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7.8 Improper Integrals
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1. (a) Since |[. 1°° re~*" dz has an infinite interval of integration, it is an Improper integral of Type L.
B _— x [/ . ; :
(b) Since y = sec z has an infinite discontinuity atz = 3, Is /2 gec z dzz is a Type I improper integral.

.{ x

2
(c) Sincey = has an infinite discontinuity at z = 2, /o = 5216 dz is a Type II improper integral.

@-2)(z -3

0
(d) Since / 121_" 5 dz has an infinite interval of integration, it is an improper integral of Type L.
- ,

dz is proper.

2
is defined and continuous on (1, 2], /
1 * )y 22-1

. 1
2. (a) Since y = o

(b) Since y = dz is a Type Il improper integral.

1
has an infinite discontinuity at = P /
0

2z —1 2z — 1

, > sinz S— . . s . .
(c¢) Since / T 5 d has an infinite interval of integration, it is an Improper integral of Type L.
+ T J
-0

! (d) Since y = In(z — 1) has an infinite discontinuity at z = 1, ff In(z — 1)dx is a Type II improper integral.

3. The area under the graph of y = 1/2° = 2% between z = land z = t1is
Alt) = [z %de = [—%r"z]i =-42-(-3)= 1 —1/(2t%). Sothe areafor1 <z < 10is
A(10) = 0.5 — 0.005 = 0.495, theareafor1 <z < 100 is A(100) = 0.5 — 0.00005 = 0.49995, and the area for
1<z <1000is A(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for z > 11is

lim 4(t) = rl_l-.nr,lo [_;_ = 1/(2t2>] 1 _i_

t—oo

4. (a)

100
g (b) The area under the graph of f fromz = ltoz=tis
: o L o [t [Fre | 6@
: Flt)= [} fl@)da=f{ =" de = [-5z= "], 10 | 206 | 2.59
. = —10(t7%* —1) =10(1 - ) 100 | 3.69 5.85

10* | 6.02 15.12
10% | 7.49 29.81

and the area under the graph of g is
Gt) = [{ g(z)dz = [fz7%%dz = [51_—1:50'1]; =10(t"* = 1).

10%° | 9.9 | 990
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5.

6.

7.

9.

10.

12.

13.

O CHAPTER7 TECHNIQUES OF INTEGRATION
(c) The total area under the graph of f is tlim F(t) = tlim 10(1 —¢t~%*) = 10.
The total area under the graph of g does not exist, since lim G(t) = llim 10(t%* — 1) = oo0.
t—0o0 - 00
> 1 ! 1
I= ——dz=li ———dz. N
/1 Gar ) P %), Garp T
1 1 1 1 1
—dz==- | =d —8z+ldu=3ds] =——+C=—5—7=1C, !
/(3:1:-+—1)2 “ 3/u2 U [u =B 1,du =34s) 3w 3Bz +1) i

: 1 S 1 1] L1
al=jte, [-m];}ﬁo [—m*ﬁ =0t =gy Comenen

0 0 L

1 - 1 5 1 =110 3 1 1 ‘
/_oo21:_511.1':z_l‘lr_nDO t 21_5dz=z_1}x31w[§ln\2x—0”t=tllrrolc[§ln5—§1nl2t—5”=—x, |
Divergent

-1 =1
/ . dw = lim {)1 dw = lim [—2\/2—11]]_1 [u:?—w,du:—dw]

o0 — W t——00 " 2—WwW t——0o0

= lir_n [—‘2 V3+2/2— t} = 00, Divergent

|

/Do—-I_—dx—lim t—I—dz—liml—_l—L—ll'm = T
o (22 +2)? t—oo o (2+2)2 t—oo 2 IZ+20_21L30 2 +2 2
18 =

=1(0+3) =%  Convergent
) / . - /2 . / t . / 2
f:r' e”¥/?dy = lim f: e~V *dy = lim {—2671”2} = lim (—26_"2 +2e7 ) =0+ 2¢72 =2e7?
t—o00 t—oo 4 t—oo
Convergent
-1 =2t T -1 _—2t o 1 —2t1-1 _ 1,2 1, -2z :
Jo e dt= xBIPm [ e dt= xBIPm [-3e | IBIPx [—3€° + 3e *] = o0 Divergent
/C" czdr /0 zdz +/°° zdz and
" Jees 122 oo 1+ 22 o 1+z2
? mde lim [3In(1 +:c2)]0 = lim [0— 3In(1 +t?)] = -0 Divergent |
o l+22 t—-co!? ’ t  fe—o0 2 U e : 2 4
I=[2 (2-v)dv=L+L=[ (2-v")dv+ [g~(2—v")dv, but :
L= lim [2v - %vs}? = lim (=2t + 1°) = —o0. Since I, is divergent, I is divergent, and there is no need to ‘
R ——00
evaluate 7. Divergent

el ve~* dz = f(_)w ze~* dz + I ze™*" dz.

