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68. [7_sinmz sinnzdr = [™_3[cos(m —n)z — cos(m + n)z) dz.

N 1 [sin(m = )z _ sin(m+n)z]" _
Ifm#n,mlslsequaltoz[ y— m+n _,(—0'

sin(m+n)z]"

Ifm:n.wegetf:r%[l——cos(m—}—n)x]dz:[%1]7:”—[ 2mEn) } =x—-0=m.

69. [T cosmz cosnz dr = [7_ &cos(m — n)z + cos(m + n)z) dz.

2

sin(m—n)m+sin(m+n)z T _0
m—n m+n L

If m # n, this is equal to x [

sin(m+n)z]"

Ifm =n, weget [T_1[1+cos(m+ n)z]dz = [3z]", + [ B ) ]—” =r+0=m.

1 [ 1 /7 - “~an [T
70. — i de = — n Si i dz = — i i ; i
- /_W f(z) sinmz dz - / [(Z an sin m:) sin mx} i ; - /_’r sin mx sin nx dz. By Exercise 68, every

- n=1

. . a
term is zero except the mth one, and that term is — - 7 = Gm.
™

7.3 Trigonometric Substitution

1. Letz = 3secf,where0 < < Zorm <0< 32 Then
dr = 3secf tanf df and
V2 —0=+/9sec?0 — 9 = /9(sec? 6 — 1) = +/9tan?6

= 3 |tan 6| = 3 tan @ for the relevant values of 6.

\I.l’z - é

1

I SR Wy DU E— _1 — i _
z2\/§'2_——9dr_/gsec20-3tan03secg tanf df = 9/cos@df?_ 951n6?+C_

0| =
+
Q

Note that — sec(f + ) = sec 6, so the figure is sufficient for the case 7 < 8 < 3.

2. Letz = 3sinf, where — 5 < 6<%, Then dz = 3 cosf df and

JI=22 = /9 —9sin? 6 = \/9(1 —sin? ) = V9cos? 6 > x
= 3 |cos 6] = 3 cos 6 for the relevant values of 6. ]
Jo—x?

[2*VI—z?dz = [3%sin®6 - 3cosf - 3cosfdb = 3° [sin® 0 cos® §.d6 = 3% ['sin® @ cos® § sin 6 df
=3° [(1 — cos? 6) cos® @ sinfdf =3° [(1— u?)u? (—du) [u = cosf, du = —sinf df]
=3° [(u* —u?)du= 3% (3u® - W) +C= 3%(% cos® 6 — 1cos®0) +C

1= 1)
5 35 3 33

+C

= 192252 =309~z +C or —}@®+6)(9-2")*+C
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3. Letz = 3tan6, where —3 < 6 < %. Then dz = 3sec? § df and

Vz? +9=+9tan?0 + 9 = \/9(tan? 6 + 1) = v/9sec? §

= 3 |sec | = 3sec@ for the relevant values of 6.

/I—sdz—/M3sec29d9—33/tan398ec9d9—33/tan20 tan 6 sec 6 df
VzZ+9 3secl B -
= 3% [(sec®6 — 1) tan @ secHdf = 3% [(u? —1)du [u = secl, du = secf tan 6 df]

2 93/2 o
=3%(3u® - u) + C = 3%(3 sec 9-sec6)+C=33[%(I _;3) z3+9 +C

=3@*+9)%?-9v2aT+9+C or 1(a®-18)VZ®+9+C
4. Letz = 4sin@, where —7/2 < 6 < /2. Then dz = 4 cosf df and
V16 — 2% = /16 — 16sin? § = v/16cos2§ = 4 |cosf| = 4cosf. Whenz = 0,4sinf =0 = 6 =0,

and when z = 2+/3,4sinf =2v3 = sinf = % = 0 = 7. Thus, substitution gives

2v3 z3 ™/3 43gin% @

/3 /3
————ds = 4 LA™ e 3/ s g 0
T dx A Lot cosfdff =4 /0 sin” 6df = 4 ; (1 —cos” @) sinf

—43 1/2(1—u )du = —64[u— tu ]
——64[(3— &) - (1- )] = -64(-F) = %

Or: Letu =16 — 22, 22 = 16 — u, du = —2zx dz.

