
15:1-15.3:Double Iterated Integals over Region R in xy-plane 15.
-

Goal for Double Integrals -

Have. #T: Box-ish

aregion R in the xy-plane anda function z =f(x, y) with7:RtRA.
Want to Express:

~ unsigned,actual
1.Tral Arca of R as:A =SS 1dA

~above R is positive and below R is negative
2.GedVolume of the 3D objectbounded by
R and the surface z=f(x, y) as: x

=SS f(x,y)dA.
e

T:"bottom"&*"top" of the 3D object
↑

How to do when R =[a,b]x[c,d]

1. Divide R into "little pieces",
eg. subrectangles

2. From each subrectangle ~

[XRij:=i-1, Xi]x[48-1: J5].
chose a "sample point"(**,y*)
3. Over Rij,build a "typical element" (which is a retangluar
boxwithbase his and heightfix, yet

-

~
volume oftypical element(i.e. rect-box) =Ihnight) (area bases -thex By)4. Add together allvolumes oftypical elements to get:

Signed Volume or ES f(x, y) Bx by
5. Then take the limitas. 1x50 and by 50 to get

signed Volume =S
y =dgx =b
y
=

c x =a
f(x,y) bx dy



Pictures for R = 20,23x[0,2] andz
=16 - x2-y2 15,2

I
note

f(x,y) =16 - x
2
-y2

is always

above R

and above R

Source:Calculus by Stewart.



Thm. Fubini-Tonellifor R =rectangle (circa 1908] 15.3

Let z =f(x,y) with f.: R - Rbe continuous

where R =2a,b) x 24,d] =5(x,y)ER2: a =x1b and <IyId3.
Then

SS f(x,y) dA ="signed volume of 3D object boundedby Rand z=f(x,y)"
m

R
y=d

↑
x =b

- - -I

=S S
f(x,y)dxdy

=45b 558 +xx,y) dy dx
y
=

c(x
=

a X=ay =c
in short ↓ -

y=dx=b

=S S f(x,y)dxdy =Y5b yg +(x,y)dydx
y
=

c x =a x=ay =c

Mark Fubini says we can "reverse the order of integration"
(i.e. can firstsuit then Scrt y
or can first S wrty then 3 wrt x (

sometimes one ordering is much easier to integratethanthe other order.
↳

Exi. Evaluate I xy dydy treesixy ardx
:

(x)= =x22 - 2) =Ex.Join textas
a constant

x
=3

Ss [5,xydy]dx = x dx =r
6 =Ix (s =(3 -03] =27



Thm. Fubini-Tonelli (stronger form) 15.4

Let z =f(x,y) with 7: R-Rbe continuous.
e

e

1. If R =G(x,y)a2 :as x = b and g,(x)y =fz(x)3

yay
=Gz(X) with y

=

g, (x) and y
=gz(X)

Ix I i.y =g,(X) continuous on [a,b]
a >*

then

SS f(x,y) dA ="signed volume of 3D object boundedby R and z=f(x,y)"
R -

x =by =gz(x) -I

=SS
x=ay

=g,(x)
+(x,y) dydx

2. If R =3(x,y)=12: < [y =d and h,(y) -x =hz(y)3

↳**x-hi=ha(t) with x =h, (y) and x =hz(y)
continuous on [c,d]

>X

then

SS f(x,y) dA=
"signed volume of3D objectboundedby R and z= f(x,y)"

m

x=ihz(y) -
--*jd f(x,y)dx dy

y
=

c(x
=h,(y) I

*Do "build a porch deck"explanation.
"

IrtantCase In Fubini Thm, if f(x,y) = 1 for all (x,y) SR, then

SS AdA
=total consigned/actual area of R. &

Why? SS1dA =signedvolume of the box not height 1
and base R

R
-(height) (busz) =1 (area ofRC,



Ex2. Let R be the region (in xy-plane) bounded by 15.5

the line y
=x-1 and the parabola y

=

2x +b.

Express the Hotall area Aof R using double integrals in
two differentways

Sin. Find points of intersection of y =x-1 and y
=2x+6. Will get (-1,-2) and (5,4).

· Sketch R.

I e

In
May 1-dydx WAY 2 - dxdy
I let y vary

Eistlet xvary

x
=y =x+6

↑

x
=5y =x26 -

way 1. A =S S I dydx +S S 1 dy dx

x=-31y =-x2, x =- 1 y = x
- 1

L -

y =4 I,x =y+1 I

Way 2. A =S S 1dx dy
y
=

-21x=2 - 3 -

Ex3. Let R be as in Ex2. Express SSxydAas one double integral.

Son. To get ONEdouble integral, from Ex.2, must use Way2.

I,x =y+1 I

SSxydA =1S S xy dx dy
y
=

-21x=2 - 3 -



⑭4 From Ex3, evaluate SPxy dA. 15.6

soln
-

1 x=y
+1 I

SSxydA= 354 x dy
g
=-z-y de

-

y =4
I ,

=y
+1 I

II S 28 x=2 - 3
dy

y
=

-21 -

I I
x

=

y
+1 I

=1854 xyx
=2 - 3

dy
y
=

-21 -

I I

=1854 I (y+1)-y - (-3)y) dy
y = -2 I-

-

halgebra

↑ I
I

-I-+y +2y- y
.

dy

=
=[ - +y4 +2y3 -4y2]/*2

↓arithmetic
=1



Ssin(E.) Itis notan "elementary function" 15.7
- IRemart, needmore than calculus to evaluatesint atthe

1

ExS) Evaluate I sin (y) dy dx.
n

S'sinlyt dydx I
wecan note
theirinterestingorarat

integration

I
-est E 8 sincyt dx] de
=[xsinc I EI dy

-*[ysin(y) -0 sincys] by
= (6 ysin(y) dy =cosly/y*
=

- I(co21 - 200) ==(1-cos-

1


