Prof. Girardi §12.2: Vectors

1. A vector represents a quantity (eg, displacement, velocity, or force) that has both a
1. magnitude (ie, length)
2. direction.

2. A vector U sitting in R* is drawn/respresented by a directed line segment which goes from an

—
initial (or start/tail) point A € R™ to a terminal (or end/head) DOiIlt B e R™. Write: E) = AB

The magnitude (or length) of the vector ¥ is the length of the line segment from A to B.
The direction of the vector ¥ is the direction of the directed line segment from A to B.

The vector above with the name of the letter “v” is written: ¥ (arrow above) or V (boldface) or AB.
A. ¥ # v !l Do not forget your (needed) arrow above.

3. Two vectors are equal if and only if they have the same magnitude and direction.

A. So if vectors T = AB and @ = CD have the same length and direction, then ¥ =

(even if the initial points of ¥ and u are different and their terminal points are different).

Ex1. (Working in the Cartesian plane R2.) Which vectors are equal to the vector ¥? Soln: v =

2
e e
/%4
-—

def =77

Def. Given a point V' = (zv,yv, 2v), the vector (zy,yv, 2y ) = OV. ANotice diff. btw: () and ( ).

The component form of a vector is:  (x,y,z) for R® and (x,y) for R2.

— —— — ——
Def. The standard position of AB is OV where O is the origin and AB = OV

Exza. Given points A = (2,—1) and B = (5,1) and O = (0,0) in R%.
Find the point V' € R? so that AB =0V. Soln: V = ( : ).
g V=al_—, )

(—,=) | ®=(541)

-

(.2.,;.'-. l] NN

Exzb. Given points A = (2,—1,—1) and B = (5,1,2) and O = (0,0,0) in R>.

Find the point V' € R? so that AB = OV. Let’s go to Desmos 12.2.1. Soln: V' = ( , ,
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Prof. Girardi §12.2: Vectors

Take aways from Desmos 12.2.1. When in R2 just do not write the 2 coord and geometrically think of as in R3 with z = 0.
If A= (24,ya,24) and B = (zp,yp, z5) and the origin O = (0,0,0) and V are points in R?,

— —
then the vectors AB = OV when the point V' = (xp — x4,y — Ya, 25 — 24),

. . =<7 def -
in which case OV = (xp —xa,yp —ya, 2 — 24 ) and so |AB = (xp — Ta, Y — Ya, 2B — 24 ) |.
For points the origin O = (0,0,0) and

A= (v4,ya,24) and B = (xp,yp,23) and V = (zv,yv,2v) (1)

we get that AB =0V| ifand only if
Ty =ITB— TA
Yv =Yp—Ya (2)

Ry = ZB — %A,

—_ —
in which Case, since the length of a vector is the distance btw. its endpoints, the length of AB, denoted ’AB , 1S

T | def 12.1

by (2) (1 def | =+
L vl + P+l D d©0,v) E{OV] = Yavaav)l.

Note: |7 =0 < T =(0,0,0). Notation: (0,0,0) = 0. Similarily in R
Def. Vector Addition, Scalar Multipication, and Vector Substraction.
Consider the vectors: U@ = (uy,us,uz) and ¥ = (v1,v9,v3) in R
Consider the scalar k € R.  (Def. A scalar is a real number.)

— —> def

o U+ T = (up+v,us+ va,uz+ v3) (Vector Addition)

o kT X (kuy, kus, kug) (Scalar Multipication)
And for Vector Subtraction

o7 ¥ U4+ ((=1)7) 2 (ug,up,uz) + (—vy, —vy, —v3) 2 (g —v1,uy — vy, Uz — v3)
Note: can NOT multiple two vectors!
When in R?, as above, just do not write the z coordinate and geometrically think of as in R® with z = 0 (so in zy-plane).
Algebraically: just work component-wise.

Geometrically: to add two vectors, put the vectors head-to-tail.
Graphical Methods for Vector Addition

Triangle Method or
Head-to-Tail Method

Parallelogram Method

1. Place the vectors with the head of the 1. Place both vectors, # and ¥ at the same
previous vector # connected to the tail of initial point.

the successive vector v'. 2. Complete the parallelogram.

2. The resultant vector 77 + v is formed 3. The diagonal of the parallelogram is the
by connecting the tail of the first vector to resultant vector 77 + V.

the head of the last vector.
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Ex.

Prof. Girardi §12.2: Vectors

Let @ = (4,3) and ¥ = (1,—2). Find the following vectors. Express answer in component form.

= Silly Prof.! We can NOT multiply vectors !!

Let ﬂ) = <2, 2, 1 > and E) = < —2, —1, 1 > Find the followmgm Express answer component form.

240101 Page 3 of 4 Thomas’ Calculus ET 15%"ed



Prof. Girardi §12.2: Vectors

7. Def. The vector ¥ is a unit vector if and only if |v]| = 1.

8. Def. Standard unit (basis) vectors

r*. In R3, the standard unit vectors are:

T (1,0,0) and 7 €(0,1,0) and k= 0,0.1)

Any vector ¥ = (v1,v9,v3) can be written as a linear combination of the standard unit vectors as follows:

E}_) = <U17 V2, U3>

= <'U1,0,0> + <O,U2,0> + <0,0,’U3>
= ?)1(]_,0,0) + 112<0,1,0> + ?)3(0,0,1)

= 01l + v] + vsk

with v1,v9,v3 € R. The scalar v; is the i-component of ¥, scalar v, is the j-component of ¥, and
scalar vs is the k-component of ¥,

®?.  Similarily, in R?, the standard unit vectors are:

T (1,0 and 7 ¥0,1).
and any vector in R? is a linear combination of the standard unit vectors: ¥ = (v, v5) = 1117 + 027 .

9. If |U] # 0, it is often helpful to write/think-of T as:

v
vo= |7 = (3)
~~~ | v |
the length of ¥ ~—~

a unit vector in the direction of v

ex. Find the direction of the vector AL where the point A = (1,2,3) and the point B = (6,5,4).

Express your answer as a linear combination of the standard unit vectors.

Soln: The direction of A—B) is

The direction of the vector AB is the unit vector in the same direction as AB , which is % by (3).
Note AB=(6-1,5-2,4—-3)=(53,1). So ‘E})( VIR P =251911 =35

SOE_(5,3,1>_1<531>_<5 3 1>_5?+3ﬁ+1?
@\ V3 V3T V35 V35 V35 /) V3b V35 | V35

10. Properties of Vector Operations.

Let u, ¥, and W be vectors. Let a and b be scalars (i.e., real numbers).

1) T+T=7+7T (5) 0% =0

Q) (T+N+T =1+ (T+w) 6) 1T =10

B3)T+0=71 (7) a (bW) = (ab) T

4) T+ (-7)=0 8) a(W+7)=a® +a¥
and 9) (a+0b) U =au +bu
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