
#Extreme Values (Max/Min) andSaddlePoints 14.7..1
·Differences btw. function of 1 or 2 variables in PURPLE abbreviations

max for maximum

Function of 1 variable (Review Cak 1I min for minimum,
SeeThomas 15 page: 223,222, 1*4 223,243 ext for extremumI

1
Given f: D*- M wheref's domain D is an interval in R.

Det Acritical point off is a point c in the interior off's domain where f" is zeroorDNF.
- -

Alter.The Iff has a local extremum at an interior pt.c of fis domain

then is a critical point of fo
critical pt of f

a ⑧ or1st per. Test Local extremum of "Ican occur onlyat
-

and per. Testlet a be a critical point off and

-
boundary pt of f's domain,

the isand 2nd derivatives off be continuous in a neighborhood of c.
(101) +"<0 atc <sofis) IXc is a local max of f
(1.2) +"T 0 at c <so f is() - c is a local min of f
(1.3) f"=0 at c =>test is inconclusive

1.Function of 2 variables. (ak 3)I's domain, needed def's of
a

↳ nextpage

Given 5: D* +M and (a,b) = =MR2

Det Aalpoint off is a point c in the interior off's domain where if is or DINE.
-

ystDer· Thm Iff has a local extremum atan interior pt. (a,b) off's domain

then (a,b) is a critical point of fo critical ptof f
-
or bounc ptoff'sdomain.1st per. Test Local extremum of I can occur onlyatam lary

Let The discriminate of f is the function D *fxxfyy -(fxy), which is defined
-

for its where the 2 partial dev. are continuous in a neighbood of the point,

Amk.D>0=>fxxtyy >(fxy) ->fxxfgy>0 => fxx andfry are both 30 orh<0..

and per. Test. Let (a,b) be a critical point off and

the is and 2ndpartial der off be continuousin a neighborhood of (a,b).

(201) D > 0 and fxx < 0 at 1a, b) => (a,b) is local max off

·12.2) D>0 and fxx > 0 at (a, b) =>(a,b) is local min, off

(2.3). D <0 at(a, b) =(a,b) is saddle point
1.4 D =0 at (u,b) =>test is inconclusive

RmK. Compare: (2,1) with (1.1) and (2.2)With11.2)...think concavity!



14. 7, 2

Timevalues(max/Mins
and

saddlepointsoffunction
of 2 variable

abbreviations
max for maximum

min for minimum
ext for extremum

-

fs

1. Amax occurs atlayby, and flab) is a mavalue I

if fla,b)&f(x,y) for each (x,y) sD nNr(a,b) and for some rso.

2. Aremin occurs atlable, and flub) is a minvalue,
if fla,b) =f(x,y) for each (x,y) SD2 ·

3. An absolute max occurs at(a,b), and flub) is an araxvalue,
if fla,b)&f(x,y) for each (x,y) SD

4.An absolute min occurs at(a,b), and flub) is an value,
if fla,b) = f(x,y) for each (x,y) SD2 ·

-

Ank:
↑

· local is often reclacepwith relative.
-

An extreme point (or extremum) is a maxor min, point.

S Asaddle point off occurs at (a,b) if (a, b) is a critical pt. off.
but at (a,b) neither a local maxnor a local min occurs.

0 Recall (512,6) the hyperbolic paraboloid (a.k.a. the saddle) f: R2- RR where

f(x,y) =yz -x2
· yf =(-2x,zy) =(0,0)(x,y) =(0,0)
=>(0,0) is a critical pointof fo takes somecalculations

· D(0,0)
=

fxx (0,0) fyy(0,0) - (fxy(0,0))2 =- 4 <Oa
· So 2* Der-test -a saddle pointoccurs at10,0) .

A Memory help. The discriminate of 5is "the Hessianmatrix"

-

D
def

fxxtyy -(*xy) te det /xx +x]I

Ltgx fyy

for its where the 2 partial dev. are continuous in a neighbood of the point (so Jxyfyx.



CP =critical point 14.7.3

Ex. Find absolute extrema for f(x,y) =2 +x2 +y2 aE

BTW: If notgiven a domain D2 off (sof:D*-IR),
then take the largest domain for which - is defined,

Sohereth'sthedomain.theboundary ofR2-set.
S: findCritical Points (CP), ixepts in interior of domain my f=, orADNE.

⑧ Ix =2x fy
=2y If =(2x,2y)

=>

T f =(0,0) ) [2x =0 and 2y =0] - [X =0 =y).
⑧ Note if exists forall (y)s*.I domain off.

B

Critical points: only (0,0)
ID2

boundary points of domain:itis emeralreason
· Use 24 Der. Test WI <P =10,0):

+xx(x,y) =2, fyy(x,y) =2, fxy(x,y) =0"fyx(x,y).
·Plirus"lg null - 12 =(2)(2) - (01,(0) =4 > 0

· fxx(0,0) =2 -
4y

=(0,0
-

· Soby 24 Derv Test-(0,0) local min

· Butextreme values only possible at 10,0)
thus 10,0) is where theabsolutemin. occurs,
And f (0,0) =2 +02 +62 =2,

· Th: Let's reread the question to remind us precisely whatwe are

-ifor
·The absolutemin. value is 2

⑰

There isnot an absolute max. value.

B

BTW: We say "theabs, min.value occurs at10,0)".



