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70. Let f(z) = az® + bz + c. We calculate the partial fraction decomposition of _f(_w)_ Since f(0) = 1, we must have
2 3

z2(z +1)
(z) az®’+bz+1 A B C D E : .
= = = — 4 — ‘ 1 not t
c=1,s0 Pt 1) 2@+ 1) - + = +:c+1 @+l + EFSE Now in order for the integral not to

contain any logarithms (that is, in order for it to be a rational function), we must have A = C' = 0, so
az? +bzr+1=B(x+1)*+D2*(z+1) + Ez?. Equating constant terms gives B = 1, then equating coefficients of =

gives3B =b = b= 3. This is the quantity we are looking for, since f'(0) =

7.5 Strategy for Integration

1. Let u = sin z, so that du = cos z dz. Then [ cos z( (1+4sin’z)dz = f1+u ydu=u+3u uw+C =sinz+isin’z+C.

" /sin3zdz=/3in2x sin:z:dmz/(l—cos z)sinz [u:cos:—c ]
cosST Ccos T COsS T du = —sinz dz
= [ (u—1)du=3u? —In|u| 4+ C = } cos® z — In|cosz| + C
3. /§£+-£C£da,-=/(5mz +Secz)d:r:/(cosa:+cscz)da:=sinz+ln|cscz—cotx[+C
tanz tanz tanz
4, /ta.n 9df = /sec 9 —1) tanede—/tana sec? 0.df — /Sme
dv u = tané, v =cosb,
=/udu+/-;— [du:sec20d9 du:—sin@d()]
:%u2+1n|v|+C=-;—ta.n26+ln|cost9|+C
2 =1 ., -1 /9 -1
5./ =2 = / Autd) ,, |u=t=s =/ (—+%>du=[2ln|u|~§]
o (t—3)2 —s u? du = dt _3 \u u uU|_g3

—(2In1+6)— (2In3+2)=4—2In3 or 4—In9

1 du il sin—1 u 1. 4 2°
6. Letu = z°. Thendu =2xdr = / = —sin'!—+4C=-sin"T —=+C
oty =z". Theadu it 2) Bow 2 /3 2 /3
dy 1 earctany /4 N wm/d /4 /4
7. Letuw = arctany. Thendu = —— = / —dy = e'du=|e =e"/"—e .
u = arctany 1+42 I Rl ] /s
8. [z cscx cotzdz [dZ:Z; dzzc_scc:cio”dx’] — —zcscz — [(—cscz)dr = —zcscz +Infescz —cotz| +C

=Inr =pd
3 4 = s dv=r%dr,| _r1i.5 3 _ 314 _243 _ 53
L lnrdr [du dr v=r° :| = [3r lnr]1 dr = In3-0 [ ]1

L

_ 2437 o _ (243 _ 1) _ 2433 _ 242
=5 In3 (% 25)—5ln3 25
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z—1 z—1 A B
, = = $ —1=A(z+ 1)+ B(z — 5). Setting z = —1 gi
10 7 —dz-5 (@-5)tl) z-5 =41 = z (z+1) (z —5). Setting z 1 gives

—2=—6B,s0 B = 1. Setting z = 5 gives 4 = 64,50 A = 2. Now

4 r—1 4 2/3 1/3 2 1 4
A ﬁ—Ax—de_ﬂg(x—5+x+d)d 2= [$infe 5+ 3nfe+1]

=2lnl1+3in5-2In5-3Inl1=-3In5

_ 1
n e [t [ (Gt ey @ wee-2d=d

—41-}—5
=1ln@?+1)+tan ' u+C = ;In(z* —4z+5) + tan"'(z - 2) + C

z 3 du u=a? 1 [ du
12, | ————dz = =3
A2+ 1 2+u+1 du—2xdz 2 ) _+.3
_l/ \/—d'U u+ %:ﬁu_ \/_ 4 d’U
2 Z(U2+1) du = 3 dv 4 '3/ v+1

_lv+C’=\/¢§tan_l(%(:c2+%))+C

S@l

13. [sin® 6 cos® #df = [ cos® Osin® Osinfdd = — [ cos® O (1 — cos® B)(— sinb) df

_ 501 _ .2 u = cos @,
==[v(1-u)du [du:—sinode]

