
$15.5 Triple Integrals in Rectangular (i.e.Cartesian) coords 15,5.1

Recall

1 Had a curve C in 13 parameterized by (1).

S ↓S I arclength ofthe curve (ods =11 (t) 1) dt.
C -

↑

↑L: "dCarclength)"

3. Had a region R in IR2.

SS dA -area of the region R. dA can be dxdy ordydy-

RY

T1: "d(Area)"
New
15,5. Have a solid D in M3. (e.g. D is a domino (
-

SSS -
volume of the solid D.

B ↑ A

TL: "d(Volume)
" want

Lef. Letsbe a nicel closed and bounded said region D. in (3D) space.

The volume of D, denoted VID), is ↳

/(D) =ISS dY. what does SSS mean?

triple double
-Idea to make senseof SISdV, we will reduce (S) to a5Sby

SSS dV =SS [Sdz] dA.
D R



HeyIdea 15.5.2
Setting

RD) Have a region R in the xy-plane of the form:

(dgdx) R =G(x,y)d2:a=x 2b andg,(x)<y =fz(X)3
Ta -y

=Gz(X) with y
=

g, (x) and y
=gz(X)

II i.y =g,(X) continuous on [a,b]
or a >*

(dxdy) R =3(x,y)=12: < [y =d and h,(y) -x =hz(y)3

-**x-hiy-2(a)
with x =h, (y) and x =hz(y)

continuous on [c,d]

(Now 3B)
Let B =5(x,y,z) 3 RY: (x,y)s R and f(x,y) =z=u(x,y)3

-- with z =1(x,y) and z =u(x,y)
- Bet. box continuous on R.

with base
r

AX and Dy.
S

Then the volume of D is

V(D) =SSS dN

D
-

z =u(x,y)
-

S I d=dA
E

Sxx

Itsee
Figure:textbook p 919 -

itsput
note reduced SSS to a SS

bet. In above setting, if w=f(x,y,z) is continuous on D, then

ISS fix,g,z) dN Eet ISES I ⑳f(x,y,z) d=dA
D



Rik ALimitof Integration should be a function of the 15.5.3

variables remaining to integrate w.r.t, · E.g.

x
=22y=y)) z =fz)y)

SSSz dV= 3 S S xyz dz dy dx

D
x =1y =g,)) z =f,))

#1. Evaluate ISSxyz" dY where B is the rectangular box

B =G(x,y,z) = (3:0 =x =

1, +=y =2,0 = z =33.

Sn

za.B
=3D rectangularbot I- I

vary
Z! ! over 2

R -X

y in xy-plane
--

d

X -

(SSxyz2d =1) (5
=

x1242]dA*g25x8z2dz dydxaboveR2
=0

in xy-plane y =-1 z =0

z=3y=

2-x=1
↑

IbiniS S 2 I I
y =+1
tyde dy ↓z

-=38.It by
datasigns:S

Integration Details It

23
- 355 dy dz =* -5,33dz = )S

z =0



#2. Evaluate SSSzdU where D is the (3D) solid15.5.4

Hetrahedon) bounded by the 4 planes:

x
=0 andt and z

=0 and x+y+ z
=1

e -

yz-plane x2-plane xy-plane gesturn 3pts:(1,0,0), 10,1,0),10,0,.
n

->

wary
Z

over

R↳ in
Dy

xy-plane

xInR, first,we let y vary
R=5(x,y) = (R2: 0 <y =

1 -x
and-13D =3x,y,z) < M3 = (x,y)ER and
-

=I 1-x - y

SSS z dV
=$S[ESe zaz] dA =S(x-*] - A
(as above) do asper to get

x=1y
=1 -x ↓ 1

=

ES? (1-x-y)2 dA = S S(1-x-y)2 dydx =24
x=0 y =0

Integration Details-- es.*dx=5 20-11-x3] dx
X=0

=5(")(2 =(0 -

-

) =54) =e4
3 Express the triple integral in previous example as a iterated integral.

soln. SzdV = Sagittge Z dz dy dx



#4 LetD be the solid (so bD) bounded by 15.5.5

y
=x2 +z2 and y

=4
&

- -

Parabolaid plane.

Express IS NEZ2 dY as a double integral of a region R, in the xy-plane.
-

z =u(x,y)

n S A2 1zdA.Want $S2dV
=

Se,
z=11xy)

-

So viewD as a solid above ---below a region R in xy-plane,

-

vary

z

over

Ry
in

xy-plane

R, =S(x,y) cIR2: -2X= 2 I X
2

=y
4 3.and

-

D
=[(x,y,z) = BY:(x,y) < R, and

-1y -x2 I z =. 3
&

T: y
=

x+z2 z =y
-42) z =11

SS zrdV
=SSE E dz JaA.
e
#

⑪Sz2 dt is notfun ... andis long ... trig subst.

n
=xtanz ) Sxseczdz)x(ttanz) sectde

⑪Similarly with SA22 dx



Ex5 Evaluate SS AIZ2 dY where D is the solid 15.5. b

bounded by +z2 and y
=4

⑨

-

Parabolaid plane.

&In previous Ex., we saw computing the integral was hard if we

integraterfirst wintothe variable tableatthey 0

So viewD as a solid over region Rein

- z4
vary
y
over IX

R2
in

-plane

↓write an inequality
R2 =(z) dIR2:

x2 +z2 =4 3.

D
=[(x,y,z) = RY:(z) < R2 and x + 2 = ↳ 3

SSS viz dr =SS stateviz dy] dAD

=SS [14-x -z)Nz] dA
Rz ↳easier

T2: To call, the SS, we can use Rectangular or r coords,
R2

sO X= rcoso, z
=rsine, 4+z =2

0=21 dA 0=21 r =1

-
-- [(4 -r)I-r] drdO= S S/4r2-ry) drast
6 =0 r =0 6 =0 r=0

stones-Ido -2-):I