.
; ?,. 5. Lett =secf,sodt =sec tanfdh,t =2 = f=7%,andt=2 = 6=1Z. Then

-

2 1 3 1 /3 1 /3 29 0
/\/E W dt /”4 30 tand sec § tan 6 df T /WM cos
=[]/ 3(1+ cos26) d6 = (6 + 4 sin26] 7/
— o™ \/_ s — ™ -— K \/§
%[(3+%Ts)—(z+%‘1)]—%(ﬁ+‘?—%)—ﬁ+‘s—“
6. Letz = sech,sodz =secf tanfdf,z =1 = OH=0,andz=2 = 6 = %. Then

22 -1 /3 ¢
1 z 0

an 6
sec

=

w/3 n/3
sec0ta.n6d9=/ tan20d9=/ (sec? 6 — 1) d8
0 0

= [ten6 - 6];/* = (VE-3) -0=v3—}

7. Letz = 5sin#, so dz = 5cosf df. Then

1 1 1 2 5
—_—dr= [ ———————5 fdf = — 6deo
2B a2 f52sin29-5c050 o8 25/CSC *
il 1 /25 —z2 [
= ——— t T e
gttt FO=—gg—(F—+C 252
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8. Letz = 10tan#, so dz = 10sec?  df. Then

z’ do— [ 1000 tan® 6
VzZ+100 10secd

= 1000 [ tan® f sec  df = 1000 [(sec®§ — 1) sec tan @ df

Osec® 6.d

=1000 [(u* —1)du  [u=sec#, du = sech tan 6 df]
= 1000(zu —u)+C'= 1000y (y? - 3)+C = lOoosec(i’(sec 0-3)+C

1000 vz% +100 (z* + 100 100 — — 200
=73 " 10 ( 100 _3>+C_ 3 VA0 =+ C

= 3(2® — 200) vzZ +100 + C

9. Let z = 4 tanf, where —% < 6 < Z. Then dz = 4sec? f df and

2
VzZ +16 = \/16tan? 6 + 16 = /16(tan? 0 + 1) Vxi+16 i
= V16sec?§ = 4 |secl| ”
= 4 sec f for the relevant values of 4. 4
/ do =/4sec GdB secfdf = In|secf + tanf| +C; = In vz? +16 +1 . +C
V2 +16 4sech 4

=In|vVz? + 16+ z| —In|4| + C1 = In(v22 + 16 + z) + C, where C = C; — In4.
(Since /22 + 16 4+ z > 0, we don’t need the absolute value.)

10. Lett = v/2 tanf, where —% < 6 < Z. Then dt = v/2 sec? # df and

V2 +2 =+2tan? 0 +2 = /2(tan?f + 1) = v/2sec?f t
= /2 |sec §| = /2 sec # for the relevant values of 6. (]

5
— b 4\/§¢9\/§sec29d9=4\/§ tan® @ sec 8 df
Vi2 +2 V2 sech

=412 [(sec®§ — 1)*sec tanfdf = 4+/2 [(u® —1)?du [u = sech, du = sec § tan  df]
=4V2 [(u* — 2 +1)du =4v2(3e° - 2ud +u) + C

2 2 2 2
4‘f u(3u - 10u2+15)+C=41\é§~ ”\/%’2[3-“ +2) _0EE2 5] 40

22 2
t24+2- 3 [3(t" +4t> +4) —20(t> +2) +60] + C = L VT +2(3t* - 8t° +32) + C

. Let 2z = sinf, where -3 <6 < Z. Thenz = 1sin6, dz = 1 cos 6 df,

and V1 — 4z? = /1 — (2x)? = cos¥. 1 5
X
[V1—4xz2dz= [cosf (3 cosf)df = 3 [(1+ cos26)d i
=1(6+ %sin26) + C = (6 +sinb cosh) + C N

= [sin™'(22) + 22V1-42?] + C
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5
12 [[zvz"+4ddze = [[ u(idu) [u=2?+4,du=2zde] =%-§[u3/2]4=§(5\/3—8)

13. Letz = 3sec, where 0 < § < % orm < 6 < 3Z. Then

dz = 3secf tan df and /z2 — 9 = 3tan¥, so % =
vz2 -9 3tand tan? 0 ]
o dz—/27secse3sec0 tan 0 df = 3/ df =