L8 —coq 9—-cos 6+C

:f(u7—u5)du-——§u — L4+ =

Another solution:
[ sin® 6 cos® 6 df = [sin® @ (cos® 0)% cosfdf = [ sin® 6 (1 — sin® 0)2 cos 6 db

= sinf .
= 3(1 — u2)2 ® = 804, _ 301 _ 9,2 4
Ju?(1 —u?)?du B = el Jui(1l—2u® +u*)du

= [(u® —20° +u")du = ju' — 3u° + 3P + C = 1sin" 0 — Lsin®0 + sin® 0+ C

14, Let u = 1 + 22, so that du = 2z dz. Then

1 o 1/2 :
1d:g)=/u (2 du)z—/(ul/z—u 1/2)du=—(—u3/2—2u1/2)+0
/\,/1-+-a:2 ./\/1+z2 L/4 2 2\3 3

=§(1+2%)¥2 = (1+2%)2 4 C [or §(=* -2)VIF 2 +C]

15. Let z = sin 6, where —% < 6 < 7. Then dz = cos#df and (1 —22)Y/2 = cos ¥,

dz _ [ cosfdf 2 _ _ T
/(1—:52)3/2 _/(c059)3 —/sec 9d9_ta.n0+C—ﬁ+C. -




16.

17.

18.

19.
20.

21.

22. Let u = 1 + (Inz)?, so that du =

SECTION7.5 STRATEGY FOR INTEGRATION [

V2/2 2 /4 gin2 =alnd,
L dz = / S Y cosfdf v
0 V1 — 2 0 cosf du = cos 6 df

— 0"/4%(1—cos26)d9=%[9——sm26]"/4=%[(-}—%)—(0—0)] =Z-3

u==g, dv=sin?zdz,

P .2
z sin® x dz ,
/ & du = v= fsmzz:d:rzfé—(l-cosQ:r)dz— 51:— lsinzcosz
=1,2_ 1 - 1., 1lgi
= 3z° — zrsinzcosw f(zm sm:rcosa:) dx
=177 - izsinzcosz — § 12?4 Lsin’z + C = ;2° ——3:51nxcos:r+-3m z+C

Note: [sinzcoszdr = [sds=3s°+C [wheres=sinz,ds= cos z dz].

A slightly different method is to write [ zsin® zdz = [z 3(1 —cos2z)dz = 3 L [zdz — § [ zcos2xdz. If we evaluate

the second integral by parts, we arrive at the equivalent answer ;2° — 3 sin 2z — 1 cos2z + C.

14 u?

% 1@e)dt [ id
Letu:em,du:%udt.Then/—e——dt:/2( e) =/ e =%ta.n_1u+C:%tan"l(em)+C.

14 et 1+ (e?t)?
Letu =e®. Then [e*** dz = [e* e*dx = [e"du=¢€"+C = e” +C.

Since e? is a constant, [ €? dz = e’z + C.

Let t = v/, so that £ = z and 2t dt = dz. Then [ arctan vz dz = [arctant (2tdt) = I. Now use parts with

u = arctant, dv = 2tdt = du= —I—-dt,v = t2. Thus,
1+ t2

t2 1
I =t*arctant — dt = t* arctant — 1— —— ) dt = t*arctant — t + arctant + C
1+t2 1+¢2

— garctan vz — Vz + arctan Vz + C [or (x+l)arctan\/_—\/;+C]

2lnz

dz. Then

/I Inz /\/_ =%2~fd)+0=\/m+c-

1+ (In :1c)2

23 Letu = 14 Vz. Thenz = (u—1)?,dz = 2(u — 1)du =

orfe

¥ (1+\/:?)8 de = [Fub- 2(u——1)du-—2f1 u® —u¥)du=|

2
24, Letu = In(z? — 1),dv=dz & du= p= i Y =% Then

/m(aﬁ—1)da:=x1n(sc2—1)—/932275_21d’”:”l“(ﬂ”z‘l)‘/[H(:c-l)?‘(ac+1)]ahc

=zln($2—1)—/[2+%— . ]dz-——zln(xz—1)—2a:—ln|:c—1|+ln|;r+1|+C

-1 x+1
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3z% — 2 6z + 22 A
25 P B v 3+(a:—4)(:r % +z—4+x+2 = 6z +22= A(z +2) + B(z — 4). Setting

. _ 23 . . . — -
x = 4 gives 46 = 64, s0 A = 3. Setting = —2 gives 10 = —6B, so B = —5. Now

2_
/%m:/(u% 5_{_32)d z=3z+Linjz -4 - $njz +2 +C.

