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F "] DEFINITION OF AN IMPROPER INTEGRAL OF TYPE |
. If [! f(x) dx exists for every number ¢ = a, then

[ dx = im [ £() dx

provided this limit exists (as a finite number).
(b) If [* f(x) dx exists for every number 7 < b, then

[\ f@ar=lim ["f()ax

provided this limit exists (as a finite number).

The improper integrals [~ f(x) dx and [, f(x) dx are called convergent if the
corresponding limit exists and divergent if the limit does not exist. ( PNE)

(c) If both [T f(x) dx and [°_ f(x) dx are convergent, then we define
=

J: fx)dx = L f(x) dx + J':f(x) ax

In part (c) any real number a can be used (see Exercise 74).
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COMPARISON THEOREM Suppose that f and g are continuous functions with
f(x) =g(x) = 0forx=a.

(a) If [T f(x) dx is convergent, then J;” g(x) dx is convergent.
(b) If [ g(x) dx is divergent, then [;" f(x) dx is divergent.
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E DEFINITION OF AN IMPROPER INTEGRAL OF TYPE 2\ :
(a) If f is continuous on [a, b) and is discontinuous at b, then

[ dx = Jim [ £ 4=

if this limit exists (as a finite number).
(b) If f is continuous on (a, b] and is discontinuous at a, then

(7700 dx = lim [ fx) dx

if this limit exists (as a finite number).

The improper integral j : f(x) dx is called convergent if the corresponding limit
exists and divergent if the limit does not exist.

(c) If £ has a discontinuity at ¢, Where a < ¢ < b, and both [{ f(x) dx and
[? f(x) dx are convergent, then we define

[* £y ax = [0 dx + [ £
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To help with Example 8, let’s first make a rough sketch of the graph of f(z) = = forz > 0.

The domain of y = f(z) is [0,00) \ {2} =[0,2) U (2, 00).

lim, o+ ;=7 and  lim, - % =7

Next you can do the 1% Derivative Test to see when f is increasing and decreasing.
Then you can do the 2% Derivative Test to see when f is CCU and CCD.

If you need to review your Calc I for graphing - do it!
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/ =4 9z dx fios / =8 9rdx + [im / =4 oz dx
=0 22—4 8—2- oo T2 —4 t—2+ Jooy T2 —4

- [,l_l.lzn— In |z? — 4| |’="] + Ll_lg# In |z* — 4| i_f_f]

= Ll_jgx_ (In|s*—4| — 1n4)] + Llixﬂ (ln12 — ln|t2—4|)l

—
§—2- = |$2—4|—0t = In|s2—4|——00 t—2t = [t2—4|—0T = In[t2—4|——c0

= [~o0] + [+o0] . < THIS DOES NOT MAKE SENSE !

So [, 7=+ 22dz  diverges (or can also say DNE).

Ex 8. Revisited What is wrong with this way?

=4 2
/ ””f"” = In|e? —4| =4 = In12 — In4 = ln14—2 = In3.

A common mistake is to NOT recognize an improper integral when you see him and then just (incorrectly) blindly integrate.

Ex 8. ReRevisited

/’=°° 2zdz /"=2 2zdz /F” 2zdz /t=°° 2zdzx
z=0 r? -4 B z=0 r?—4 =2 r? -4 =17 z?—4

_ =8 9xdx ) =17 9z dx ) =Y ordr
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So [7° &% diverges (or can also say DNE).



