These product identities are discussed in
ippendix D

17.2 | EXERCISES
(-
1-49 Evaluate the integral.

I. | sin’x cosx dx
B) | sin’x cos'x dx
5 | sin®(7x) cos® (7x) dx

7] ':—':coszﬁdG
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Then sec’x dx = sec X tan x — ’ Sec x tan’x dx
= sec x tan x — . sec x (sec’x — 1) dx
= Sec x tan x — ’ sec’x dx + ' sec x dx

Using Formula 1 and solving for the required integral, we get

! | ‘ ‘
‘ sec’x dx = §(sec x tan x + In [secx + tan x|) + C |

Finally, we can make use of another set of trigonometric identities:

| [2] To evaluate the integrals (a) ) sin mx cos nx dx, (b) ( sin mx sin nx dx, or
“ (¢) [ cos mx cos nx dx. use the corresponding identity:

I (a) sinA cos B =1[sin(4 — B) + sin(A + B)]
| (b) sinA sin B = {[cos(A — B) — cos(A + B)]
\ (c) cos A cos B = j[cos(A — B) + cos(A + B)] ‘

|
-

EXAMPLE 9 Evaluate ! sin 4x cos S5x dx.

SOLUTION This integral could be evaluated using integration by parts, but it's easier to use
the identity in Equation 2(a) as follows:

“ sin 4x cos 5x dx = ‘ s[sin(—x) + sin 9x] dx

=3 | (—sin x + sin 9x) dx

O

) [ 4 |
= 3(cos x — gcos 9x) + C

9. '~ sin*(3¢) dr 10. '— cos8 de
o . JO JO
2. ‘ sin®x cos’r dx
» It ' (1 + cos 6)* de 12. I X cos’x dx
4. ‘ "7 cosx dx : ’
JO
6. ' Siﬂj(ﬁ’;> dx 13] h':‘w“:sin{r cos’x dx 14, JUW sin’t cos*t dt
VX
.
— * cos’ . 5o i
8. ' " sin(26) do 15, |~ o 16. ‘ cos ¢ cos’(sin 8) d6
J0 "

Vsin o
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8. [ cot’d sin*6 d

17. | cos’x tan'x dx

* cos x + sin 2x

19. ‘ —dx 20. | cos?x sin 2x dx
J sin x J
21 . sec’x tan x dx 22. “ﬁ‘: sec*(r/2) dt
J Jo
23. ‘ tan’x dx 24. | (tan’x + tan*x) dx
i 6 w4 4 4
25, ‘ sec’t dt 26. ‘ sec’f tan*6df
N JO
27. “ﬁ"‘ tan’x sec*x dx 28. | tan®(2x) sec’(2x) dx
0 o
29. ' tan’x sec x dx 30. ':] tan’x sec’x dx
31 | tan’x dx 32. ‘ tan®(ay) dy
¢ tan’f C L,
33. | - 34. | tan’x sec x dx
J cos*f 4
. * sin
35. [ xsecx tan x dx 3% [ S22
J cos’ ¢
37. ' i cot’x dx 38. ‘- cot’x dx
Ju/é Jm/d
39. | cot’a csc’a da 40. ' csctx cot®x dx
41, ‘ cse x dx 42, ’ ™ eseix dx
v J/é
43. ' sin 8x cos 5x dx 44, ‘ cos 7x cos 4mx dx
~ . . CO‘ ', | .-.n 3 "
45. | sin 50 sin 6 d6 g, [—= "% 4
’ sin 2x
* 1 — tanx . 7
47. l “,nxdx 48. | S
secx Jcosx — 1

49, ‘ r sec?(t?) tan*(#?) dr

53. [ sin 3x sin 6x dx 54. [ sec* = dx

55. Find the average value of the function f(x) = sin’ cos’
the interval [—, 7).
56. Evaluate _{ sin x cos x dx by four methods:
(a) the substitution 4 = cos x
(b) the substitution ¥ = sin x
(c) the identity sin 2x = 2 sin x cos x
(d) integration by parts
Explain the different appearances of the answers.

