
16.1 Line Integrals of Scalar-valuedFunctions 16. 1,1

or
has a continuous nonvanishing derivative.Lettheresent be a smooth parameterization of a curre C.

Letthe function 7:R" ->R*be continuous on [a,b] ·

the line integral off overlalong (is
-

Sfds= " f(x)). Ictl) dt ()
A =G

Amk For Ct)=(x,H), ..., XnCt)) a Y
o a rector in IP

Fpt(t) =(x, (t), . .

., Xn(t)) ERP. o a point in RP
In (1) above

f (F(A)) is really 5 (pt()) ·

RK Other (better?) terms for Line Integral are: Path Integral and Curve Integral,

EmKAliveintegrainindependentofparamevigationofthecurranetc
↓hen

S?"! 5(5, ()) IF, t)11dA=Sfds=Sf(z) IIHlldA.

Horning the value of a line integral btw 2 fixed points

can change if we change the path btw the2 points.

⑪42 Sfds need not equal S.fd·~a C,·
P



Recall Scfds= fcriterior
is a

16.1, 2

Ex1 Evaluate S, 12+ xy) ds where is the upper half of
the unit circle x2+y2=1, orientated counterclock size.

Firstfinda smooth parameterization or ofC

F(t) =<cost, sint> for 0 = A =H.

XI xY=cost 1 y(t) =sint
A
=

FA) =<-sint, cost)
15Cell =8 (-sint)" + (ust) =1.

So
A =π

I +ds = I it), 11 5* (t) 11 dt
A =0

f(x,y) =2 +x2y
x(t) =cOSA

y(t) =sint

N

=12 + cost Asin Al 11 (t) 1I dt

= 12 + ust sint) I dA

↓
: let u =cost....

A
=π

=[It -It

=2π +2
3



Recall Scfds= f(EC) 1**(t)/) dt 16.1.3

2 Evaluate (2xds where I consists of the curves

3, ofthe"parabola y
=xfrom 10,0) to (1,1) followed by

C2 which is the line segmentfrom (11) to (1,2).

soln
- C =C,UCz

Als

Ifds =Sc,tds + Jc_ fds

Given: f(x,y) =2x.

For C, F, (A) =< +, A2) for 0 =A =1 =>1r,() 11 =112+ 12+)
2

=11 +4+
2

-

t
=1 u =1 +4t2

So, Ads.SoW) 115(1 dt - du = 8t dt

f(x,y) =2xand x(A) =A

t =1
f t =1 ~

I Eo
2 t 11+ 4*

* dt - * So (1+4+2)"(8) dt

=45(1 +4+2)
%21 =1

=[(1 +44 - 12] =xiA =0

-

Frcz r (t) =[1, A) for 1 =A =2 f(x,y) =2x and xt) =12 -
t =2

I +ds =2f(zA)) 11?(t)/) dt =S 2(1) dadt
t =1

-2 t=1

=2 2dt =2=1, =2(2-1) =2.
t =1

/For, UC Stds=, fds+fds
=+



Whatis representedby a line integral of a IR-vauledfunction?Ibe1.
4

Recall the Arc Length lecture (S13.3).
· Given a curve parameterized by (t) =(X(t),y(t)) z(t)),a =Ab.
· Goal: findthe arc length Ah of 2.

Step2 Partition the interval (a, b3. Make a selection to where tin,A =

Ai.
d

Ati:Ai-Ai-
⑳ Pi-1

-> ⑳

e r
-> AXi

A-...-
-d

-itsoonA E↑ to. An-En =b Be

*
↑ (til

xb
>Y

LetPj =pt (j) and 4G =ptlty).
p2 Approx. Al as a sum of

ne

CAL of part of 3d+WPin and Pi) elements"n -

AL=Ei a vector a scalar

e -
-

:x
F(**) It i3 Approx. a typical element. We got AS i

-

11 A Sill IAti
a scalar

*p4 Step 2 andStep3 =AL * IHE'lt) II At

↳5 Take the limit as 1-0 (so taking more and more Ais) to get
a=b

-

Al=lim
itzo ? 115sill=bo?* I At.=an'(II dA

Helpful notation: Aways Recall we had?

-

· d5 =
=

(t) at I
d5 AS: F'(t*) Dti
-

& as is"11.d51":=Ilt'(t)11dA
dS 5.1) A Sill III CA) I DAn

=3 J, ds S, Ads -
arc length of C.

Hint: ScAdsSAdt=Sa lrctlldt=
a re

[f(x,y) =1 =1



16. 1.5

*

*4Letcurve (have smooth parametergation (A) =(x(A), y(t)), for a <A=b.
Let f: R -be continuous and positive -valued.

Construct a "fence"with base (in xy-plane (=ground) and heightf (x,y).
Then proceed similiarly as we did with Ah.

&

· Sefds Y E f(F(+)()(5511
↑

dS 115511

⑳ Ineigees areaofene

=>Sifds -Slavea of Ri) in the area lot oneside) ofthe whole fence
Question:

The line integral] fds represents the area lot one side) of the fence



16.1.6

Ank The Clinear) mass density function & gives the mass per unit length.
The SI (standardinternational unit is my/m.

#5 Let a wire lie along curve C having a smooth parameterization
F(t) =(xt),y(t),z (t) > for a 1A1b. Let 81t) be themass density ofthe

wire atthe point(X(H, y(t), z(t) (onC and 8: La, b] =>1be continuous,

Theline integral 38ds to total mass of the wine,represen

n.

· Sefds Y

· From Al

↑

Sciences
I methodwhole with

dS 115511

d

so mass of part of
=>> SCICA) II W

mass per length of Pi- and Piin We
W wirk btw

unitlength segment b+W

at4 Pi- and Pi

This finishes 16.1 -