26. 33” g & [w=2" ‘2“' 5, =Infu/+C=In|2® -2z -8|+C
du = (3z° — 2)dz

1 1 du 1
_ T — g% = _ p— = = =
27. Letu = 1+ €, so that du = e” dz = (u — 1) dz. Then/1+eI dz /u —3 /u(u—l) du = I. Now

o= =;+u?1 = 1=A(u—1)+Bu.Setu=1toget]l = B.Setu =0toget]l = —A,s0 A = —1.

Thus,I:/(_71+uiI)du=—lnlu|+ln|u—1|+C=—ln(1+ez)+lnez-+-C=z—1n(1+e’)+C.

Another method: Multiply numerator and denominator by e~* and let uw = e~ + 1. This gives the answer in the
form —In(e™ + 1) + C.
28. [sinvatdt = [sinu- 2udu [u=Vatu®=at,2udu=adt] = 2 [usinudu
= 2[—ucosu+sinu] + C [integration by parts] = —2+/at cosVat + 2 sinvat + C

= -2,/ cosv/at + 2 sinVat + C

53w—1 . T 5
29./0 — dw—/o (S—m)dw_[3w—7ln|w+2|]o—15—7ln7+71n2

=154+7(In2-In7) =15+ 7In 2
30. 22 —4z < Oon [0,4], so

/ |2* — 42| dz = [° ,(z? — 42) dx—f—fo 4m—:r)d:c—[;za—2x2]0 +[212—%13JZ

31. As in Example 5,

1+z \/l+a: Vi+z 14z dz rdzr
dr = dz —_—dr = =sin"lz—+/1—22
[ [ 5 e [ e [ i [ A —are- vimavo

Another method: Substitute u = \/(1+z)/(1 — x).

32/\/2z /u-udu [u=\/2z‘,——1,2m+3=u2+4,] /( 4 )
L = 11— —— |du

2r+3 u?2+4 u? =2z — 1, udu = de

=u—4-3tan"(u) +C =2z — —2tan_1(

=
bl
[
+
Q
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8 32— =—(@+2+ 1) +4=4—(z+1)7" Letz +1=2sinf, l
where —F <0 < Z. Thendz = 2 cos # df and 2 ‘
|
\

x+1 |
it |
h f\/3—21—xzdr=f 4— (:c+1)2d1:=f\/4—4sin292c059d0 z 1
2 . ‘5!““‘
1 =4 [cos®0df =2 [(1+cos26)db At 1) M‘?‘
it i i
e — fa_ e 1 1
i — 920 +sin20 + C =20 +2sinfcosd + C =y —2r=% \\‘
’.“ ‘ i
i it
i V3 -2z — z? IR 1|
g =2sin—‘(—“1)+2.m;1. T e \..z
{i {

vv‘
=23in_1<%—1->+x;1\/3—21—m2+0

. /"/21+4cotz / [1+4cosr/smr) sinz} dm:/w/z sinz +4cosz . L

/4 4 —cotzx 4 —cosz/sinz) sinz x/g 4SIDT —COST !

“ dii u=4sinz — cosz, g
\ 3/\/-u du = (4cosz + sinz) dx 1

l [ lul] 1n4—hl% - 1n3—/4ﬁ - 1n(§-\/§>

35, Because f(z) = z° sinz is the product of an even function and an odd function, it is odd.