57-58 Find the area of the region bounded by the given curv

57. y =sin"x, y=cos’x, —mw/4 <x< 7/4

58. y =sin'x, y=cos’x, w/4 <x<5u/4

£ 59-60 Use a graph of the integrand to guess the value of the

integral. Then use the methods of this section to prove that yo
guess is correct.

e .
59. cos’x dx

60. | sin 27x cos Smxdx
JO o

61-64 Find the volume obtained by rotating the region bounded
by the given curves about the specified axis.

6l.. y=sinx, y=0, 7/2 < x < 7; about the x-axis

62. y =sin’x, y=0, 0 <x < 7, about the x-axis

63. y=sinx, y=cosx, 0 <x =< a/4; abouty= 1

64. y =secx, y=cosx, 0 <x < 7/3; abouty= —I

50. If [ tan®x sec x dx = I, express the value of
Jo7* tan®x sec x dx in terms of .
/13 51-54 Evaluate the indefinite integral. Illustrate, and check that

your answer is reasonable, by graphing both the integrand and its
antiderivative (taking C = 0).

51, ‘ xsin®(x?) dx 52,  sin’x cos*x dx

65. A particle moves on a straight line with velocity function
v(f) = sin wr cos*wt. Find its position function s = f(1)

if £(0) = 0.

66. Household electricity is supplied in the form of alternating
current that varies from 155 V to —155 V with a frequency
of 60 cycles per second (Hz). The voltage is thus givenby §
the equation

E(r) = 155 sin(1207r1)

where 7 is the time in seconds. Voltmeters read the RMS

(root-mean-square) voltage, which is the square root of the

average value of [E(r)]? over one cycle.

(a) Calculate the RMS voltage of household current.

(b) Many electric stoves require an RMS voltage of 220 V.
Find the corresponding amplitude A needed for the volt-
age E(f) = A sin(1207r1).
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70. A finite Fourier series is given by the sum

§7-69 Prove the formula, where m and n are positive integers.
. N
67. j'ﬂsm mx cos nxdx =0 £) = S a, sin nx :
n=| 1

.r‘

=g, sinx + axsin2x + - +ay sin Nx 2

0 ifm#=n

68. ‘7 sin mx sin nx dx = { i
J=n m Htm=n
Show that the mth coefficient @ is given by the formula

ra 0 ifm#n

69. ‘ cos mx cos nx dx = . 1 = )

Jon o if m=n am=— h f(x) sin mx dx
am J-n

TRIGONOMETRIC SUBSTlTUTlON
/a? — x? dx arises,

e. an integral of the form | v

In finding the area of a circl
/a? — x? dx, the substitution u = a? — x? would be effective
om x to 8 by

where a > 0. If it were | xv
but, as it stands, | va* — X~ dx is more difficult. If we change the variable fr
the substitution x = a sin 6, then the identity 1 — sin%@ = cos’f allows us to get rid of the

root sign because

e or an ellips

5 _ [T = aTem?6 = Jal — sin?0) o o 7Y

Jar — x? =4Ja* -~ 22sin20 = Ja(1 — sin?6) = Jatcos?t = alcos 6|

Notice the difference between the substitution & = a? — x? (in which the new variable is ‘
a sin 6 (the old variable is a function of {

a function of the old one) and the substitution x =

the new one).
In general we can make a substitution of the form x

Rule in reverse. To make our calculations simpler, we assu
tion: that is, g is one-to-one. In this case. if we replace u by x and x by

Rule (Equation 5.5.4), we obtain

[ () dx = [ Flg)g'®) di

= g(r) by using the Substitution
me that g has an inverse func- i
¢ in the Substitution 5

s

d inverse substitution.
= a sin @ provided that it defines a one-to-one

ng 6 to lie in the interval [—m/2, w/2]). N
igonometric substitutions that are effective for the given N

fied trigonometric identities. In each case the restric-
bstitution is one-to-one.

This kind of substitution is calle
We can make the inverse substitution x

function. This can be accomplished by restricti

In the following table we list tr
radical expressions because of the speci
tion on O is imposed to ensure that the function that defines the su
(These are the same intervals used in Section 1.6 in defining the inverse functions.) i

i

TABLE OF TRIGONOMETRIC SUBSTITUTIONS

{ |
Expression | Substitution Identity

P TR T

T . .
— | 1 —sin"@=cos6 |




