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(c) We divide the result from part (a) by I2,. The inequalities are preserved since Iz, is positive: —ot2 < < T2n

: 2 1 . 2 1 Iy
Now from part (b), the left term is equal to nT , S0 the expression becomes ik < etinc] < 1. Now
2n + 2 2n+ 2 Ian

2n+1
lim <= + = lim 1 =1, so by the Squeeze Theorem, lim LLLESY = 1.
n—oc 2Tl + 2 n—oo n—00 2n

(d) We substitute the results from Exercises 45 and 46 into the result from part (c):

2:4-6-----(2n)
1= fim Pot1 _ o 387 @nFl) _ L [ 246 (2n) H 2.4.6--... (2n) (3)]
n—oo I, n—oo 1:3:5.«... 2n—1)7  noe 3:5:7-+---(2n+1)[|1-3-5--... 2n—-1)\n~
2iq. 0 e s (2n) 2
=hm:géé§§2_nig [rearrange terms]
nsol 3 3 5 5 7 2n—1 2n+1 =«
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(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the width by
2n ) .. - . 2n+1
o1 and at the (2n + 1)th step, the area is increased from 27 to 2n + 1 by multiplying the height by B These

2n 2 . ;A
two steps multiply the ratio of width to height by 2n~n 1 and @n 4 ;)/(271) = : T respectively. So, by part (d), the
- n +

limiting ratio is 22 4466 =X
¢ 133557 7

7.2 Trigonometric Integrals

The symbols = and = indicate the use of the substitutions {u =sinz,du = coszdz} and {u = cosz,du = —sinz dx}, respectively.

1. [sin®z cos? zdz = [sin®z cos® z sinz dz = J(1 —cos®z) cos® z sinzdz = [(1 — u?)u?(—du)

=f(u2—1)u2du:f(u4—u2)du:%u5—§u3+C=%cossx—%cos3r+c

2. [sin®z cos® zdz = fsins'r cos’z coszdz = fsinﬁcc(l —sin® z) cos z dz = fus(l —u?) du

:f(u.s—us)du=%u7—§u9+C:%sin’x—§sin9z+C

3r/4 . 5 <3 _ [37/4 . 5 2 _ [37/4 . 5 . 2 5 V2/2 5 2
3. [./s sin®z cos zdz = [ 77" sin’ z cos® z cosz dz = <2 80"z (1 —sin*z)coszdz = [V*u®(1 — u?)du
_ V2/2, 5 7 — 1,6 _ 1, 81V2/2 _ (1/8 1/16 : 1\ _ 11
=L - wdu = [Guf - gt = (R M) (1ol - A

4 [ cos® zdx = J7%(cos® z)? cos z da = J7/%(1 - sin® z)? cos z dz = (1 =u?)?du

=[(1-2u® +u)du= {u—%usﬁ-éusr:(1——3—%—%)—0:1

0
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5 Lety — nx,s0dy = 7 do and
[ sin® (nz) cos® (mz) dT = 1f sin?y cos” yady = Ly sin? y cos’ y cosY dy

:%fs'mQy(l—sm 2 y)? cosydy——fu 1——u2)2du —f(u2—2u4+u6)du

=-1,;(§ 3—2u5+§u')+c~——sm y———sm y+~ sin"y+C
= ﬁsxn3(~rm)~——sm 5(nx) + 75 S0 7 (nz) +
6. Lety = V@, so that & = 1 4z and dz = 2ydy. Then

YL
5.8 i3
/wdmzfw(Zydy):Q[sinBydy=2/sinzysinydy-—-?](l—coszy) siny dy
NE y
—C—:‘Zf(l——uz)(—du)—‘Qf(u —-1)du—2(3u —u)+C:vcos Y 2cosy+C

= %coss(\/'i) _2cosVz+C

1. Jo /2 cos? 6d0 = f(;r/z 1(1+cos 26) df [half-angle identity]

10+ ysn20)g” =365 +0)-(0+0] =

FSE]

8. [/%sin® (20)d6 = Jo n/21(1 — cos46) df = G f%lsme]g”:%{(g—o)—(o 0)] =%

9. [ sin*(3t)dt = ™ rin?(3t)])” dt = . ,1(1-coset)2dt=1 "(1—2c056t+c0526t)dt
0 0 0 2 0