:%fsinzﬁ?d@:%f%(l—cos20)d9=%G—ésin%—f-C: 30 — %sinf cosf + C
1 _I(E)_l\/azz—g
6

= = sec
3 T

6

3 1z z2 -9
;"‘C—- sec (5)—T+C

14. Let u = /5 sin 8, so du = /5 cos 6 df. Then

du 1 1 \/5
- VB 6d0=—/ 6.do
/u\/5—u2 /\/gsin9~\/f_)c059 o V5 e ‘
= JzInfcscf —cotB| + C  [by Exercise 7.2.39] 4
5—u
= L|vE BT | VBB
V5| u u

15. Letz = asinf,dr =acosfdf,z =0 = H#=0andz=a = 6 = 5. Then

y2? Ve —z7dz = [7/* a®sin® 0 (acosf) acosfdh = a* [/ sin® 0 cos? 6d = a* [/? 1(2sinf cos)]’ do
0 0 0 o L2

/2

4 rn/2 4 pm/2
=%/ sin229d9=%/ % cos49)d0— [O—Zsmw}
0 0
atrsm m
“?[(5_0)‘0] 16"

16. Let z = }sech,sodz = isecl tanfdf, z = v2/3 = 0=%,z=32 = 6=Z%. Then

0

2/3 /3 1 6t 0d6 /3 w/3
/ / sec“an_y/ cos49d0=81/ [%(1+cos29)]2d0
V2/3 o5 oz? — 1 V9-T2 /4 (3) sec®6 tand w/4 /4
/4 (1+2c0820 + cos?20)df = & [7/3 [1 + 20826 + 1 (1 + cos 46)] do
=8 [™3 (3 +2c0s260 + 1 cos46) df = BL[20 + sin 26 + 1sina6]7/"

=2[(5+F-0)-F+1+0] =2+ 4v5-1)

17. Letu = 22 — 7, so du = 2z dx. 'I’hen/

T l 1 1
S do = 2/ 1.2/a4C= V28— T+C.
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18. Let az = bsecd, so (az)? = b®sec’f =

(az)? — b? = b?sec? § — b? = b?(sec? 6 — 1) = b2 tan? . ax e
So\/(al‘)z—b"’=btan0,d:c=gsecﬁtanﬂdﬁ,a.nd 9
b
dz B fsec& tanf 1 secf cosO
/[(ax)2—b2]3/2 - 53 tan® 8 df = 'aﬁ/_tan?a ab’/sm 75 /cscé) cot §df
1 1 az o
TSt e = O R ez ¢

19. Letz = tan®, where =% < # < Z. Thendz = sec? 6 df

and /1 + 22 = sec#, so

T+ 22
/%dxz/:gz sec26d6=/ts:;§ (1 + tan®9) d6

= [(csc B + secd tan ) db
=1In|cscl — cot 8| +sech + C [by Exercise 7.2.39]

1422 1 1+ 22 o
=1n’—" R +C=lnlhv1+; 1’+m+c
20. Lett=5sin6,where—§ <6< Z.Thendt = 5cosfdf
and v/25 — t2 = 5cos ¥, so 5
t
t 5sin f .
/ﬁdi—/m5€080d&—5/51ﬂ9d6 ]
/or _ 12 V25—-1*
=—5cosB+C=—5-%+C=—v25—t2+0

Or: Letu = 25 — t2, so du = —2t dt.

21. Letz = £sinf,sodz = 2cosfdf,c =0 = 6=0,andz=06 = 6 = Z. Then

0.6 :::2 /2 ( _5_ 2in? g o [, 3
/0 \/9-251‘2 / " 3cosf (5c sb"de) 125/ sin“ 6 df .
=—g-f % 1—cos20)d0_250[9__Sm29]w/2 . _
3 9-25x
= %[(E - ] = 5_807"

2. Letz = tan#, where —F < 6 < Z. Then dz = sec® 6 df,
vVz?+1l=secfandz=0 = 0=0,z=1 = f=2Zs0

fol V2 4+ 1dx = f0"/4 sec @ sec? §df = fo’r/‘ sec® 6 df

/4
=3 [sec 6 tan 6 + In [sec# + tan 6| L [by Example 7.2.8]