oz dz= lim (-3)[e] = lim (-3)(1-¢) =~} 1=—5 md

t——0o0

[ 2o do = lim (-3)[e] = tim (-3) (e -1) ==} (-1 =4

t—o0 0 t—00

Therefore, [~ ze~* dz = —

2|
-+
-
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o
Q
o
=}
<
o
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(¢}
B
-




SECTION7.8 IMPROPER INTEGRALS O 649

0o ,—VT t _—/T Vi
e 1 e 1 —u u= T,
14, /1 = dz = tll.ngo = dz = ,11.12, ! e “(2du) [du _ da) (2\/;)}
Vit i
=2 lim [—e'“] =2 lim (—e’ b+ e’l) =2(0+e')=2e"".  Convergent
t—oo 1 § t—00

15. [, sinfdf = lim Jo, sin@df = lim [— cos 6),, = tlin'olc(— cost + 1). This limit does not exist, so the integral is
. arn. HE o

divergent. Divergent

0
) : i y .
16. I = [ coswtdt =TI+ I, = ffm cosmtdt + [5° cosmtdt, but Iy = lim [— smﬂ't} = lim (—-1— sm7rt) and
s——00 | T §——00 T

o0
8

this limit does not exist. Since I is divergent, I is divergent, and there is no need to evaluate I2. Divergent

©° z+1 . t%(2x+2) 1 2 g 2, \
17./1 Lt w=)n | e de =} Jim [1n(r +2:v)]1—5tlin3° [m(t -T—Zt)-lnB] = 0.

Divergent

oo ” t “ t
18./ % lim [——1 -t }d:: lim [m(‘“ﬂ
0 224+3z2+2 t—oo /g z+1 zZ+ t—oo z2+2 0

1

2

)} =lnl+n2=In2 Convergent

oo t
-5 . —5s . —5s —53 by integration b
19. se *ds = lim se % ds= lim [—3se” — =e 5] R
0 t—oo Jg t—oo - - parts withu = 5
— lim (—1te™® — e > +35) =0-0+ &  [by!'Hospital's Rule]
t— o0

= s
= 35 Convergent

t——o00 f o —00 t pal‘lSWilhu:v‘

6 6 . .
20 / re™/®dr = lim re”/3dr = lim [37‘5/3 - 961—/3:\ ’ [by plegaatioh Iy }
; —o0

— lim (18¢® — 9¢? — 3te"/® + 9et/3) = 9e —0+0  [byI'Hospital's Rule]

t——00
4 —=0¢?.  Convergent
‘ &0 In z)? ¢ substitution wi Int)? .
" / EE dz = lim gizi)_ by substitution with — lim (Int) . Divergent
¥ | T t—00 2 2 w=lnz, du=dz/z t—00 2

% I=[°, Betdr=h+L=[" 2le~ dz + I z%e~=" dz. Now

t . " 4 - .
In= lim | 2z°¢™® dz = lim e (%d =
t—oo o t—oo [q (4 'U.\) du = 42° dz
4

i [—e_“]t =1 lim <—e_'4 +1) =30+1 =1

t—o0 0 t—o0

1
1

Since f(z) = z3e~*" is an odd function, I; = —3, and hence, I = 0. Convergent

i
al

&
.‘.
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oo I2 0 I2 oo J:2 o0 IEQ
1 23. /_oc 9T 28 dr = /:oo 9+ 26 dz + /(; 9120 dz = 2/0 9120 dz  [since the integrand is even).
“ Now 1:2 d.T u= 1:3 _ % du uw = 3v _ %(3 d’U) o _]; dv
‘ 9+ 6 |du=3zde = | 9+u? |du=3dv =/ 9+92 9J) 1+2

2 -
%tan“lv 4= étan“%%) +C = ltan'1 (%) +C,

I

9

| o g2 t g2 1 (2 ‘ 1 .t 2 ® T
: ‘ —9 1 =9 13 - = —9lim =t L T (LI
) 2/0 9128 dr = ..thm .9 o dz chm [gtan 3 > . _le 9 tan .3) D) 3"

Convergent

1 24 /oo e d lim t e dr = lim { . arctan e Y 1 lim (a:ctan e arctan : >
o . = 0a T = 11 = 5 = —— an — - — - = —
s e=+3 0 t==Jo (e2)*+(V3) t=eo [ V3 V3lo VBt V3 V3

1 7 1 T
== (Zr_ — I) - (Z) = 1—3 Convergent

i 1 T ¢ 1 : -3 u=Inz, . 1 A
B ,/e z(lnz)? de= rll-ngc . z(lnz)® i zlinc}cfl L [du =dz/z | Jm | =52 i
. 1 11
. = lim {—————— + l} =0+5=75- Convergent

I oo t

, t t - d

v 26. / zarcin? g = lim zarctan , ... = arctanz, dv = Iqu _ Then du = e,
(1+ z2)? oo Jo (14 22)? (1+2%)? 1422

4 1 2z dz -1/2

v==[| —3 = :
=35 MW+z2)? 1+

zarctanz , __larctanz 1 dz z = tanb,
(1+I2)2 o 2 1+ 22 +'2 (1+x2)2 dx = sec? 6 df

4

k __larctanz l/sec29d9

}\ =T 1+a2 2/ (sec?6)?