=1 [1——2c056t+ (1—\—«:0512t)]dt=%‘f(;T §—2c056t+—c0312t)dt

!
L
—
i

o~

1smf‘)t‘\——-smmﬂ =%K%’L—-0+0)—(0—0+0)] =3

I

10. [ cos® 6.df f"(cos2 9)® do = Jo [3(1 +cos 29)] o =1 [;(1+3co8 29 + 3cos® 20 + cos® 26) df

il

%LG-\——stG] +i [ [5( 1+cos49)1 o+3ife [(1—5'1112 26) cos 26) df

ir+ 16 [9—‘-—5m40] + 3 fo(l—u)( 1du) [u:s’m26,du=2cos?6d9]

\\

ey __ bm
—-§+E:+0——1;
1. f(1+c059)2d9-f(l+2cos()+cos 0)d9——9—*—2sm9+ L fQ + cos 20) d8
—p+2sinf+3 0+—<m26+C——6+2sm9+—sm29+€
12. Letu:r.dv:coszscd:c = du:d:n.v:fcoszrda:—-f1(1+c0§2:r)d1:= Ly + §sin22, 50
faccoszmd:cz .(lza:-#--‘-sin?.a:)—f(1$+-51n21)d:c—§:7: + 3 126in2x — 5T +—c052:r+C
=122+ :z:sm2x+—c052m+C
13. f(’;/z sin? x cos® £ dT = J'O”/z 1(4:3inz:xc cos? z) dz = f"” 1(2sinc cosz)2dz = L [7/? sin® 20 dz

= 4f ®i2 1(1—c054:c)da:—— Bfﬂlz(l—costlx)d:n %{:c——smélz] b Z%(%):{E

575
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14. ["sin®t cos*tdt = [ (4 sin? ¢ cos®t) cos® tdt = % [(2sint cost)? 5( + cos2t) dt

=1 ["(sin2t)(1 + cos2t)dt = § [y (sin 2t + sin® 2t cos 2t) dt

i [sin®2tdt + 5 [§ sin? 2t cos2tdt = 1 [ 3(1 —cos4t)dt + 5[5 - 3 sin® 2t

Il

L[t—1sindt]; +3(0-0)=[(m—0)-0 =15

5 4 02 \2 2\2
cos’ o cos” o (1—sin’a) s [(1—u®)
15. da = cosada:/—————cosada:/————du
Vsin o Vsina Vsin o Vu
1—2u% +ut 1/ 2 2 . 4
= —1—-’_—du= (u l’2—-?,u‘q‘ﬂ4—u7/2)du=2ul/‘—3u5/’+=ug/2+C'
ul/2 5 9

= 2u!/?(45 - 18u® + 5u’) + C = 2 /sina (45 — 18sin® a + 5sin’ @) + C
16. Let u = sin#. Then du = cos 0 df and
[ cos B cos®(sin6) df = [ cos® udu = [(cos® u)? cosudu = [(1~ sin? u)? cos u du
= [(1 - 2sin®u + sin® u) cosudu = I
Now let z = sinu. Then dz = cos u du and
I:f(1—23:2+:c4)dz=zf%xs+%x5+C=sinu—%sin3u+ésin5u+C

= sin(sin 8) — 2 sin®(sin 6) + ¢ sin®(sin6) + C

.3 a2\ A, .
17- /coszrcanazdm:/ﬂ——zdxé/(l—uléﬂ=/{—l*u} du
; cosx U u

=—ln[u|+%u2+C’= %coszr—ln\cosr\+c

5 5 4 1 —sin2@ 2
18, /cocsesin*edh/c‘?jsz sirﬁede:/m 9d9=/“f5 : cosede=/(—,s—me—)— cos 6 d6
S1

sin 6 sin sin

1—1u2)? 6,2 4
;/_—-( w) du=/——1 2t du=/(5—2u+u3)du
u U u

=lnlu|—u2+§u4+C:ln\sin0|—sin29+§sin49+c

cos T + sin 2z cosz + 2sinz cosz Ccos T 1 .
19. /L;—dxzf - d:c:/ - dz+/2cosxd:cé/—du+2sm:c
sinz sinz sinz u

=In|u| +2sinz + C = In|[sinz| 4+ 2sinz + C

Or: Use the formula [ cot z dz = In[sinz| + C.

