
16.4 Green's Theorem 16.4. I

sample (planar) curves & andregions R.
-C

y
ya -RT! ex I >

R X /

sample 1 sample 2 sample 3

Green's Theorem

Let the curve (in the plane be

positively-oriented, piecewise - smooth, simple, closed.

Let R by the region bounded by C.

Let the (scular-valued functions Pand &have continuous Ipartial derivative
on an open set that contains D.

Then

oPax + ady
=

? (
-) dA. (area)

1

L

Remark:
- -

Letting F It (P, Q) and: [a,b]t R2 trace out C, in slbin we got
notation def t =b

oPdx + Q dy * IFodr
=S [F(r(A)). A) bt. (2)

↑ -i S

t=a

e
to calculate thiswithout(Green), would need to find F(t).

Het in Green's the for the curve (traced out by r.

1. positively oriented: if walkalong then R is to your
LEFT (TL: unit circles

2. piecewisesmooth: exceptfor a finite number of pts,I is smooth.r"cont.218)

3, simple: 2 does notintersect itself, i.e. if act,Azb then (A) (r(A2)
2. closed: F(a) =F(b)

Recall.If
I denotes"(traced outin the oppositedirection, thenSE.dr=SF.d.-



16.4.2

#1 For the triangular curve (consisting of the line segments
from 10,0)to (1,0), followed by from (1,0) +010,1), thenfrom 10,11 to 10,0),

evaluate the line integral [** dx + x.y dy.
·

Ex2 Forthe (which is the circle xc+y2=9 tracedcounterclockwise,
evaluate i (3y-esny)dx +(7x +x) dy.

n

&

#3 DO Ex2 but with Ctraced clockwise. Soln.
-



Green'sTheorem to find Area 16.4,3

fite+ ady =S( -) dA. (Green)
1

L

If ( -) =1, then

o Pdx + Qdy =SdA=area of R

In each ofthe following three

situationsatthe1

(1.) 4(x,y) =8 and a(x,y)
=x

(2)P(X,y) =
= y and (x,y) =

0

(3)P(x,y) =
- zy andQ(x,y)=IX

So when C is parametrized with positive orientation)
(3)N

(IA (2) N

area of R =4 xdy =y, - y dx =I
=gxdy - yxx

C
& note also ang of previous two

ExI Findthe area enclosedby the ellipse a+E =1.
-

so in
S
-

#finishes16.4