: 1 arctanz 1

: 31+ +§/cos 0de

: _la.rctanx)_g_*_:,mG C059+C

: =72 142 4 4

1 _ larctanz 1 1 =z
T2 142z +4arctan:c+41+rz A

It follows that

/°° :carctanxdx_ Jim 1arcmnx+1arctanx+l T ¢
s (+z2)? 100 7 T4 1+a2 |,

|
ro|
—
.*.
8
It
=

Convergent

Il

|3

lim —1————a‘l-cmntJrlarcta.nt%-1 : —0+1
too\ 2 14t2 4 a1+t2) 4

. i3 L s b
i 21. / — dz = lim 3z °dz = lim _ 3l = _3 lim (1-— LY =, Divergent
0 T t—0t t4

t—0T J¢
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3 t
n./ 1 _4r=lim [ 3-2)"Y?de= lim [—2(3—x)1/2]; — —2 lim <\/3—t—\/T) = —200-1)=2
2

V3i-z t—3- J2 = e
Convergent
14 g 14 e ) [4 3/4 44 3/4 3/4
- _ p s Vidr = 1 2 9 —= | 16/—t+2"‘}
1 2 /_2 \Vm t—~l£n2“ ¢ h ) * :—o1£n2+ _3(1+ ) t 3 "‘19:124‘ [ ( )
{ =4(8-0)= 2, Convergent

1 8 4 . § \—3 . —218 . 1 1 .
30. /6 m dr = lim 4(x—6)""dxr= tlirél‘- {—Q(x —6) L = -2 lim [? - E_—GF} = 00. Divergent

t—6+ J¢ t—6+

3 dz 0 dx 3 dx 0 dz z31" 1 1
—_— = — —_— — =1 _— = l e e e s | = O, 1
. /_2 — ./_2 por +/0 = but/_2 pr tEIcI,I— { 3, ti%l— [ 7o 24] 00 Divergent

32 /1 ____dI = lim /t —dz‘_ = lim [iin_lx]t = lim sin"'t = 2 Convergent
" Jo Ji—z2 t=1-Jo JI—22 t—1- " 0 41— 2 g
33. There is an infinite discontinuity atz = 1. 033(1 1)y = fol(x —1)"Y5dz + f133(1 —1)"1/5 dz. Here

, ‘ , 1t B}
[l@-1)"Vde= lim [(e—1)7/ de= lim [%(z = 1)4/5]O = lim [%(t =[5 = ﬂ — —3 and

0 t—1—

/] 33 3 \ /
[B(@-1)"Vde = lim [B(z-1)"*dz = lim [g(x - 1)4/5} = lim [g .16 — §(t — 1)/ =20.

1 t—1+ ¢ t—1+
33 . "
Thus, [; (z—1) S dy = -5 +20=7.  Convergent

M, f(y) = 1/(4y — 1) has an infinite discontinuity aty = i
1

1

- 1 1 1 q
dy= lim dv= lim [*lnjay—1|]}= lim [}In3—3In(4t—1)] =00,

/1/4 177" et )e -1 Y= /o [31nl4y - 111, n—uu)*[" 11n( =o0

1 1 21
S0 dy diverges, and hence, /
~/1‘/4 4y =1 0 4y

8 dz - dx _ ! dz ‘ ’ dx
35'1:/0 12—61+5:/(; (_1:——1)(:17—5):I1 ‘ 12_,/0 (1_1)(1_5)T/1 (z—-1)(z—5)

1 A B
y — 1_ i — 3
Now Z-D@E=5) =z 1+z—5 = = A(x —5)+ B(z — 1)

1 dy diverges. Divergent

Set:r:::')togetl=4B,soB=%.Setr:ltogetl=—4,4.50A:—§.Thus

t

I

t =% Y 1 1
lim 4 4 4 \dg= lim |—->Injz—1[+ ;In[z—5|
t—1—-Jo \Z—1 x=—9 t—1= B 4 v

= lim [(~3In[t—1|+ FIn]t —-5|) = (=3 In|-1] +31n|-5|)]
t—1—
— oo, since lim (—3In|t—1[) = oo.
t—1-
Since I; is divergent, I is divergent.

lim [In|cscz — cot z|]% ), = lim {ln(csct —cott) —In(1 — O)i\
t—mr—

t—m

kil . t
36. fv/2 cscxdr = tl_l‘rvlrl_ fv/E cscxdr =

. 1 —cost .
= lim 1n<—_——) = 00. Divergent
t—— sint



652 [ CHAPTER7 TECHNIQUES OF INTEGRATION

0 _1/z t 1/t ;
e s 1 4/z 1 _ u u=1/z,
3n. /;1 dr = lim —e/*. —dz= lim ue" (—du) i a3