2. [cos’z sin2zdz =2 [ cos’ z sinzdr = -2 [vPdu=—3u'+C= —3cos'z+C

21. Letu = tanz, du = sec? z dz. Then [sec’z tanzde = [udu = W+C= %Lan29:+C‘

Or: Letv = sec, dv = secx tanz dz. Then [sec’z tanzdz = [vdv = W +C= 1sec’z +C.

22 [T sec(t/2)dt = [7/*sec'z(2dz) [z=t/2,dz=3dt] = 2 [7/% sec® z (1 + tan® z) dz

=2f01(1-+—u2)du [u=tanz,du =sec’zdz] = 2[u+ %uz]é =2(1+3)= B
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y23.ftan21d17=f(seczx-l)dx-—tanr—a:—%—c

o f(tan2:5+tan4 z)dz = [tan’z (1 +tan?z)dz = [tan’z sec?rdr = [u’du  [u=tanz, du = sec’ z dz)
=l +C=jtan’z+C

2

25, fsecetdt = fsec4t-sec2tdt=f(tan2t+1)2sec2tdt=f(u2+1) du [u:tant.du:secztdt]

:f(u"+2u2+1)du= éu5+%u3+u+C=étan5t+%tan3t+tant+c

26, fO"M sec? § tan* 0df = fo"'“(tan2 g + 1) tan* 6 sec’6df = Jo W+ Dudu  [u=tanf, du= sec? 6 d)

. 1
_ et utydu= [+ =+ 3= B

27. f;la tan® z sec* zdx = foﬂ/s tan® z (tan? z + 1) sec’ zdz = foﬁ w(u?+1)du [u=tanz, du = sec® zdx)
= [P +ud)du= [guuéuﬁ}f:&;Jr%:8_81-+g:8_81+§§=1_;1
Alternate solution:
fg"/a tan® z sec* zdz = 0"/3 tan® z sec® z secx tanz dr = f;le'(sec2 x —1)% sec® z secz tan z dz
= ff(u2 —1)%uddu [u=secz, du = secz tanzdz] = ff(ud _ou? + 1)l du

I T o e At U A i)

2. [ tan®(22) sec®(2z)dz = [ tan®(2z) sec*(2x) - sec(2z) tan(2z) dx
= [(u® - 1)u(3 du) [u = sec(2x), du = 2 sec(2x) tan(2z) dz]

Il

1P~ ub)du = Hu’ - L +C= L sec’(2z) — L sec®(22) +C

29, ftan3;r secrdr = ftan21 secz tanz dz = f(sec2$ —1) secz tanz dz

= [(u* —=1)du [u:secz.du——-secxtan:rda:] =%u3—u+C=-1§sec3z~sec:c+C

30. foﬂ‘/a tan® z sec® zdz = fo"’/s tan® z sec? z sec’ zdz = 0"/3 tan® z (1 + tan® z)? sec’ zdx
= fo‘/g w(1+u?)?du [u=tanz, du = sec’* zdz] = fo‘/g ud(14+2u° + ut) du

243 _ 981
+10— 20

V3
0 +

= fo‘/g(uf' +ou +u)du= [éue + 3t + L]

al¥
w|®

Alternate solution:
w/ 3 3
77 tan® x sec® zdz = [;/* tanz sec® z secT tanz dz = fo"/ (sec? z — 1)? sec’ x secT tanz dz
2
= [H(u? - 1)?uSdu  [u=secg,du=secz tan z dz]

= [J(ut —2u® + Dubdu= [ (u° - 2 + ub) du

T N R

3. [tan’zdz = [ (sec® z — 1)? tanzdz = [sec*z tanzdz — 2 [ sec® tanz dz + [tanz dz
= [sec®z secx tanzdz —2 [tanz sec2zdz + [tanzdz

