
15.7 Triple Integrals in:
15.7. I

· cylindrical cords (good for cylinder-ish solid)
S

· spherical cords (good for sphere is solids)

Cylinderical Coords (turns. 2D polarcords to 3D)

Review (2D) Polar Coords

X =r COS O Put
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into

O = tant 3D

↓ A =rdr dO

BD) Cylindrical Lords extend Polar Coords to 3D:

add

z =z

dV =rdzdrdQ

Thecylindrical cords point (2,*, 1)
in*, s



Recall (2D) Polar S 15.7.2

TL. Cartesian cords -> Polar Coords

dA -> dx dy -> r dr dO

TMPLeto be continuous on a polar region
&

D =[(r,b):c10 2,h,(0) =rz =h(0)3(Dx)
where h, and by are continuous on [2,B] and B-a [2H.

Then

⑲

ISSS in cyclindrical coords

#m? Let S be a solid in3D of the form

S =E(x,y,z) = (3 = (x,y)2)), ((x,y) =z =u(x,y)3.

where · D is a polar region as in ihm P in (DA) and
· z =1(x,y) and z=u(x,y) are continuous on Do

ITL: SoD is projection of Sonto the xy-plane]
Let w=f(x,y,z) be continuous on S. Then

z =u(x,y)

SS +1x,y,z)dX
=S[

= esx,y)
f(x,y, z)dz IA,

-dA =rdrdt

~
(a) f/rcos,rsint)

-
fro, rsin,z) rdzdrdo

o =a r=h,(0) z
=1(rcoso, using ⑪



Cart.
Loords

Th 17.5.3
t s be the 134) solidthat lies:I-L in cyl.Lords (r,0,z)

· inside the cylinder x+ y2 =a =) r=a2 E)r=a

· within the sphere x2+y+22= 4a =>> r +z2 =4a2
· above the xy-plane, -) z =0

where aso isa construty

S ASSS zdV.

Note
· projectonto xy-plane and get

2a=
D =[(x,y):x2+y

= a2 3

it-D =S(r,0):0(r
=a;8 =8(2π3

and

S =4(x,y,z):(x,y)) and

01 z
=

2 3
↑

a Sphere r
2
+2 =4a2

z2=4a-r
-

z=IN4a2-r2

"dX

SzdV=jtgastr z azide0 =0 Y

-outinEt ] dude
Y

6
=2π ija (Ya"-r2) drdO=Igar-ryarde- =E=0in-"I" o= (a-)2=



2 cords
17.514

Cart. Th

Let S be the 13D) solidthat lies: incyl.Lords (r,0,2)L

· inside the cylinder x+y2 =1 =-> r
2
=1

-

· below the plane z. =4 ().z=4

· above the paraboloid. z =1 -x2-y2 -) z =1 - r2

EvaluateSSS vity2 dY.e
-Cart.

so ln
- Note xyz ==r

projects onto the xy-plane and get

D =5(x,y)ix2 +y2 = 13⑪ = S(r,t):0[511,020 -253

*=G(x,y,z): (x,y)2D and

H =z =4 3.

the parcibolid
-

z=Y 1x2 +yz dV

evijnV =Sozfir - dor

finish from here...

-ofitisande) drdoofshouldbe
able

to
eat

3 +r2

0
=2πr=1 e

&

-(r2z)zz] ardo= S S r?(4-x-r))drde-
0 =0 r=0

0 =0 v=p

~oft an 13r2+ rY) drdO=r+) Is de

-*(1 +5)d0 =()(2)



3 17.5,5

Express the volume of the sphere x+yi+z=a" as a
triple integral in cylindrical coordinates. You mayuse symmetry,
Assume a0.

on thevolume of thesphere= 2 (volume of upper-half sphere),

letI be the solid upper half sphere x+y2+z= a
*

and 230.

↓ cylcoords
W

a

-
230 and r2 + z=at=Na2- r2

projectH onto the xy-plansand get
D =5(x,y):x2 +y2=a2 3

=[ (r,t):0 2 r1 a 100 =2π3
and

H =G(x,y,z):(x,y)[D and
-

0=z =1a2 - r2

volume of sphere=2 (volume of H, i.e. upper half sphere)

8 =2π r =az=
fa2

=2 S S S r dz dr de

0 =0 r=0 z=0

BTW:this integral
-2 of

2

S (rz)ar] dreis nice

-oztr(a?-r)*drdo=2eSars*), de
6
=
2π

= 2)()(ado
&

0 =0



Spherical cords 17.5.6

Spherical Coords (P,8,0) of a point P in R3.

I

= 1141) "so
- 0 =(smallest) angle btw positive Z-axis andorigin-- so 00 1 π.

O :same as the tin cylindrical coords,

Basic trig gives? calculus will give

dV =psind dp dO de

E1 Express as a triple integral using spherical cords the
volume ofthe sphere, withradu's aso,

x+y2 +z =a2. cart, coords In sphere cords it's pa, i.e.p = a.

before looking
belowminiS.*sosingdead)
- give ener

o =

24* sind dodo =S-cost de=
=aY*2d=



1

17.5,7,

Ex2: Volume ofa filledicecream cone!
z

Express as a triple integral using spherical coords the volume
of the BD solid boundedby the sphere :a

and the cone 0:<

where aso and 0 <- < T2

E

soln
-

,
I

giveattractbefore looking beatto do=S

-sonsind dodo=a=2t(cosd 1]
0=0

- (-cos-- 1) de =2(l- csi

72 .(i-co)==I
Volume

Lore
volume of

half-sphere