x3 t=0-J_1 Z T t—0— J _3
T _ ul—1 use parts T _o,=1 _ _1_ . 1/t
= Gm [(u—=1)e*],, LrFormula%] = Hm [ 2 (t 1)'5 }
2 . 2 . s—1ny 2 "
=—-2_ lim (s—1)¢° [s=1/t] =--— lim =—=— lim
e s——o0 e s—-—oco 79 e §——00 —e~*
: 2 2
: =——=-0=—--. Convergent
e e
‘. 1 _1/z 1 1 1 1 _
38. / : 5 dz= lim =t — dz = lim ue” (—du) t u=1/z, 2}
0o T t—0+ J; T & t—0+ Jy/t du = —dz/z :
i T . u]l/t use parts 1 l _ 1/t _
) - tk,rél—: [(u 1)6 ]1 l:orFormula%:l - tl_l,rél+ l:(t 1>e 0}
= lim (s—1)e* [s=1/t] =oo.  Divergent
2 2 : b '
(2.2, ERT L T R z L integrate by parts
¥.I= fO Z'Inzdz = c}l%l‘-' ft Z'lnzdz = tEI;l+ [32 (31114. U:\: Lruse Formula 101 ]
= lim [(38ln2—1) — 1*(BInt—1)] = §ln2 -5 -5 lim [t*(3lnt—1)] = &2 -5 — 5L
t—0T t—0T
. . . 3lnt—1w4 ,. 3/t .
A Now L = lim [3(3Int—1)] = lim =& lim —— = lim (—t*) =0.
1 t—0+ [ ( )1 c—l-r(?’r 13 t~%1+ —3/t* c—l‘%l-‘r( )
'r Thus, L =0and I = $1n2— 8. Convergent ,
t‘ 40. Integrate by parts with u = Inz, dv = dz/\/z = du=dz/z,v=2 V.
i 1 1 1
i Inz Inz 1 dz i
i — dz = lim —dz = lim [2\/;1119{[ —2/ — | = lim —2\/Zlnt—4{\/5]
] o V2 ET ) Vo Jim T2 V=) T e :
i = lim (—2vEInt—4+4vE) = —4
E b=0F
_ A ~Int w . 1/t .
g[ = tliréL \/Z g = tl.].%la- t—_T/E - zE-%l-f- m - cli%‘i (_2 \,/Z) =0. Convergem
i 1 ; 1 :
¥ 1. y . T = o = N
: 4 Area= [___e"dz ‘_l}r_noo [€*], =e t_l}r_nooe e
[
it
: :
I 4. Area = [ e /2 dz = -2 Jim [6_1/2} = -2 lim e t? + 2 =2e
- —00 =3 —00

e 1 123




43,
44,
45,
46. 3 W
1
47. (a) t
t J; g(z)dz
2 | 0.447453
5 | 0.577101
10 | 0.621306

100 | 0.668479
1000 | 0.672957
10,000 | 0.673407

(b) -1 <sinx <1 = 0<sin?z<1l = ng—,—z—g?

[Equation 2 with p = 2 > 1], /
1

® gin’z

SECTION7.8 IMPROPER INTEGRALS U

oo 2 ) 1 . t 1
Am:/ x2+9‘“‘2'2/0 Spde=dlinm | g™

—00

P § DY) L it 4 m_2m
—421_1‘127[3ta.n 3}0—311m{tan 3 O}—s 5=73

dzr = lim
9 * ti.oo 0 1'2+9 t—00

o0
Area = /
0

hm[ (t +9) — In9] =

Infinite area

w/2 2 . t
Area = sec’zdr = lim sec’zdr= lim [tanz
IS (7 /2)" f“ t—(r/2)~ [ lo
= lim (tant—0)=
t—(m/2)~

Infinite area

° 1
Area= | —=d
red /;2 \/I+2 = t—-—2‘L N4 t——2+
= lim (2\/——2\/t+2)=2\/§—0=2\/§

t——2+

It appears that the integral is convergent.

sin? z s L % 1 :
. Since — dz is convergent
T , x*

da is convergent by the Comparison Theorem.

= lim [2vZ+2),

653
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(c) Since flm f(z) dz is finite and the area under g(z) is less than the area under f(z)
on any interval [1, ], [~ g(z) dz must be finite; that is, the integral is convergent.
~ 10
8. @) 9(a) = —=—
t [ 9(z)dz vz -1
5 3.830327 It appears that the integral is divergent.

10 6.801200
100 23.328769
1000 69.023361
10,000 | 208.124560

. — 1 1 s o e s .
(b) Forz >2,/z>Vz-1 = E < ﬁ Smce/2 % dz is divergent [Equation 2 with p = % < 1)

o0
1 v .
/ =1 dz is divergent by the Comparison Theorem.
2 VvI~—

Since [, f(z) dz is infinite and the area under g(z) is greater than the area under

f(z) on any interval [2,t], [ g(z) dz must be infinite; that is, the integral is

divergent.

-0.5

1 =1 . : ) -
49, Forz > 0, ﬂ—iT < % —-— /1 = dz is convergent by Equation 2 withp = 2 > 1, so /1 I3I

dx is convergent
+1 =

1 oo 1 oo .
by the Comparison Theorem. / = dz is a constant, so / & dz= . dz + / = dz is also
o T3+1 o 8+1 o T¥+1 , #¥+1

convergent.