Therefore, [*, z®sinzdz =0 [by (5.5.7)(b)]

;‘1 36. sin4z cos 3z = (sinz + sin7z) by Formula 7.2.2(a), so

[sindzcos3zda = § [(sinz +sinTz) dz = 1[—cosz — }cosTz] +C = —Lcosz— FycosTx +C.

| & 37, [T/ cos? 0 tan? 6.d0 = [;/*sin? 60d0 = [ 3(1 — cos20) df = (10— 21sin20]7 = (3-%)-(0-0=F-3

r‘ /4 _ m/4 2 _VZ u = sect,

L 8. [, tan® 0 sec® 0d6 = [; (tan2 6) sec? 6 -secf tanfdf = [ (u? = 1)%u® du [du _ secHtanOdO]
| = [V — 2ut +u?) du = [$u7 - 3+ 1,3)Y?

1 = (§ V2 - \/_+ v2) - (3 - %+%):12025 2'ﬁzls(1l\/-- 4)

1
39. Let u = sec 6, so that du = sec @ tan 6 df. Then / &otﬂe— df = ! du = / ———du = 1. Now
sec2 ) — secf u? —u u(u—1)

—1——:—4—{——1—3—— = 1=A(u—1)+ Bu.Setu= ltogetlzB.Setu:OtogctI:—A,soA:—1.
wu—1) u

u—1
Thus,1=/<:ul+u 1)d«u——111|u|+ln|u—1|+C In |sec — 1| — In|secf| + C [or In|1 — cos@| + CT. “\"[:

40, 4° —dy—3=(2y—1° -2 soletu=2y—-1 = du = 2dy. Thus, I |

/ dy / dy 1 / du ‘
— = - —_— (i
/4% — 4y — 3 \/@ —1)2 22 2 | Ju?2-—22 i

' 1l
=3ln|u+Vur-2? \ [by Formula 20 in the table in this section] i I

:%1n\2y—1+\/4y2—4y-—3‘+C I i
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4. Letu =0, dv = tan?0d = (sec’6 —1)d6 = du = df andv = tanf — 6. So

1 1
42. Letu =tan"*z,dv = = dr = du=
T 1

43.

45,

Letu = /I e Thenu? =1+ €%, 2udu = e dz = (u* — 1) dz, and dz =

[ 6tan® 8 df = 6(tand — 0) — [(tan® — 6) df — ftan6 — 0% — In|sech| + 36° + C

=0tanf — 16* — In|sech| + C

1
= dz,v = ——. Then
+x T

_ ftanTrz ., 1. 4 1 1 A Bz+C
I—/ = dz = xtan T /( I(1+z2))dx— ztan z+/(1+—1+xz)d$

1 A Bz+C 2 2
—_——— — ——s — A - - - — — —
pr ) e +5 3 = 1 (1+2z?)+(Bz+C)z = 1=(A+B) +Czr+A,s0C=0,A=1,

andA+B=0 = B=—1.Thus,

z 1 -
]:—ltan_l;r%— 1__% \dr=-=tan 1z+ln|m|—lln|1+ac2]+C
- z 1422 o 2

tan™'x
=— +In
T

= ‘+C
Va2 +1

Or: Let z = tan#, so that dz = sec? 6 df. Then / tanzz

alm:/‘L2 sec26d9=/005c29d6=1. Now use parts
tan® @
withu = 0, dv = csc?20df = du=df,v = —cotf. Thus,

I=—6cotd — [(—cotB)df = —fcotf +In[sinf| + C

\/x2+]‘
1 & tan~'zx
=—tan"lz-=+In ———\+C:— +1In l+C x
z vad+1 z z2 +1
)
1

Letw = 1+ €7, so that du = e* dz. Then [ e V1T erdz = [u'?du=3u*? +C = 2(1+€")*?+C.

Or: Letu = /1 + €%, so that u? =1+ €% and 2udu = €® dz. Then

fe*\/1+e‘da:=j'u-2udu=f2u2du=§u3+C=§(1+em)3/2+C.