Nexta continuation of 2x1. 14.7.4
#2. Find the max and min values of

on the set
f(x,y) =2 +x2 +

y
2 ~

S =[(x,y)2R2: x2+ =13
4

soln
-

⑧ Consider S =domain of 7.-

⑧

Sketch S:San TL. S isthe

pink interior of S"

"blue bowltryofs":
-2I, L

FIt) =<cost, Isint), 0 [A <2π.
·From Ex1, the only CPof fiR- Ris(0,0) . And 10,0) is in interior S.
⑱ Thus the only CP off:S-R is10,0)
· Isber. Test - Extrema can occur only at(0,0), or on boundary of S.

y
2

· Parameterize the boundary x*+y
=by: xt)=cost, y(t) =2sint 0 =+<2π.

3

· So want to Max/Min the function z =f (XA), y(t)) of 1 variable.
-

⑧

Consider
g(t): =f(x(A),y(t)) ·

Solvel de/dA =0 for 0 =A<2π

,=(2x)(- sint) +(2y)(2A)
At

= (2 CO2A) (-sinA) +2 12 sinA)(2cost) =-2cost sint +8sint at

=bint cost =0 ( t =0, 42, 4, 34/2 ·

I
· Make a chart -

cosA Isint 2+x
2
+y2

11 I

t (x,y) f(x,y) conclusion
-critical pt. 2 also min

boundarypts, 3 I IOC min! b cubs. max

(- 1,0) 3 IOC. mincorals
us max

1) See Desmos Demonstration 14.7. 12.



3 Find all local extreme values and saddle points of
14.7.5

f(x,y) =x4+y4 - 4xy+ 1.

Soththedomain waterrateanyo2 =0.
· To find CP (critical points):

fx(x,y) =4x3 -xy,ty(x,y) =4yy -4x,f(x,y) =c4x3 -4y)4y3 -xx)

Yf(x,y) =0 =[4yy-4y=I

:(*-*=8=x3 -I
-
(x) - x =0 =xi-x =0-

0 =x9 - x =x(x8 - 1) =x(x4 +1)(xy - 1)
S

=>x =0 or *4H =0 or x4+1 =0
↓ H
x* = - 1 (x2)2 =1 =x2 =1 = x =I1
H

no soln,

Since y
=x 3, the CD are: 10, 8), 11, 9), 1-1,t. i.e.S

10, 0), (1,1),( - 1, -1)
· Use 2** Der. Fest on the LP.

+xx(x,y) =12x2

D(x,y) =feternateFiery-case
=144x2- 16.

D10,0) = -16 <0 so 10,0) isa saddle pt. BAW fl0,0) = 1

b (1,1) =144-1670 andfxx (1,1) =12(1)230=> (111) isa loc, min
and f(1,1) =1 - 4 +1

=-1.

D!-1,-1) =144-1630 and fxx(+,-1) =126-1230 => (1,1) isa loc min

andf(- 1,+) =1+1 - 4(- 1) -1) +1 =
-1

TL: reread question to recall precisely whatis being asked.

· There is one saddle pt., which occurs at to, ol.
There is one local min, value of 1. (p.s. occurs at(1,1) and (-1,1)
there is no local max, value,

1) See Desmos Demonstration 14.7.3.



14.7.6

-
x4 Arectangular box, withouta lid, is to hold 256 cm of sand,

Findthe dimension of the box thatminimizes the surface area of
the box (4 sides and bottom, no top),

-

So In Surface Area = 2NE +247 I xy
we neez sides sides bottom

* Volume =xyz
=156 =>z
=

surface Area = 2x() +2y() +x y (Ps (2) (256) =512)

Wantto min f(x,y) =512y+512x +xy. Note xs0 andy>0.
· Find CP.

+x(x,y) =- 512x
-
2
+y,fy(x,y) =- 512y

-2

+X.

f =8

L
=-

sity)issothe=x()1 - 52)
case x =0 cannot physically happen (there would be no box.

e

scase"arnotThysgot asets
·
2* Der. Testfor <P(8,8)

+xx 52(812)x3, faz21512-,e
↑

D(8,8) =(z) =(2)(2) - ()(1) 20 and +xx14,5) =2)20
iper Innison treehatprecisely was asked
A+18,8), z =3 =7=4.

· For thebox bottom, each side should be 8cm. The boxnightshouldbe 4am.



14.7.7
Recall
-

d (ptQ, a plane O thru pt.Pandnot normal n)=(QP .all
To apply above formula, need a pt. Pon plane P.
Whatif we cannot find a pop on plane P?

#5 Find a function of 2 variable that can be minimized

to provideus with the shortestdistance from the

point Q =(1,0,-2) to the plane 0:x +2y +z =4

ly
soln. · If (x, y, z) isan the plane o then z=4 -

x - zy
-

· dIQ, a point (x,y,2) on the plane P(

=d)(1,0, -2),(x,y,4 - x - zy))

tartshere
·So could min.

d(x,y)= i+(6-x-2y)2.
To make calculation easier,

min.

f(x,y) =(x- 12 +y2 +( - x - zy)2.

Will get min. of z
=f(x,y) occurs at It, 5).

so min, distance willbe
A To min, distance bow a pointand a

surface 5 (which is not a plane),
then can also use methodin Ex5.