2+e "
X

50. Forz > 1,

2 : e ; i
> = [sincee™ > 0] > % / . dz is divergent by Equation 2 withp =1 < 1, so
. T

®2+e™® . .
/ - dz is divergent by the Comparison Theorem.
1

1 ! 1 =S . . : S . :
51, For = > 1, f(z) = %ﬂ:z > z\/-;T > % ==, so/ f(z) dz diverges by comparison wn.h/ %d:r, which diverges
= » 2 2

by Equation 2 with p = 1 < 1. Thus, [i™ f(z)dz = ff f(z)dz + [;° f(z)dz also diverges.




SECTION7.8 IMPROPER INTEGRALS O 655

arctanz 2

2
52. Forz > 0, arctanz < 5 < 2,80 —— < — = 2e *. Now
2 2+ e”

2+€I ez

® e I . = : 2
I= / 2¢e Tdzx = rlmolo 2¢” " dz = lim [—26 I]; = lim (_5 + '2> — 2. so I is convergent, and by comparison,
0 e

0 t—oo t—o0

> arctan
=~ dz is convergent.
o 2+e”

2
sec” x 1
> ——. Now

vz P

53. For0 < =z < 1,

1 1 1
I= / z3?dr = lim 2 ¥?dz = lim [—— 21_”2] = lim (— + 7—) = 00, so I is divergent, and by
0 t

t—0t J¢ t—0T t—0+

) . lsec?z . ..
comparison, is divergent.
0o TV

. 2
sin“ x 1
< —. Now

Vz = vz

54, For0 < z < 1,

I'= / .S dr = lim z~Y%dz = lim {211/2] " = lim (271' -2 \/f) — 27 — 0 = 2m, so I is convergent, and by
t

t—0+ J¢ t—0+ t—0+
T i
comparison, / SID T jx is convergent.
0o Vz
5 /x__dr___/l_,fir__+/°°__ci$,__ lim /1__di_ﬂim/‘,_di._ Now
), VEQ+e) Jo vE(+2) L Ttz —ot)i VE(l+z) ==l Vz(l+z)
3 dI 2u du u= \/E,_z = u? / du =1 =]
= = ’ =92 =2t +C=2
i T
' —_ =1 2t lim [2tan™*
| [ i e AL B L
‘A = lim [2(%) —2tan~'V2] + lim [2tan~'VE-2(5)] = 3 —0+2(%3)-3=m
s t
= b + lim & Now

o0 d.’E 3
56. _ % tim / bl ot
/ VT / .’E\/l‘z /3 rvz?—4 t—1~2+ ¢ zVzZ—4 t—°Js zvz2—4

'ZSGCG tan 6 d { z = 2sec 8, where } _ %9+C= -;-sec_l(%:c) +C.%0

/x\/:ﬂ / 2secf2tanf 0<@<m/20rm <6 <3m/2
t

o0
[ ey = i e Gl i (o™ (el = oo )0 3(5) - e () = %




—
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1 1
57, Ifp=1, thenf e _ lim 88 lim [Inz]; = oo. Divergent.
o TP t—0t )y T t—0+

1 1
d : . . .
If p # 1, then / i lim i [note that the integral is not improper ifp < 0]
o TP t—o0t /), TP

—p+1 1 1
lim |Z T T Py
t—ot+ |—p+1], t—otl—p tp—1

Ifp>1,thenp—1>0,s0 — oo ast — 07, and the integral diverges.

tp—1

Ifp<1l,thenp—1<0,s —0ast — 0" and =
p p <0,so pre=s st— 0" a i gy

1
R [lim (l—tl_")} S

Thus, the integral converges if and only if p < 1, and in that case its value is

oo o0
58. Letw = Inz. Thendu =dz/z = /e x_(_l(iix)_p = /1 i—l:-. By Example 4, this converges to pi 1 ifp>1

and diverges otherwise.

59, First suppose p = —1. Then

1 1 1 7
/ J:plnzd:vz/ 0z 0 tim [ 2Zdz= lim [3(nz)?]) = -} lim (nt)’ = —oo, so the
: . 2 , _

t—o+ J; T t—0+ “ t—0T

integral diverges. Now suppose p # —1. Then integration by parts gives

— xp+11 zP Ip+11 oPt1 c 0
Tz = = dz = - +C.Ifp< —1,thenp+1<0,s0
/I R /p+1 T R RV ! ner ’

1 p+1 p+1 1 -
/ Plnzde = lim | >—Inz - = = 1,,,—( : lim |¢7+ lnt——l— = 00.
0 t—o+ |p+1 p+1)?2], (p+1)° p+1) t—ot p+1

Ifp>—1,thenp+1>0and

e Inzdz= - —1 _ 1 lim Int—1/(p+1) u _ —1 2_( 1 ) lim 1/t ;
(p+1)? p+1) im0t t—(p+1) (p+1) p+1) t=ot —(p+ 1)t~ (p+2)

1 —i]
= ES lim tPt! = ———
(p+1)?  (p+1)?t—o+ (p+1)2

Thus, the integral converges to _G_jW if p > —1 and diverges otherwise.

