Math 241 Final-like Practice Problems Solutions

These problems are samples of final-like problems.

These problems do not constitute a comprehensive review for the final.

Let the curve C be the helix parameterized by 7 (t) = (cost,sint,t) for 0 < t < 27 and let

f(x,y,2z) = 2* + y* + 2%. Evaluate the line integral [ f (z,y,z) ds.
8,

See Thomas 15th, §16.1.

|77 (t)]| = Vsin?t +cos2t +1=+2. f(z,y,2) =22+ 13>+ 2% =cos’t +sin®t +1> =1+ 12

[ F ) ds = [ £ 0) 17O di= [ (1042 Vai = V3 (145 57) = | 227

(3+ 47°)

Evaluate the line integral [ z*ydx + (x — 2y) dy where C is the part of the parabola y = 2? from
C
(0,0) to (1,1).

See Thomas 15th, §16.2. 7 () = (t,t*) = (z (t),y (t)) where 0 < ¢ < 1.

Sox(t) =tand y(t) = t>. And dr = dt and dy = 2t dt. So [2?ydx + (x —2y) dy =
c

; ; 5 283 2

{ﬁﬁﬁ+@—%%%ﬁZJUMnﬁ—@%ﬁ:(3+?—#>wz—E

Evaluate the line integral [ (2y + V1 + 2%) dz + <5x — eyQ> dy where C is the circle 2% + > = 4
c

oriented counterclockwise.

See Thomas 15th, §16.4 Green’s Theorem. Let P (z,y) = 2y++v1+ 2% and Q (z,y) = 5z —e¥". So
g—g (z,y) = 5and ‘?)—J; (z,y) = 2. Let the region R = {(x,y) : 2% + y* < 4}. Sog (2y + V1 +25) da+
(533 - eyQ> dy “E [[(5—2) dA =3 [[ dA = 3 (area of circle with r = 2) = 3 (47) =
Find the equation othhe plane that cgntains the points (0,1,2), (—1,2,3), and (—4,—1,2).

Demonstrate (i.e., check) that your answer is correct.

Let P = (0,1,2), Q@ = (—1,2,3), and R = (—4,—1,2). We see that F@ = -7 +7+ ¥ and
PR— —47 — 27. Thus,

—->——>E’

v

POx PR=det |—1 1 1
4 -2 0

The plane through (0, 1,2) perpendicular to 27 — 47 + 6k is

2 —0)—4(y— 1) +6(z —2) =0.
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Our answer is the same as

r—2(y—1)+3(z—2)=0

or
’x—2y+3z:4.‘
Check
0—2(1)+3(2)=4
—1-2(2)+3(3) =4
—4-2(-1)+3(2) =4

Express ¥ = 37 + 57 + k as the sum of a vector parallel to @ = 7 + 27 — k and a vector

perpendicular to w. Demonstrate (i.e., check) that your answer is correct.

proj-v = (U w W = v-u w:3+10_1(7+27—E})
b ||| ) 1] [l 1+4+1
12
= (T +27 = F) =27 +47 -2k

We see that

We conclude that

—

T = (27+47_2§>+<7+ 7+3k)
with 27" + 47 — 2k parallel to @
and 7 + 7 + 3k perpendicular to .

—

Check. It is clear that (27+47—27§)+(7+ TH3k) = 37+57+17€. It is clear that 27+47—27;

—

is parallel to 7 + 27 — k. We compute (7 + 7 +3%) - (7 +27 — k) =1+2—-3=0./
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Find the volume between z = 2 — 22 — 4% and 2z = 22 + y? — 2. (Draw a meaningful picture.)

g Z =2-r2-9

t £ 2_ =
_ The tofbscctios 7 X 17 7= 4 mg% £7e

-

2,2
2= X144
The intersection is the circle 22 + y? = 2 in the xy-plane.
60=27 r=+v2 0=2m r=v2
Volume = / / (2—7r% = (r*—2))rdrdf = / / (4r — 2r%) dr d6
0 r=0 [% r

=0 =0
0=2m 7,4 r=v2
L
6=0 2

df = 2m(4 — 2) =[4r].
Compute [ fo et dy da.

r=0

We do the problem in polar coordinates. We are integrating over the quarter of the unit circle
which is in the first quadrant.

0=m/2 r=1 0=m/2 O=m/2

1 =l 1 (0
= Ze" = Z(le—1 S
/ /e rdrdf = / |:2€ ) 0} do / 2(6 ) do 5

0=0 r= 0=0 0=0

(e—1) = %(6_1).

N | —

Find the directional derivative of f(z,y,z) = 2 — zy* — 2 at the point P = (1,1,0), in the

direction of 7 = 27 — 37 + 6 k.

7 . 27 — 37 + 6k
= ? ki 302 — T — 20y T — k .
Hle=(Vf)lp il =(( y) YyJ ) a1 T

., . 273746k 44+6-6 [4
— (2T —27— k) - — 2]

Find all points (z,y) where a local maximum, local minimum, or saddle point occurs for the

function f(z,y) = vy — 2% — y* — 22 — 2y + 4.

We compute f, (z,y) =y — 2z — 2 and f, (z,y) = x — 2y — 2. Both partial derivatives are zero
wheny =2z+2and 0 =2 —2(22+2)—2. So 3z = —6, z = —2, and y = —2. The point (-2, —2)
is the only critical point. We apply the second derivative test. We see that f,, (z,y) = —2,
foy (x,y) = 1, and fy, (z,y) = —=2. Thus D = foufyy — f2, =4 —-1=3>0and f,, <0. We

conclude that | a local maximum occurs when (z,y) = (-2, —2).
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10. Find the area of the region bounded by y + 2? = 2 and y + 2 = 0. (Draw a meaningful picture.)

Observe that y = 2 — 22 is a parabola with with vertex at (0,2) opening downward and y = —x
is the line through the origin with slope —1. These two curves intersect at (2,—2) and (—1, 1).

For each fixed z, with —1 < z < 2, y goes from —x to 2 — z%. The area is

=2 y=2—2x =2
3 x? |z=2 8 1 1 9
dy dx = 2 —2? dr = (20 — — + = —4——4+2—(24-+-)=|=|
/ / y dx /( r°+x)de = (2x 3—1—2):6:71 3+ ( —|—3+2) )
r=—1 y—=zx r=—1
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