2u
u? —1

- 2u [ 2 2 1 1
/\/1+e dm—/u-uz_ldU~/ﬁdu—/(2+u2_1>du—/(2+m—u+1)du

=2u+ln|u—1|—-lnlu+1|+C=2\/1+ex+ln(\/1+ex—1)—ln(\/1+eI+1)+G

du, 50

Lett = z°. Thendt = 3z*dz = I= faz:‘"e"3 dr = } [te™* dt. Now integrate by parts with u = ¢, dv = e~tdt:

23

I=—itet+3[etdt=—3te" — et +C=—3e” (z*+1)+C.
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1+sinz 1+smz 1+sinz 1+2sinz +sin’z _ 1+ 2sinz +sin®x 1 2sinz  sin’z

“ {_sinz 1-sinz 1+sinz 1—sin’z cos? x " cos?z coslz cos?z

— sec?z + 2secz tanz + tan® z = sec® z + 2secx tanz + sec’ z — 1 = 2sec’z + 2secz tanz — 1

Thus, /%dm = /(25ec2m+2secz tanz — 1) dr = 2tanz + 2secz —x + C

47. Letu = = — 1, so that du = dx. Then

[a*(@-1)""de= [(u+ 1)3u*du = [(u® +3u® +3u+ )u " du = S 4+3u?+3u® +u")du

=In|ul —3u™' - %u_z —tu?+C=hjz-1-3(z- =3z - )72 - 3(z— n3+C
I B
o z2 + a?

1

b +C =13

u+a2

1
Edu 1

48. Letu = z°. Thendu = 2zdz = /z“—a“ :/ug_(az)zzm n +C.

49, Letu=+v4z+1 = w=4z+1 = 2udu=4dr = dz = udu. So
2

1 - fudu du ooy, |u=1
./z\/4:c+1dx_/%(u2_1)u_2 u2_1—2(2)1nu+1 +C  [by Formula 19]
Viz+1-1
= In|~—=—s| +C
! Viz +1+1
dzr ludu i
50. As in Exercise 49, let u = v/4x + 1. Then :/ bl =8/ '
z2 Az +1 [ (w2 - 1)]2 » (w2 — 1)
1 A B
Now 2 = = + + c 41 D =i,

w—17 (@+12u-1)? u+l (u+1)? u-l (u—1)?
1=A(u+1)(u—1)2+B(u—1)2+C(u—1)(u+1)2+D(u+1)2. u=1 = D=iu=-1 = B=j;
Equating coefficients of u® gives A 4+ C = 0, and equating coefficients of 1 gives 1 = A+B-C+D =

1=A+1-C+3 = %:A—C.SoA:%andC’z—%.Therefore,

/ AT / [ulfl (ulﬁw;l—/f*(ul—/i)z]d“

= / [m +2u+1)"2 - 53—1+2(u— 1)"2] du

=2ln|u+1|—ui+l—2ln|u—l|—;z—I+C

+C

2
|

T Az +1-1

=2In(vEIz +1+1) - -\/4I=31? —2In|VAz +1-1

51, Let 2o = tanf = z:%th,da::%seCZGdG,\//la:?—i-l:secB,so

/ / -sec 20de /secG
:1:\/4:1:2+ 1ta.n6 sec f tan @

= —1In|cscf + cot O + C [or In|cscd — cot 6] + C]

df = /csc@d@

2
‘”43” I ‘+c [or [ VEEEL +c}
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52, Letu = 22, Thendu = 2zdz =

dz zdz 1 du 1 1 2
= = — —_— = —_ =3 1
/m(x4+1) /z2(x4+1) 2/u(u2+1) 2/[11. u?+1]du 2 Infu| =~ 2in(u” +1)+C

"
= 3In(z®) — $In(z* + 1)+ C = {[In(z*) = In(z* + 1)] + C = iln(xf—_’_l) +C

: 23 dx 4
Or: Wnte[:/mandletuzx ;

72 ai = 1 2 _ 2 u =27, dv = sinh(mz) dz,
53. /r sinh(mz)dz = —z* cosh(mz) —/rcosh(m:z:)dx [du:?zdr v = 1 cosh(msz)
_1 2 2(1 . 1. U=z, dV =cosh(mz)dz,
= —=z" cosh(mz) — (ma:sulh(mz) — [ sinh(mz) da:) [dU mdo V= kehims)