t

60. (a)n=0: / zte Fdr= lim | e “dz= lim {—e'x]g = lim [-e*+1] =0+1=1
0

t—oo /o t—oo t—oo

oo t
n=1 / z"e ¥ dz = lim ze * dz. To evaluate /ar:e_I dz, we’ll use integration by parts
0

t—oo 0
withu=z,dv=e""dz = du=dz,v=—e "

So /;re" dr = —ze™ " — /—e_’: dr=—-ze*—e*+C=(—z—1)e *+Cand

i
lim | ze *dz = lim [(—z - l)e"}; = lim [(-t—1)e™* +1] = lim [—tet—e™* +1]

t—oo /g t—oo t—oo

=0—0+1 [usel'Hospital'sRule] =1
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t—o0 Jo

o0 t
n=2 / e * dz = lim z?e” " dz. To evaluate / 22e~* dz, we could use integration by parts ,
0 1

again or Formula 97. Thus,
t

t
lim | z’e *dz = lim [—9: ] +2 lim ze T dx
t—oo fo t—00 t—00 0
—0+0+2(1) [usel'Hospital’s Rule andthe result forn = 1] = 2 |
o0 t : t
n=3: / e Tdz = hm Be*dz Z lim [—Iae—z]o +31lim | z’e dx !
o !

t—o Jo t—o0 t—o0 Jo

—0+0+3(2) [usel'Hospital’s Rule and the resultforn=2] =6
(b) Forn =1,2, and 3, we have | 0°° e~ d = 1,2, and 6. The values for the integral are equal to the factorials for n, so
we guess [o- z"e” " dT = nl.
(c) Suppose that [¢ o*e* dz = k! for some positive integer k. Then [° z*'e™" dz = Jim [y atTle " dz.

To evaluate [ z**'e™™ dz, we use parts with u = gt dy=e"dz = du=(k+ 1)z dz,v = —€".

So ka“e_zd:c = —gftle™ — [—(k+ 1)z*e " dx = —gktle = + (k+1) [ z*e " dz and

k _n _k —z1t . t —z
lim [;z**e™" de = lim [—z %], + (k+ 1)}_1.“;[0 zFe " dx

t—oo t—00

= lim [—t*T'e” t40] + (k+1)k!=0+0+(k+1)!=(k+1)!.

t—oo
so the formula holds for k + 1. By induction, the formula holds for all positive integers. (Since 0! = 1, the formula holds

forn = 0, t00.)

6. (@) [ = [T zdz = ffw:rd:r—i—fomzdz. and [ xdz = 2lir&fé:nd:c= Jim [%12]; = lim [4t? 0] =

so I is divergent.

2 2 _ . t _ : t
2 — 1t —0.sotli.n;1°f_t:cdm—0. Therefore, jfmzdz#tll‘r&f_ta:dz.

[N

(b) fit:cda:—- [% ]‘

62. Letk = - sothatT = —= k3/ . / v3e~%" du. Let I denote the integral and use parts t0 integrate I. Let o = v?,
2RT NG 0

dg = ve"’ dv = do=2vdy, B= ——1—e kv?,
2k
1 21" 1 & = = 1. 1 2
— i R —kuv =) kv? = e 2 kt il [ s —kv
I zirilo[ T L*kﬁ ve™™" dvg 2k:1lr§e( )+k3‘3§o %
o1 -
=-% 0- 520~ = 50
Thusu—f‘__kw?._l,:_Q—_:__’_‘_z__—:Zi—z_/_ vVRT _ [8RT
N 2%2 ~ (kn)' 2 [xM]/(2RT))"* VoM ™

ge ? td 11"
63. Volume:/ w<l> dr = lim —%——-—ﬂ' lim {——] =7 lim (1—-1—> =7 < 00.
1 T t—oo 1 T t—oo T, t—00 t
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! %0 I t —17® = Mm
1 64, Work = / GMm dr = lim / G]:'Q[m dr = lim GMm {—1] = GMm lim (Tl + -1—) = il , where
p R R T ,

r2 00 t—oo e t—oo R R

M = mass of the earth = 5.98 x 10?* kg, m = mass of satellite = 10° kg, R = radius of the carth = 6.37 x 10° m, and
G = gravitational constant = 6.67 x 10" N-m*/kg.

k —-11 | 24 103
b Therefore, Work = 8.67 x 10 6.375>'<9f0: 10710 & 6.26 x 10 J. )

: ¥ t GmM M
3 65. Work = / Fdr = lim Gm; 4 dr = lim GmM 22 Gm [. The initial kinetic energy provides the work,
i R t—moc Jp T t—oo R t R

E o img? o OmM o [2GM
\ 20T R °“V R
1 66. y(s drandz(r) = 2(R-1)? =
; o) = [ g n(r) dr nda(r) = }(R =)
1
y(s) = hm / dr = lim . iM dr
R .3 R 2 R
» rodr rdr 2 rdr . : =
= lim ——— —2R ——+R ———| = lim (I, —2RI; + R°I3) =L
: e { : /T2 — g2 ’ m 5 m] t*sﬂ_( 1 2 3)
A Forli: Letu=vri—s = uw=r’-§,r"= u? + s2, 2r dr = 2u du, so, omitting limits and constant of
‘ integration,

2, 2 .
Il=/(—u—tts—)udu=/(u2+52)du:§u3+52u=%u(u2+352)
:l 2
3

VIE =82 (r? — % +3s%) = 3V/r? — s? (r* + 25?)

