
15.1-1.3:Double (Iterated Integals over Region R in xy-plane 15.1
W

#1 Demos Demonstration 15.1.1. Review of Saf(x)dx
↓ las a limitof Riemann Sums(

Take Away Sf(x) dxe Ef(Xi)AX

a typical element
=

rectangleexi andfixi) AX is theor of typical elt.

[f(xi)AX =E( of a typical element)between 29,b] and y
=f(x)

in i

↓ Take the limit as AX-0 to get

xdx =a between 29,b] andy =f(x)

Goal in 515.1-1513 To calculate, andmake senseof,
a double (interated) integral () f(x,y) dA

-/As fora
Where R is a region in the xy-plane,

EAwareness careerintegrateeightestrateand
eSe f(x,y)dA- [[ f(xi,(by)e j i

↳ change in area A

volumeEEgi) (yi)El- ofa typical element/rectangular box
sheight)(area of buses of rectangular box ↓t andy =f(x)
↓ Take the limit as Ax-0 and By'to to get 3

SS7(x,y) dA = the
volume

of the 13D) solid between

between the ID region R and the surface z
=f(x,y).

RmK Revisit Desmos 15. 1.2. When adding together volume of the
rectangular boxes (i.e., the "typical elements"), what orderto use?



Thm. Fubini's ihm for R =rectangle [circa 1908] 15.2

Let z =f(x,y) with f.: R-R be continuous where

R =2a,b) x [c,d] =5(x,y)ER2: a= x=b and ccyd3. Then

- - -I

SS f(x,y)dA =yjd =

f(x,y)dxdy =Yybg
=d

Stx,y) dydx
R

y
=

c(x
=

a I x=ay =c
-

- ↑ en I, St
do Isfor "fixed do I for "fixed
1st St

-TL. For region Rx -
stixed
I *x varies
e

y=dx=b

Ssrt
y
=

a
=
a

* (4,8)dx dy =Y5b y5* +xx,y) dydx
x=ay =c

Mark Fubini says we can "reverse the order of integration"
sometimes one ordering is much easier to integratethanthe other order.
TL: thinking before start calculating mightmake life easier.

Ink SS f(x,y) &Arepresents the volume of the 13D(-

R

solid between the ID. region R and the surface z
=f(x,y).

Being more precise, itis a sinnedme
where

(i)=)
f(x,y) > 0 (i. e. f(x,y) is above thexy-plane) givesvolume while

f(x,y)<0(i.e. f(x,y) is below thexy-plane) gives
&volume.

Loosely speaking,
positive (true/actual) positive (true/actual)

SSf(x,y) dA Ivolume of part volume of part
of the solidwhere of the solidwhereI f(x,y) > 0 I- ↳ f(x,y) < 0 I
150 +(x,y) is abovexy-place) 1 (s0 f(x,y) belowxy-place



32 xy dy dy yEx2yad3. Evaluate S towrite
S

-

soln Sa
-

x (,xy atthe de

->I [ II,] dx

=YI(x=-))
x=3

=So x
dx I now a Cala 1 integral

- ↳** I

= x1Y

=(3 -6)

- 7



*Do "build a porch deck"explanation. Fubini a wood planks. 15.4

Thm. Fubini's Theorem (stronger form)

Let z =f(x,) with 1: R-R be continuous.
-

1. If R =G(x,y)2R2:acxb andg,(x)<y =fz(X)3

yay
=Gz(X) vertical cross-sections

IE I i.y =g,(X) T2: vertically lie wood planks
a >*

with y
=

g, (e) and y
=gz(X) continuous on [a,b] I then

x =b
-

-I

SS f(x,y) dA =S y592(x)
+(x,y) dy dx

R x=a y =g,(x)
-

2. If R =3(x,y)=12: < [y =d and h,(y) -x =hz(y)3

horizontal cross-sections

Are ↳**x=hi=ha(t)
TL: horizontally lie wood

>X

with x =h,/y) and x =h2/y) continuous on [c,d] then

SS f(x,y)dA =yjd -y =hz(y)
-

-

R f(x,y)dx dy
y
=

c

L*
=h,(y) I

*-meantCasel In Fubini Thm, if f(x,y) =1 for all (x,y) SR,
&

S

then SS1dA =signedvolume of the box it base R
and height 1

~

R
->notbox)(area)=AneofR).

So SPEdA=
total (unsigned/actual area of R.T-

-
-



Ex4 Let R be the region (in xy-plane) bounded by 15.5
-

the line y
=x-1 and the parabola y2 =2x +b.

Express the Hotall area Aof R using double integrals in
two differentways.

You should know
how to go... These

e
Sin. Find points of intersection of y =x-1 and y

=2x+6. Will get (-1,-2) and (5,4).
· Sketch R.

I e

I
↑

way-dydx WAY - dxdy
[

III let y variy
Eist letx vary.Stax ↑

x
=5y =x26: -

wdydy. A =S I dydx +S S 1 dy dx

x=-31y =-x2, x =-1y
=x-1
L -

I,x =y+1 I

Mdxdy A =B54 S 1 dx dy
y
=

-21x=2 - 3 -

Ex5 Let R be as in Ex4. Express SSxydAas one double integral.

Sn

SSxydA =1
1,x =y+1 I

S S dx dy
y = -21X=2 -34y-



⑭6 From Ex5, evaluate SPxy dA. 15.6

n.
y =4

1 x =y
+1 I

x dySSxydA =I -34 de
-

y =4
I ,

=y
+1 I

I IS 28 x=2 - 3
dy

y
=

-21 -

I I
x

=

y
+1 I

=1854 xyx
=2 - 3

dy
y
=

-21 -

I I

=1854 I (y+1)-y - (-3)y) dy
y = -2 I-

-

halgebra ~ expand out and collect like terms.

↑ I
I

-Is 1
- +y+ 2y2 - By

· I

dy

=
=[ - +y4 +2y3 -4y2]/*2

↓arithmetic
=1



~

Ssin/E.) Itis not an "elementary function" 15.7
- IRemart, needmore than calculus to evaluatesint atthe

1

Ex7) Evaluate sin (y) dy dx
n

sinly) dy dxS'sinlyt dydx I
x51(85 I

wecan not erinateitso let'stry switching orderofintegration

W I
Y

-y YE8 sincyY dxe
=[xsinc I EI dy

-*[ysin(y) -0 sincys] by
= (6 ysin(y) dy =cosly/y*

uttu sub, with u =y2 s0 du=2ydy

=
- I(cor1 -20) ==(1 - cor1)

..