1, 2 2
=—z cosh(mz) — mxsmh(mz) +— cosh(mz) + C

54. [ (z +sinz)® dz = [ (2® + 2zsinz +sin’z) dz = 32° + 2(sinz — zcos z) + i(z—sinzcosz) +C

=12°+ iz + 2sinz — 3sinzcosz — 2zcosz + C

55. Let u = v/7, so that z = u? and dz = 2u du. Then/ L :/ Cal :/ 2 du=1.
sy Sl - il

2 A B
ul+u) u 1+u

Thus,]:/(3_L)du=21n|u|—21n|1+u1+0=21n\/5—21n(1+\/5)+c
u l4+u

56. Letu = \/E, so that z = u? and dz = 2udu. Then

/%:/uiuuiuu=/lfuzdu=2tan_lu+C=2tan_l \/;+C
T+ITVZ ’

57. Letu = ¥z +c. Thenz=u® —¢c =

fz{‘/a:-i—cdm:f(us—c)u-Suzdu=3f(u6—cu3)du=:-;u7—%cu4+C=%(I+c)7/3_%c($+c)4/3+c

58. Lett = vz2 — 1. Thendt = (z/vz? —1)dz,2* — 1=tz = VI2 + 1, 50

1
I= ‘/IIQL dz = /In Vit +1dt = /1n(t2 + 1) dt. Now use parts with « = In(t? + 1), dv = dt:

1=%t1n(t2+1)—/t2+1dt ltm(t2+1)—/[1—ﬁ]dt

=itn(®+1) —t+tan ' t+C=vV22 —1lnz— V22— 1+ tan"'VzZ -1+ C

Another method: First integrate by parts with u = Inz, dv = (z/v/2? — 1) dz and then use substitution

(J:=sec€0ru= \/z2—l).

Now ——=—+—— = 2=A(14+u)+Bu.Setu=—1toget2=—B,so B=—2. Setu=0toget2 = A.
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59. Let u = sinz, so that du = cos z dz. Then
[ cosz cos®(sinz) dz = [ cos®udu = [ cos®u cosudu= [(1—- sin? u) cos u du

= [(cosu — sin? u cosu) du = sinu — 3 sin®u + C = sin(sinz) — 3 sin®(sinz) + C

2x
Jart—1
[
1
1
2Vz

vE B ) - 2y u=2y%, dv = eV dy,
/\/a_:e dn:—/ye (dey)—/2y e’ dy [du=4ydy v=e’ }

=2y’e" - /4yey dy [ Lo B eydy’}

60. Let 2z = sec 8, so that 2 dz = secf tan 6 d6. Then

/ / 25609 tanGdG 2tanf df
z2+/ 4m2 = sec2 0 /sec? 0 — secf tanf

=2 [cosfdf =2sinf +C

2 _ 2 —
—2. ¥ L 0= o

61. Lety:x/gsothatdyz dz = dz=2Vzdy=2ydy. Then

dU =4dy V =¢Y
= 2y%e¥ — (dye¥ — [4e’ dy) = 2y%e¥ — dye? +4e¥ + C

:2(y2—2y+2)eV+C=2(x~2\/E+2)eﬁ+c
62. Letw = z. Thenz = u®, dz = 3u’du =

3udu 3 [ 2udu _ 3, . 2 _3 2/3
/T+\/— /u3+u— /u2+1—21n(u +1)+C—21n(1? +1)+C'

63. Let u = cos?® z, so that du = 2 cos z (—sin z) dz. Then

sin 2z 2sinx cos® 1 . . .
S o= | g de= [ o (Cdu) =t C=—t C.
/1-{~cos“:1rd:C /1+(cosza:)2 o /1+u2( u) an u+ an~ " (cos” z) +

64. Let u = tanz. Then

/3 x/3 ) V3 2
/ M:/ li(t—azli')secza,'d:czf lnZlfdu-—[-?j(lnu) ]I@:%(ln\/ﬁ) =%(ln3)2.
™ 1

x/4 SIDT COST s tanz

x Ve+1-—.,/z /T
ss./\/ﬁ‘i_l+\/;=/(\/m+ﬁ \/;_r_\/_‘/_> /( :E+1—\/:;)d.1?