%sec4m—tan2:r+lnlsecx\ +C [or isec“x _sec?z + Inlsecz| + C]
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32. [tan®aydy = [tan®ay (sec? ay — 1) dy = [ tan* ay sec’ aydy — [ tan* ay dy
= & tan®ay — [ tan® ay (sec® ay — 1) dy = & tan® ay — [ tan® ay sec® ay dy + [(sec® ay — 1) dy
= 5 3 1 v
= & tan® ay — 3; tan ay + Ltanay—y+C
tan® 0 3 4 3 2 2
3. | —57d0= [ tan 0 sec*fdf = | tan®@ - (tan” 6+ 1) - sec” 0. db
cos* 6
= [ud(u?+1)du [u=tanf,du= sec? 0 df)

= [ +u¥)du=1u®+1ut + C = jtan® 0+ jtan' 6+ C d

34. [tan®z seczdz = [(sec®z — 1) seczdz = [sec® zdz — [seczdx
= ;(secz tanz + In [secz + tanx|) — In [secz + tanz| +C [by Example 8 and (1)]

= l(secz tanz — In|secz + tanz|) + C
2

35, Letu = z,dv = secz tanzdz = du= dz,v = secz. Then

[z secz tanzdz = zsecz — [secxdr = xsecx —In|secz +tanz| + C.

36. /Csmo d@:/sm@ - dc):/ta.ncﬁ Sec2d)d¢>=/udu [u:tano,du:seczodcp}

0s® ¢ cos¢p cos?o

=1 +C=}tan’¢+C
Alternate solution: Let u = cos ¢ to get % sec® ¢ + C.

3r. f:/’: cot’zdzx = f://g(csczm —1)dz = [—cotz — :c]:ﬁz =(0-3%) - (-vV3-%)= V3-3% ]

/2 w/2 - /2 w/2 .
38, / cot® zdz = / cotx (csc”z — 1) dx = / cotz csc’ zdz — / —— dx
n/4 w/4 w/4 x/4 SINT

[—% cot® z — In [sin :ci}

™
w/4

3. [cot® a csc® ada = [cot’a esc? a-csca cotada = [(csc? a — 1) csc® a - csca cot ada

= [(u® = 1)u? - (—du) [u = csca, du = —csc acot ada] 1

2
:f(u'—u“)du=%ua—%u5+C=%csc3a—%csc5a+C

40. [csc*z cot® zdz = [ cot® z (cot® z + 1) csc?zdz = [ub(u? + 1) (—du)  [u=cotz,du=— csc? z dz)
—] fu‘i(u2 +1) - (—du) [u=cotz, du=— esc? z dx]
= [(—u® —u®)du= -3’ - 1y +C=-4cot’z—Fcot’'z+C

2

cscx (cscx —cotx —cscxr cotz+csc” T

4. = [ csczdr = ( )d:cz dz. Letu = cscx —cotx =
cscT —cotx cscr —cotx

du = (—csczx cotz + csc? z) dx. Then I = [du/u=In|u| =In |cscz — cotz| + C.
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42, Letu =cscz,dv = csc? z dz. Then du = —cscz cot T dz, v = — cotz =

[esc® zdz = —cscx cotz — [cscz cot? zdzr = —cscz cotz — [escz(esc?z —1)dz
= —cscx cotz + [esczdr — [esc’wdr

Solving for [ csc® zdz and using Exercise 41, we get

[csc® zdz = —3 cscx cotz + 1 [cscxdz = —jcscz cot + 3 Incscz — cot z| + C. Thus,
w/3
://63 csc® zdz = [—%cscz cotz + 3 In|cscz — cotx]}
/6

=—%-%~ﬁ+%ln\72§—\—}—3’+%-2-\/_—%1n|2—\/§|

_%+\/§+%ln%—%ln(2—\/§) ~ 1.7825

43. [ sin8x cosbzdz z [ %[sin(8z — 5z) + sin(8z + 5z)] dz = 3 [sin3zdz + 3 [sin13zdzx

=1 1
= —gcos3z — §§C05131’+C

4. [cosmz cosdnzdr £ [ Lcos(nz — 4mz) + cos(nz + 4rz)|dz = 3 [ cos(—3mz)dz + 1 [ cos(5mz) dz