For Iz: Using Formula 44, I> = g\/rz — 82 + % In|r + V72 — &2 ‘

j For I3: Letu=r%—3s> = du:2rdr‘"l"henI3=l d—u:% 2vu =12 —s?

2) Ju *

Thus,

' " g2 R

b L= lim [évr?—sz (r2+232)——‘2R(; \/r2—sz+?lnir+\/r2—52|) + R%/r2 — 92}

d t-tar0 “ t !

o Iin [ VEE= (R + 932)-23( J}P——?T—IMR—L\/RZ—SQ]) +Rz\/ﬁ——sﬂ

t—sT

— lim [%\/tg — g2 (tz +252) - ‘ZR(%\/t"’ — 8% + —SO—~ 1n‘t+ V2 — g2 \) + R/t — 52}
t—s+ 2

; = [}VRT=s?(R* +25°) — Rs"In|R + VRZ=52|] = [-Rs’In|s|]
- WA 420 - R (BT )
s

B 3
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67. We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn out after

68.

69.

70,

4 F

close to 700 hours, and a few overachievers to burn on and on.

(a) y}
1.
y=Fl)

0 700 t
(in hours)

(b) 7(t) = F'(t) is the rate at which the fraction F(t) of burnt-out bulbs increases as ¢ increases. This could be interpreted as

a fractional burnout rate.

() [U” r(t)dt = lim F(z)=1,sinceall of the bulbs will eventually burn out.

® K . 1. k| T 1 R C | e 1
I= /0 te S db = :1_1_.1'{.10 l:-k—z (kt = 1) e t:\o [Formula‘)ﬁ, orpa.rts] = qlLIIolo [(ESE - Ee = —ﬁ .

Since k < 0 the first two terms approach 0 (you can verify that the first term does so with I’Hospital’s Rule), so the limit is

equal to 1/k?. Thus, M = —kI = —k(1/k*) = —1/k = —1/(—0.000121) ~ 8264.5 years.

IS

00 t
I=/ : dr = lim . dr = lim [ta,n_lz]:1 = lim (tan_lt—tan_la) =ZI —tan a.

2 +1 t—oo J, 241 t—o0 t—o0

<0001 = ZI-—tan"'a<0001 = tan"'a>3-0001 = a> tan(Z — 0.001) = 1000.

flz)=e= and Az =432 = 1.
[¢ f(z)da ~ S = g5[F(0) + 4F(0.5) + 2£(1) + - +2f(3) + 4/(3.5) + (4] ~ 1(5.31717808) ~ 0.8862
Nowz >4 = —z-z<-c-4 = e et = :06722 dr < [;° e 4% dz.

[ e dz = lim [~ie4], =-3(0-¢") = 1/(4€'®) ~ 0.0000000281 < 0.0000001, as desired.

t—oo

n—oo S

oo oo e —sn
(a) F(s) = / ft)e *tdt = / e *'dt = lim {__e } = lim (e - é) This converges to % only if s > 0.
0 0 0

1 . .
Therefore F(s) = S with domain {s | s > 0}.
(b) F(s)= / f(t)e™" dt = / ele”* dt = lim e~ dt = lim Let“‘s)
' 0 0 n—oo |1—38 0

n—oo 0
_ e(l—s)n 1
Saieu\ 1—2 1—3

This converges only if 1 —s <0 = s>1, in which case F'(s) = —3-1—1 with domain {s | s > 1}.

©) F(s) = [5° f(t)e™* dt = Jim [ te~** dt. Use integration by parts: letu =t, dv=etdt = du=dt,

n

—st -
v=— " ThenF(s) = lim [_fe—st_ le‘“} = lim (_i__l_-'ro-;_lz) :%onlyifs>0.
s s

s n—oo s g2 . n—oo \ gesn g2esn

Therefore, F(s) = si? and the domain of F'is {s [ s > 0}.
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72.0< f(t) < Me** = 0< f(t)e ™ < Me®te—* fort > 0. Now use the Comparison Theorem:

o0 n 1
/ Mee *tdt = lim M/ et@=8) gt = M - lim {
0 0 n—oo | G

n—oc — 8§

n
e‘(“‘”} =M. lim : {e’”“'”"—ll

0 n—oo @ — S

This is convergent only whena —s <0 = s> 4. Therefore, by the Comparison Theorem, F(s) = [Ox f(t)e *dtis

also convergent for s > a.
73. G(s) = [y f'(t)e~** dt. Integrate by parts with u = et dv=f'(t)dt = du= —se~ %, v = f(t):
Gls) = lim [f(e=*]; +s 5 f®)e™" dt = lim, f(n)e=*" — £(0) + sF(s)
But0 < f(t) < Me** = 0< f(t)e~*t < Me*e™* and Jim. Met(@=2) = 0 for s > a. So by the Squeeze Theorem,
tlirgof(t)e‘” —0fors>a = G(s)=0-f(0)+ sF(s) = sF(s) — f(0) for s > a.
74. Assume without loss of generality thata < b. Then