= %[(M- 1)3/2 —13/2} +C

3 2
66./Lﬂduzf[1+(Li}du=u+/[u—z——l—%]du:1t+2ln\u—1]—1n|u|+%+C.Thus,
L

ud —u? u— 1)u?

ud — u?

8

St 41 1
———du= u+21n(u——1)—lnu+ =(3+2In2—-In3+3) - (2+2In1-1n2+ 3)
2

+1In 3

=1+3m2-m3-3=3%+
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67. Letr:tanG,sothatd;r:sec29d9,x=\/§ = 0=3%,andz=1 = 6 = %. Then

V3 3 w/3 7/3 o 2 /3 2
/ \/1—}2-3: dm:/ sec29 sec29d0=/ secf (tan® 6 + 1) dG:/ (sec@tan 0 4 secf )dﬁ
x x/4 tan 0 - -
/3

. /4 tan? 0 /4 tan? 6 tan? 0
n/3
:/ (sec + cscf cotf) df = [ln|sec9+ta.n0| —CSCH]
/4 n/4
= (m\2+\/§|—72§) —(n|v2+1]-v2) =vZ- % +In(2+V3) —In(1 +v2)
68. Letu = . Thenz = Inu, dz = du/u =

/ dx _/ du/u _/ du _ 2/3 _ 137,
112t —e= J1+2u—1/u ) 2u24+u-1 J |2u—1 wu+l

=iml2u—1-3lnfut+1+C= 11n|(2¢* —1)/(e* +1)|+C

69. Let u = €*. Then z = lnu, dz = du/u =

e u? du u 1
= _— = 1-——— = — ——4 P T /o
./l+eIdI /1+Uu /1+udu /( 1+u>du u—Injl4+ul+C=€¢"—In(1+€°)+C

70. Use parts with u = ln(z + 1), dv = da/z*:

In(z+1) , = 1 / de. 1 1 1
/ o dz = Iln(a:+1)+ D 2:ln(:1:~$-1)~}~/[;—Jc_*_ljld:r

=—%ln(z-}—1)+1n|a:|—ln(:1:+1)+0=—(1+;lr-> In(z+1)+1Inz|+C

1
71. Let § = arcsin z, so that d§ = ——==dz and z = sin 6. Then
A — 2

— T

%dz:/(sin@-{-@)%:—0039+§92+C 1 i
=—y1—-2z2+ %(arcsinm)r‘) +C [
1=»"
4° +10° 4~ 10° . emag B
72‘/—27—(1173—/(?*‘2—:)(11'—/(2 +5 )dl‘—ln2+’ln—5+c
1 A Bz +C
7. __A Bz+C A2 +4)+(Bz+C)@—2) = (A+B)a? +(C—2B)z+(4A-2C).

(z—2)(z2+4) z-2 z2+4

So0=A+B=C—2B,1=4A—2C. Settingz =2gives A= 3 = B=-landC=-3 So

/ 1 dm:/ H +-§m—i dm_;/ dz __1_/2zdz_l dz
(x —2)(z2 +4) x—2 z2+4 8/ z—2 16) 224+4 4 ) z2+4

Injz — 2| — 5 In(z® +4) — ttan~'(z/2) + C

1
8
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1
= vz, so that du = dz. Then
M Letu =2+ 2Vz

2—d—u=2/u_4du=—§u_3+0=—

o dz
/Jz’(%ﬁ)“ u

75. Lety = /1 + €, so that P =1+¢*2ydy=e"dr,e® =y*—l,andz = In(y? — 1). Then

2
32+ vz)® e

z 2 _

/%dp/‘i‘yy—l—)(zydw =2 [y + 1)+ In(y - D] dy
=2y+1)In(y+1)—(y+1)+ (@ -1)n(y—1)—(y-1)]+C  [byExample7.1.2]
=2yln(y+1)+In(y+1)—y—1+yln(y—1)—In(y—1) —y+1]+C