=3[V2:14In(1+v2) —0-In(1+0)] = §[VZ+In(1 + v2)]
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2. 54+4r —22=—(2? — 4z +4)+9=—(z —2)* +9. Let
-2:351n9.—§§6§§,sodI:3c059d0.Then 3
[V5+4z —x?dz = [/9—(z—2)%dz = J V9 — 9sin® 3 cos 6 db

= [V9cos? 03 cosfdf = f9c0529d0 Jo—(x—2)

£ [(1+cos20)df = 3(6+ 55in20) +C
=260+ 25in20+C = 26 + 2(2sinf cosf) + C

- r—2 — 2
:gsin“<x 2>+_?;' Vh+4z—x +C

3 3

Il
r| ©
o
=]

I
I

H
|
[V}
S’
l\DI»—a
H
|
(8]
e
o
‘4
S
2]
|
8
)
+
Q

4. 12 —6t+13=(t>—6t+9) +4=(t—3)>+2% Je=3i+ 22

Lett — 3 = 2tan#, so dt = 2sec’ 6 df. Then —\’r 6r+13

/ > at :/ L 2sec” 0 db
) VE=8+13 ) [2taney + 22

2sec?
= T df = [ secfdf =In|sec + tanb| + C1 [by Formula 7.2.1]

| -6t+13  t—3
- 2 T2

-+

=In|V##—6t+13+t—3|+C whereC=Ci—In2

sl

= (z+

=

527+t 1= (@ rotd)+ )+ ()" e N
1

- p Y
Jr+5=l,_—?tan&.sodr:”T3seC29d9and\/12+r+ ———-?secB. VEST ¥
Then

tan@- V3 2.9 40
_M dr = —_sece —— sec

J (B tand - 1) sechdd = [ 4F tanf sechdd — [ §secodd

B secd — L In|sech + tanb| + Cy

VA Tz T1- 4| &V Fa i+ G (a+3)|+ 0

= V@ T F1-ih| & V@ TE I+ (z+1)][+C
:M—_r—H—%ln%—%In(m—{-z—%%)—FCl
=m—%ln(m+x+%)+c, whereC:Cl—%ln%

19| =—
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26.3+4z - 42’ = —(42” -4z + 1) +4=22— (22 — 1)2.

2
Let2z — 1 = 2sin#, s0 2dz = 2cosf df and /3 + 4z — 422 = 2 cos . 2x—1
Then [
z? _ [ [3(1+2sing)]? - V2P - (2x—17
/(3+41‘—41:2)3/2 ‘/ (Zcos@)s  °® =3+ 4x—4x?

_ 1 [1+4sinf+4sin’6
32 cos? §

df = %/(sec29+4tan9 secf + 4tan® ) df

= 35 [[sec® 0 + 4tan @ sec + 4(sec? § — 1) df

=35 [(5sec® @ +4tanf secd — 4)df = 35 (5tan6 + 4secd — 46) + C

1 2z —1 2 2z — 1
=15 +4- —4-sin™! c
32 [ V3+dz—4z2 | Braz_dzz o o° ( 2 >] *

__ 10z+3 —lsin_1(2z_1>+0
32V3+dz— 422 8 2

7. 2 +20=(2*+2c+1)— 1= (x+1)® - 1. Letz + 1 = 1sec¥,
so dr = sec @ tan 6 df and \/z2 + 2z = tan 6. Then

J Va? +2zdz = [tan6 (secf tanfdf) = [ tan® 6 secf df 6

= [(sec®0 — 1) secfdf = [sec® §df — [ secfdf
= 3 sect tanf + ; In[secf + tan 8| — In|secf + tan 6| + C

=%sec@tan@—%lnlsec6’+tan0|+C=%(14—1)\/12-{—2.—%ln|r+1+\/12+2r|+c

S0 dz = sec? §.df and /27 =25 T2 = sec. Then ~ I
x=1
. 2
z2+1 (tanf+1)*+1
de= [(BROFTL 1 ap 0
/(12—21+2)2 ‘ / sec 6 e 1

de

/tan29+2tan9+2
sec? @

= [(sin? @ + 2sinf cosf +2cos? ) df = [(1+ 2sinf cos 6 + cos? §) db
= [[1+2sin6 cosf + 3(1 + cos26)] df = [ (2 + 2sin6 cos 6 + 3 cos26) df

