
Prof. Girardi 14.3 Partial Derivatives Examples

Ex 1. Let

f(x, y) =
√
9− x2 − y2 .

1.1. Find
∂f

∂y
(x, y). TL: We are differentiating w.r.t. y so we treat as constant the variable x .

∂

∂y

(
9− x2 − y2

)1/2 chain
=
rule

1

2
(9− x2 − y2)−1/2

(
∂

∂y
(9− x2 − y2)

)
=

1

2
(9− x2 − y2)−1/2(−2y)

=
−y√

9− x2 − y2
.

1.2. Find fy(1, 2).

fy(1, 2)
notation
=

∂f

∂y
(1, 2) =

−2√
9− 12 − 22

=
−2√

9− 1− 4
=

−2√
4
= −1 .

Ex 2. Do Desmos Demo 14.3.1, which goes with Example 1.

Ex 3. Find
∂

∂z

(
zexyz

)
.

Soln.
∂

∂z

(
zexyz

)
=

∂

∂z

(
zexyz

) product
=
rule

(
∂

∂z
z

)
exyz + z

(
∂

∂z
exyz

)
chain
=
rule

1 · exyz + zexyz
(

∂

∂z
(xyz)

)
= exyz + zexyz(xy)

= exyz(1 + xyz) .
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Ex 4. Find all the second partial derivatives of

f(x, y) = y3 + 5y2e4x − cos(x2).

First we need the first-order partial derivatives:

fx(x, y) = 0 + 5y2e4x(4)−
[
− sin(x2)

]
(2x)

= 20y2e4x + 2x sin(x2),

fy(x, y) = 3y2 + 10ye4x.

Now we can find the second-order partial derivatives.

Not mixed:

fxx(x, y) =
(
20y2

) (
e4x(4)

)
+
[
2 sin(x2) + (2x) cos(x2) (2x)

]
= 80y2e4x + 2 sin(x2) + 4x2 cos(x2) ,

fyy(x, y) = 6y + 10e4x .

Mixed:

fxy(x, y)
i.e.
=

∂

∂y
fx(x, y) =

∂

∂y

(
20y2e4x + 2x sin(x2)

)
= 40ye4x + 0 = 40ye4x ,

fyx(x, y)
i.e.
=

∂

∂x
fy(x, y) =

∂

∂x

(
3y2 + 10ye4x

)
= 0 + (10y)

∂

∂x
e4x = (10y)

(
e4x

)( ∂

∂x
(4x)

)
= 40ye4x .

Note. The mixed partial derivatives are equal: fxy = fyx.

Ex 5. Find fzyxx for f : R3 → R with

f(x, y, z) = x
(
z2 + yez

)3
.
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