b, denoted n|b, provided that (3k € Z) [nk = b].
o. Def. A counterexample is an example that shows a statement is false.

So a counterexample showing a statement of the form (Vo € U) [P (x)] is false is a ¢ in the universal set U for which P (c) is false.

The Practice Problems

* % k. Instructions. Below are several conjectures.

e If the conjecture is true, give a proof of the conjecture.
e If the conjecture is false, then give a counterexample to the conjecture. Explain why your
counterexample does indeed show that the conjecture is false.

Conjecture A. For each natural number z strictly greater than 1, the quantity x? + x + 41 is prime.

Conjecture B. For each real number z, we have that x + y = 0 for some real number y.

Conjecture C. (Vz € R) (Vy eR) [(z > 1Ay >0) = y* > 1]

Conjecture D. For integers a, b, and ¢ with a # 0, if a divides bc, then a divides b or a divides c.

Conjecture E. For integers a, b, ¢, and d with a # 0, if a divides b — ¢ and a divides ¢ — d, then a | (b— d).

Conjecture F. For each positive real number z, the inequality 2> — z > 0 holds.

Conjecture G. For all positive real numbers x, we have 2% > x + 1.

Conjecture H. For every positive real number x, there is a positive real number y less than x with the
property that for all positive real numbers z, we have yz > z.

Conjecture I. For every positive real number x, there is a positive real number y with the property that
if y < x, then for all positive real numbers z, it holds that yz > z.

From: A Transition To Advanced Mathematics by Smith, Eggen, St. Andre. (6*PEd.1.6.5/p54 = 7*"Ed.1.6.4/p57), which is over $300.

o.  When writing a proof, follow the proof Writing Guidelines while when writing symbolically, follow the Symbolically
Write Guidelines. We have been using these guidelines throughout class.

o.  Avoid common mistakes.
e “r is a positive number” provided z > 0 while  “z is a nonnegative number” provided x > 0
e “x is less than y” provided z < y while  “z is less than or equal to y” provided x <y

e don’t forget needed parentheses, e.g., alb — 1 does not make sense and should be written as a| (b — 1).
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‘ Helpful Logical Equivalences. ‘

When negating quantified statements, we often use the logical equivalencies (from our §2.2 Handout):

[~(P=Q)] = [PAN(~Q)] (how do you break a promise?)
[~(PANQ)] = [P=(~Q)] (not in book)
~(PAQ)] = [(~P)V(~Q)] (Do Morgan's Law)
[~ (PVQ)] = [(~P)A(~Q)] (De Morgan's Law) -

You should have a working knowledge of the logical equivalencies from this handout.

Samples of how the problems might look on an exam.

Conjecture A. For each natural number x strictly greater than 1, the quantity x? + 2 + 41 is prime.
Complete the following two definitions.

Def. A natural number p is a prime number provided ...

Def. A natural number ¢ is a composite number provided . . .

Symbolically write Conjecture A. As the universe, use N>!

Symbolically write an useful negation (i.e., denial) of Conjecture A, without using ~ nor —.

Is Conjecture A true or false? (circle one) TRUE FALSE .

Is the negation of Conjecture A true or false? (circle one) TRUE FALSE .

Provide a proof or a counterexample to Conjecture A.

Conjecture B. For each real number z, we have that  + y = 0 for some real number .
Symbolically write Conjecture B.

Symbolically write an useful negation of Conjecture B, without using ~ nor —.

Is Conjecture B true or false? (circle one) TRUE FALSE .
Is the negation of Conjecture B true or false? (circle one) TRUE FALSE .

Provide a proof or a counterexample to Conjecture B.

Conjecture C. (Vz € R) (Vy eR) [(z > 1Ay >0) = y* > z].

Provide an equivalent symbolicaly written expression of Conjecture C by filling in the below line.

(Vz e R™") (Vb e R™?) | ].

Provide an equivalent symbolicaly written expression of Conjecture C by filling in the below line.

(Vb e R*?) (Vz e R™') | ].

Recall, we can interchange two like quantifier (i.e., two V together or two 3 together) but
we can NOT interchange two mixed quantifers (i.e., one ¥V and one 3).

Think of b as the base of the expontential function.
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Is Conjecture C true or false? (circle one) TRUE FALSE .

Is the negation of Conjecture C true or false? (circle one) TRUE FALSE .

Provide a proof or a counterexample to Conjecture C.

Conjecture D. For integers a, b, and ¢ with a # 0, if a divides bc, then a divides b or a divides c.
If divides is not in the material covered on the exam, then the following definition will be given on the exam.
Def. A nonzero integer n divides an integer b, denoted n|b, provided that (Ik € Z) [nk = b].
Otherwise, complete the below definition symbolically (not in English).

Def. A nonzero integer n divides an integer b, denoted n|b, provided that

Symbolically write Conjecture D. As the universe, use R”? x R x R.

Symbolically write an useful negation (i.e., denial) of Conjecture D, without using ~ nor —.
Is Conjecture D true or false? (circle one) TRUE FALSE .
Is the negation of Conjecture D true or false? (circle one) TRUE FALSE .

Provide a proof or a counterexample to Conjecture D.

Conjecture E. For integers a, b, ¢, and d with a # 0, if a divides b — ¢ and a divides ¢ — d, then a | (b — d).
If divides is not in the material covered on the exam, then the following definition will be given on the exam.
Def. A nonzero integer n divides an integer b, denoted n|b, provided that (3k € Z) [nk = b].
Otherwise, complete the below definition symbolically (not in English).

Def. A nonzero integer n divides an integer b, denoted n|b, provided that

Symbolically write Conjecture E. As universe(s), use Z, Z7° (also can be written Z \ {0}), and/or
some cross products of these.

Symbolically write an useful negation of Conjecture E, without using ~ nor —.

Is Conjecture E true or false? (circle one) TRUE FALSE .

Is the negation of Conjecture E true or false? (circle one) TRUE FALSE .

Provide a proof or a counterexample to Conjecture E.

Conjecture F. For each positive real number z, the inequality > — 2 > 0 holds.
Symbolically write Conjecture F. As the universe use R>°.

Symbolically write an useful negation of Conjecture F, without using ~ nor —.

Is Conjecture F true or false? (circle one) TRUE FALSE .
Is the negation of Conjecture F true or false? (circle one) TRUE FALSE .

Provide a proof or a counterexample to Conjecture F.
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Conjecture G. For all positive real numbers z, we have 2* > x + 1.

Symbolically write Conjecture G.

Symbolically write an useful negation of Conjecture G, without using ~ nor —.

Is Conjecture G true or false? (circle one)

Is the negation of Conjecture G true or false? (circle one)

Provide a proof or a counterexample to Conjecture G.

TRUE FALSE .
TRUE FALSE .

Conjecture H. For every positive real number z, there is a positive real number y less than x

with the property that for all positive real numbers z, we have yz > z.

Symbolically write Conjecture H. As universes, use R>°

Symbolically write an useful negation of Conjecture H, without using ~ nor — nor A nor V.

Is Conjecture H true or false? (circle one)

Is the negation of Conjecture H true or false? (circle one)

Provide a proof or a counterexample to Conjecture H.

TRUE FALSE .
TRUE FALSE .

Conjecture 1. For every positive real number z, there is a positive real number y with the property

that if y < x, then for all positive real numbers z, it holds that yz > z.

Symbolically write Conjecture I.

Is Conjecture I true or false? (circle one)

Provide a proof or a counterexample to Conjecture I.

TRUE FALSE .
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