=%0+sin29+isin20+C’:%6’+sin2€+%sin9 cosf +C

-1 fz=1 (x —1)? 1 z—1 1
= =tan~? = +C
2 ( 1 ) 22 -22+2  2./27 2z +2+/z° - 2z + 2
3, 1 2z -2z +1)+z—1 3., 22° — 3z 41
= =1 =1 = = = e —— ;
5 tan (z—1)+ (2 — 22 7 2) +C 5 tan (z l)+2(x2_2$+2)+(:'

[continued]
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We can write the answer as

T—3

(22° -4z +4)+z -3
2(z? -2z +2)

2(z? -2z +2) B

-g—tan"l(;r -1+

z—38
2(z? — 2z +2)

29. Letu = z2, du = 2z dz. Then
[zV1—z%dx = fm(%du) =3 [cosf-cosfdb Whett % :Siné'(ju_z G
and 1 —u? = cos 6
=3[ 3(1+cos26)df = 16+ $sin20 +C = 30 + 1sinf cos6 + C
=isin'u+ juvi—wZ+C=1sin7(2?) + 12* VI—22 + C

30. Let u = sint, du = costdt. Then

/ COSt / / 1 ec?0ds [where u = tan#@,du = sec” 6.d6,
0 \/1—+-sin2 \/1+u~ and 1 + u? = secd
/4
= 0”/4 secfdf = {ln [sec @ + tan 6’|J [by (1) in Section 7.2]

In(v2+1) —In(1+0) = In(v2 + 1)

31. (a) Letz = atan®, where —% < 6 < Z. Then v/z2 + a? = asecf and

li dx _fasec29d9
VzZ a2 asect
=In(z++Vz2+a2) +C where C = C; —In|a|

= [secfdf = In|secf + tanf| + C; = In

Qa

r
+—=|+Ci
a

(b) Let z = asinht, so that dz = acoshtdt and V22 + a? = acosht. Then

acoshtdt

dx
/,/12+a2 _/ acosht

:t+C:sinh_1§+C.
32. (a) Letx = atané, —5 <0< %.Then

? a®tan? @ 2 tan’ 6 sec’f —1
= | e Joes | AR Y = =] =224
! / (22 + a2)%/? e / a¥secs > g0 / secf id / sec

= [(sech — cos8)df = In|secd + tan | — sinf + C

8

vzt +a® @ z
=lh|——+= - ———=+C=h(z+ V2 +a) - ——+C
’ a a z2 + a? * ( )~ Va2 + a? '

(b) Let z = asinht. Then

2 sinh?
1=/%’;hsitzcoshtdt=ftanhztdtzf(l—sechzt)dtzt—tanht+C
=sinh'Z - L __ ¢

a +a?+ z2

+ Cyq, whereCy =1+ C
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33. The average value of f(x) = v/z? — 1/z on the interval [1, 7] is

1 7\/172—1(11_1 Qtano-sec&tan&d@ where z = sec §, dx = sec @ tan 8 dé,
7-1/, T 6 o secf VzZ —1=tanf,and o = sec=1 7

- %j;)atanzede - %foﬁ(sec2g -1)df = %[tang_g]:

= §(tana —a) = (V48 —sec™' 7)

U9’ -4°=36 => y==x3iVa?-4 =

area=2 [} $/2? —dde =3 [ Va® —ddx e s

a = sec™! (9-)

where z = 2sec, J 3
2

=3[, 2tan62sech tan6 df l:d:r = 2secf tan 6 df,

=12 " (sec® 6 — 1) sec6d6 = 12 [;* (sec® 6 — secf) df

a

= 12[3(secd tanf + In [sec f + tan 6|) — In [sec§ + tan6|] \

=6[sec9 tanO—ln[sec6+tan0]]:
~ o[ ~ (3 + )] = 25 —oun(258)
35. Area of APOQ = 3(rcos6)(rsinf) = 1r?sin6 cosf. Area of region PQR = L ooee VT2 — 22d2.
Letx =rcosu = dzr=—rsinuduforf <u< 5. Then we obtain
JVr? —2%dz = [rsinu(—rsinu)du = —r? [sin® udu = —37%(u —sinu cosu) + C
=—3ricos N (z/r)+ dz VT -2 +C

50 area of region PQR = 3 [—r?cos™(z/r) + = /72 — zz]:cose
=3[0—(-r?0 + rcosfrsing)| = 1r?0 — 37%sinf cosf

and thus, (area of sector POR) = (area of APOQ) + (area of region PQR) = 1r26.