=2[y(ln(y+1)+In(y—1)) +In(y +1) = In(y —1) - 24| + C

]_ T
=2[y1n(y2—1)+1n3f1 —2y} +C=2[\/1+_e’ n(e®) + YAt et o AFeE| +0

Vvi4+er—1

,‘/ xT
:2m\/1+e’+21n—1+—ex+—i—4\/1+e$+C=2(:c—2)\/1+e’+2ln

\/1+€I+1+C
Vi+e

Viter—1

7. [(z* — bz) sin2zdz = —§(z* — bz) cos 2z + 1 [(2z — b) cos 2z dz
[u = 2? — bz, dv = sin 2z dz, du = (2z — b) dz, v = —1 cos2z]

—1(z? — bz) cos 2z + 3 [5(2z — b) sin2z — [ sin 2z dz]
[U =92z —b,dV =cos2zxdz,dU = 2dz,V = %sin2a:]

= —%(av2 — bz) cos2z + 3(2z — b) sin 2z + § cos 2z + C

77. Let u = /2 so that u? = z° and du = -g-xl/zd:c = Vzdr= %du. Then

e dz = : dU:ztan—lu+0:3tan_](:c3/2)+0
1423 1+ u? 3 3 ‘

78 Sec T cos 2T d secT cos2r 2cosz d 2cos 2z
. | ————dz = - . r= | —/——m8M8—
sinz +secx sinx +secx 2cosz 2sinzcosz + 2

_ 2cos 2z do = ld u = sin 2z + 2,
- sin 2z + 2 = u i du = 2cos 2z dz
3 =In|u|+ C =In|sin2z + 2| + C = In(sin2z + 2) + C

79. Letu = x, dv = sin zcoszdz = du:dm,v:%sinaz. Then

1 [zsin®z coszdz = jzsin’z — [ isin®zdz = }asin®z — 3 [(1 — cos? z) sinz dz
1 .3 1 2 u = cosz,

§:csm z+§/(1—y)dy du — — sinz dz

— logind i, 1,8 — logind 1 — 108
= sTsin"z + 3 sy°+C = zsin®z + 3cosz — 5 cos z+C
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" sinzx coszT sinz cosx sinx cos T
80. —_————dz = dr = / - - dz
/ sin* z + cos* z / (sin® )2 + (cos? z)? (sin? )2 + (1 — sin® z)?
- 1 d u =sin?z,
- u? + (1 — u)? & du = 2sinz cosz dzx
1 1
= | ——————du= d
/4u2—4u+2 “ /(4u2—4u+1)+1 "

i 1 1 y=2u-—1,
/(2u—1)2+1 “ 2‘/y2+1 Y l:dyz’ldu }

ltan~'y+C=3tan"'(2u—1)+C= itan~'(2sin’z - 1)+ C

[l

Another solution: sinz cosz__ (sinz cosz)/cos* z d / tanz sec’ x
——————dz = r= | —/——
sin* z + cos* © (sin* x + cos* z)/ cos* tan*z + 1

_ A | l du u = tan’z,
T u2+1\2 du = 2tanz sec? z dz
= ltan~'u+ C =  tan"(tan’z) + C

81. The function y = 22¢%> does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral.
[(22® + e dz = [ 222e*" dz + [ e dz = fr(Zl‘eIz) dz + [ e dx

2
3 = a2 =z, dv=_2ze” dz, 2
=ge® — [ dz+ [e" dz [u = bt I] =ge* +C

du = dz v= €%

7.6 Integration Using Tables and Computer Algebra Systems

Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms of the answer.

1. We could make the substitution u = /2 z to obtain the radical v/7 — u? and then use Formula 33 with a = V/7.

Alternatively, we will factor /2 out of the radical and use a = \/z .

/ '_21 \/_/ dz— V2 —j\/ﬁ—sin'lﬁ

:-%m- \/isin_l(\/;:c) +C

+C

2./\/g—gf_T;dx:S/\/—:gTr(—_—%deS[ﬁ(—Qz—}S) 3+(—2)m}+C
=1(-22-6)vV3-2z+C= —(x+3)V3-2z+C
3. Letu=7r = du=mdz,so
fsecs(ﬂ'r.)drz%fsocsudug%(%secutanu+%ln]secu+tanu|)+C

= 5= secTT tanmT + 5= In|sec7z + tanmz| + C