2 flz)dz+ [ f(z)dz= Lllr_noo [ f(z)dz + uli_.rrgc [ f(z)dz

Jim [ f(z)dz + lim Uj f(z)dz + [\ f(z) dz]

Il

tim_ ¢ f(z)dz + J? f(z)de + lim [ f(z)dz

Jim_[[? f(@)dz+ [, (@) dz| + [} f(@) dz

Il

lim_[? f(@)de+ f;" f(z)do = [ f(z)de+ [ f() da

. : —nd _.2
75. We use integration by parts: let u = z, dv=ge* de = du=dz,v= —3e " .80

® 5 g2 ; 1 _2]" 1 [® a2 , t 1 [® a2 1 [ 2
/ 2%e™® dg = lim |—sze™” +—/ e de=lim |- +—/ exdzz‘—/ e " dx
o t—oo | 2 o 2Jo t—oo | 2et 2 Jo 2 Jo

(The limit is 0 by I"Hospital’s Rule.)
76. fox e—%> dz is the area under the curve y = e % for0<z<ooand0<y <1l Solving y = e~*" for z, we get

y=e s lny:—:z;2 = —1ny=:r2 = x:i\/—lny.Sincea:ispositive,chooser:V’—lny,and

the area is represented by f 01 /— Iny dy. Therefore, each integral represents the same area, s0 the integrals are equal.

77. For the first part of the integral, let z = 2tanf = dzr=2 sec® 0df.

/-—1——d:c—/2—§e—c-2—qd0—/sec9d9—ln\sec9+tan91
Jr2+4 ) 2sech - - '
From the figure, tan = fz—,and secl = —I;‘i—4 So 2




78.

79.

80.
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t

oo fmZ 1.
[-_—/ —-1————2— dr = lim |In —x—-+—4+£—ClnlI+2\
a 2 +4 ZT+2 t—00 2 2 0

)
tim [m ———-”*;4“ —Cln(t+2) - (In1- cmz)}

t—oo

/72 14 2
= lim [m( e J’Ct> +ln20} =1n<lim H—t——?—“) +1n20-
emoe [\ 2(t+2)° imo (t+2)

 t4+VEBF4du . 1+t/VEE+4 2
Now L = lim = = lim T = - 51"
t—oo  (t+2) t—oo C(t+2) C'thrn (t+2)
— 00

IfC < 1, L = oo and I diverges.
IfC =1.L =2and I convergestoIn2 +1n2° =In2.
IfC > 1, L = 0and I divergesto —o0.

t—oo

= T C . 2 1 t 2 /
I= /0 (m 32T 1) dzr = lim [-;- In(z? +1) — 3CIn(3z + 1)}0 = tll‘ngo [ln(t +1)Y2 —In(3t + 1)C/3}
e #+ 1Y\ _ . 2 + 1
=5 (ln Grrnos ) =P\ G nen
For C < 0, the integral diverges. For C > 0, we have

VETT s, t/VEFI 1

. i i
L = lim -C ,lf_rf}o (3t + 1)(C/3)-1

im i yon - A Ot + )
ForC/3<1 & C<3 L=ooand I diverges.
ForC=3,L=3%andI=Inj.

For C > 3, L = 0 and I divergesto —o<.

No, I = f0°° f(x) de must be divergent. Since lim f(z) = 1, there must existan N such that if z > N, then f(z) > %

Thus, =1 + 12 = fON f(z)dz + f,f,c’ f(z) dx, where I is an ordinary definite integral that has a finite value, and I is

improper and diverges by comparison with the divergent integral || :° Ldz.

oo xa 1 z° o0 Ia
AsinExerciseSS,weletI:/‘; TI o de = I, + I, where I; :A 1T d:candIz:/l _— dx. We will

show that I; converges for a > —1 and I2 converges for b> a + 1, so that I converges whena > —land b > a + 1

!

I, is improper only when a < 0. When 0 < z < 1, we have T 21 = m < I—E; The integral
1 2 1
/ —— dz converges for —a < 1[ora > —1] by Exercise 57, so by the Comparison Theorem, / —dzx
0 r—e 0 I.—a(1+xb)

converges for —1 < a < 0. I1 is not improper when a > 0, so it has a finite real value in that case. Therefore, I; has a finite

real value (converges) when a > -1.

. . i 1 1 | 2 1
I, is always improper. Whenz > 1, Tz~ e (1 + ) g = < = By (2)./1 por = dx converges
(==} IG
forb—a > 1 (orb > a+ 1), so by the Comparison Theorem, / T dz converges forb > a + 1.
1

Thus, I converges if a > —1 and b>a+1.