36. Let z = /2 sec §, where 0 <0< Zorr<O< 3T",sod:::: V2 sec ftan 6 df. Then

/ dz _/\/isecﬁ tan 6 df "
V22 —2 | 4sec*6+/2 tanb
=%fcos30d0=‘—ltf(l—sinza)cosede U m
= ;[sin6 - 3sin®6] + C  [substitute u = sin 6] u J
_1yEm=E @9 ¥
T4 T 33 -0.2

From the graph, it appears that our answer is reasonable. [Notice that f(z) is large when F increases rapidly and small

when F levels out.]
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37. From the graph, it appears that the curve y = z2 \/4 — 22 and the

line y = 2 — z intersect at about z = @ ~ 0.81 and = = 2, with

z? /4 =22 > 2 — z on (a,2). So the area bounded by the curve and the line is

Ax @ VI—F - 2-a)|dz = [}a* V=P do - [20 - §a?)?

To evaluate the integral, we put z = 2sin 6, where — 7 <0< Z. Then

dr =2cosfdf,z=2 = f=sin"'l=Zandz=a = 6@=a=sin"'(a/2)~0.416.So0

[2*VE— 2P de~ J7/% 45in® 6 (2 cos 6)(2 cos 6 df) = 4_[;'/2 sin?20df = 4f:/2 2(1—cos46) df
2(6 — 1sin46]""* = 2[(Z

7 —0) — (a— 3(0.99))] ~ 2.81

Thus, A ~ 2.81 - [(2-2 -} - 2°) — (2a — {a?)] = 2.10.

(NI

38. Letz = btan ), so that dz = bsec? § df and v/z2 + b2 = bsec§.
L—a 62
E(P):/ < S W / L bsec’9df
—a  4meg(z? + b2)%/ 4meo Jo, (bsech) [+ b
X
by 62 1 X 62 A 82
= = 0df = —— | si
4meob /91 sec a0 dmeob g, gl 4meob [sm 9]91 6
b
) { z ]L"“ ) L-a  _ a
dmeob | V22 + 02| _, dmeob \ \/(L—a)2 +b2 Va2 +b2

-. 3 "1&)7

39. (a) Lett =asinf,dt =acosfdf,t=0 = H=0andt=z = 6 = sin~!(z/a). Then
T sin-l(x/a.)
/ \/az—tzdtz/ acosf (acosf df)
0 0

a
sin~(z/a) a? sin~!(z/a) t (or x)
=a2/ cos® 0.df = -—/ (1 + cos26)db
0 2 Jo (4
sin_l(x/a) 0.2

= Glorpoma T 2 5 foung cosd]) W=
-5 [+ 2 )

3a*sin"!(z/a) + 1z Va? — 2
(b) The integral foI Va? — t2 dt represents the area under the curve y = v/a? — 2 between the vertical lines t = 0 and ¢ = z.

The figure shows that this area consists of a triangular region and a sector of the circle t* + y* = a®. The triangular region

has base = and height v/a? — 22, so its area is 3 v/a? — z2. The sector has area 30”6 = 1a?sin™*(z/a).
. 2
40. The curves intersect when z° + (32%)" =8 & 2’ +1s'=8 & *+4°-32=0 &

(z° +8)(z* —4) =0 & = = £2. The area inside the circle and above the parabola is given by
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A= 2, (VB=2% - }2?)dz = 2 2B —2%dz - 2 [} 1z dz
-9 [%(8) sin~! (-\%) +3(2)vV8-22 - %[%zs‘]ﬂ [by Exercise 39]
=ssin-1(%> +2V/4-8=8(3)+4-8=2r+1%

Since the area of the disk is 71-(\/§)2 = 8, the area inside the circle and

below the parabola ia A2 = 87 — (27 + §) = 67 — 3.

. Let the equation of the large circle be z* + y* = R?. Then the equation of

the small circle is z2 + (y — b)? = r?, where b = +/R? — r2 is the distance

between the centers of the circles. The desired area is
A=["_[(b+Vr?—2?) - VR? — 22| dz
=2[(b+Vr? -z - VR? —z?)dz
=2 [ bdz+2 [y VP —a?dz -2 [j VR? - 2%dz

The first integral is just 2br = 2r /R? — r2. The second integral represents the area of a quarter-circle of radius r, so its value

is i—rrrz. To evaluate the other integral, note that

VaZ —z%dz = [a’cos’0df [z =asinb, dr =acosfdf] = (1a?)[(1+ cos26)dd
p

= 1a®(0 + 1sin20) + C = 3a®(6 +sinf cosh) + C
—a—zarcsin(z)-;-fﬁ(f)M#C_ a’ - (1?)+z\/._2__2. -
= 2 a 2 a a | . 2 m a 5 a? — 2 +

Thus, the desired area is

A=2rVRZ=712 +2(}rr?) — [R*arcsin(z/R) + zVR? — 22|

=2rVRZ — 12 + nr® — [R?arcsin(r/R) + 7 VR? — 12| =rVR? — 12 + Zr® — R*arcsin(r/R)

. Note that the circular cross-sections of the tank are the same everywhere, so the
percentage of the total capacity that is being used is equal to the percentage of any

cross-section that is under water. The underwater area is
2
A=2[" /25 —y2dy

2
= [25 arcsin(y/5) + y /25 — y2] . [substitute y = 5sin 6]

= 25arcsin 2 + 221 + L7 ~ 58.72 fi?

so the fraction of the total capacity in use is - ry 2872
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43. We use cylindrical shells and assume that R > r. 2> =% — (y — R)?> = z =+/r2— (y— R)2,

sog(y) =2+/r2 — (y — R)? and
V= :_*': 2ry - 24/r? — (y— R)*dy = [*_4m(u+ R)Vr? —u?du [where w = y — R]
r r 5 where u = rsinf ,du = rcos 8 dé
=47 [T uvr? —wldu+47R[7_Vr? —u?du

in the second integral

= 4n[-3(" —u?)%|" +4nR [/}, r cos? 00 = — 4 (0~ 0) +4mRr® [/, cos” 0.df
=2nRr? [T/, (1+ cos20) d6 = 2nRr® [§ + } sin26] 7" ) = 2n* Rr?

Another method: Use washers instead of shells, so V = 87 R [ /7% — y? dy as in Exercise 6.2.63(a), but evaluate the

integral using y = rsiné.

7.4 Integration of Rational Functions by Partial Fractions

o 2 __A , B
’ (z+3)Bz+1) x+3 3x+1
®) g = : =1 4, B ,_C_
3+ 202+ z(x®+2zx+1) z(z+1)2 z  z+1  (z+1)2
z z A B
2. = =
(3)12+z—2 (z+2)(z—1) z+2+z—1
®) z? _(I2+I+2)—(1‘-+2)_1_ T+ 2
2+ +2 2+ 42 T 22+4+1+2
Notice that % + = + 2 can’t be factored because its discriminant is b*> — 4ac = —7 < 0.
zt+1 zt+1 A B C  Dz+
3‘(a)z5+4x3_.r3(1‘2+4)_;+z_2+x_3+12+4
. il 1 1 A B C D
b - _ _
O o T (s 9 @3  (@+32@—37 z+3 @+3? z-3 =-3)7
3
T 13z + 12 13z + 12 A B
4, —_—— =744 —— =7 — —_— . e
(a)r2+4r+3 ’ +r2+4x—+—3 * 4+(:c+1)(.r+3) ’ 4+x+1+r+3
) 2z +1 _ A N B _C +Da:+E Fz+G
G+ 442 z+1 @+1? @+1P T Z+4 @+
z? (z* —1)+1 1 1
5. = — ivisi jum— e ———
(a) 1 por 14 o [or use long division] 1+ @-DE 1D
1 A B Cz+ D
TE-De+D@+]) Tz-1Tz+1 Z+1
®) t*+t*+1  At+B  Ct+D  Et+F

5 = +
(2 +1)(t2+4)°  t2+1  2+4 " (12 +4)°