=1 [cos3nzdx + 5 [ cos5mzdr = & sin3nz + 55 sinbmz + C

45. [ sin 56 sin6 df 2 [ L[cos(56 - 6) — cos(50 + 8)]d6 = 3 [ cos46db — 1 [cos60df = §sindf — & sin66 + C

46, /Cosx+31nzdr—l/————cosx+51nxd1=%/(Cscz—i—secx)dm

sin 2z 2 sinz cosz

= % (1n lescz — cotz| +In |sec z + tan z| ) +C [by Exercise 41 and (1)]

_ 2
47./1 - IciJ:=/(cosQ:r:—sinzav)d:c=/cos2xd:xc=%sin2;¢:+6‘

sec?
dx 1 cosz + 1 cosz + 1 cosz +1
48 | — = - ———dx = = dz = ——,——:—dx
cosz — 1 cosz—1 cosz+1 cos?z—1 —sin“zx

= [(—cotz cscx — csc’ x) dr =cscz+cotz+C

49. Letu =tan(t?) = du= 2t sec?(t2) dt. Then [ tsec?(t?) tant(2) dt = [ut (L du) = Fu® +C = L tan®(t?) + C.

50. Let u = tan’ z, dv = secz tanz dr = du = 7tan® z sec® zdz, v = secz. Then
[tan®z seczdr = [tan” z - secz tanzdz = tan” z secx — [ 7tan® zsec’ zseczdz
=tan’ T secT — 7ftan6:c(tan2:r+ 1) seczdx

=tan’ z sec:z:—Tftansmsecxdz—7ftan6xsecxdm.

Thus, 8ftan8 rseczdr = tan' T secz — 7ftan5xsec:cda: and

o[
|

/4 = 1 = x/a ” n/4 .
/ tan :cseczda:zg[tan xsecx]o —gf tan® z seczdr =
0 0

AN e S e
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In Exercises 51-54, let f () denote the integrand and F'() its antiderivative (with C=0).

51. Let u = z2, so that du = 2z dz. Then

[ zsin?(z*) dz = [sin®u (3 du) = 1 [ 1(1 — cos2u)du

:i(u'%Sin2“)+C= iu—3(3-2sinu cosu) +C

= 1% — 1sin(a?) cos(z?) + C

\ We see from the graph that this is reasonable, since F' increases where f is positive and F' decreases where f is negative.

Note also that f is an odd function and F' is an even function.

52. [sin®z cos®zde= [cos’z (1 - cos® ) sinz dz

= [u(1- u?)(—du) = [(u® —u')du

= zu’ —%usﬁ-C———%cos‘x—écosE'x-%—C

We see from the graph that this is reasonable, since F' increases where f is

positive and F' decreases where f is negative. Note also that f is an odd

function and F is an even function.

53. [sin3z sinbz dz = [ 3[cos(3z — 6z) — cos(3z + 6z)] dx

f
= 1 [(cos 3z — cos9z) dz r . 1
= 1sin3z — {3sin9z +C —2 2
Notice that f(z) = 0 whenever F has a horizontal tangent. \q
. -1
: 84, [sec' Zdz = [ (tan® £ + 1) sec® § dz 20
; = [(u®+1)2du [u-—-tan%,du:%seczédaz] f
* =23+ 2u+C=12%tan’ § +2tan3 +C 0 — -
Notice that F is increasing and f is positive on the intervals on which they F
' are defined. Also, F' has no horizontal tangent and f is never zero. —20
55. fuwe = 2= [ sin’z cos®zdz = 5= [T sin’z (1 sin® z) cos z dz
= 00 u?(1 — u?) du [where u = sin z]
=0
56. (a) Letu = cosz. Thendu = —sinzdz = [sinz coszdz = [ u(—du) = —%uz +C=—3 cos’ z + C1.

(b) Letu = sinz. Thendu = coszdz = [sinz coszdr= [udu= W+ C= isin’z + Co.
(c) [sinz coszdz = [ 3sin2zdz = —;cos2z +Cs

(d) Let u = sinz, dv = cos  dz. Then du = cos z dz, v = sinz, s0 [sinz coszdx = sin? z — [ sinz cos z dz,

by Equation 7.1.2, so [ sinz coszdx = 3 sin® x + Ca.

Using cos® z = 1 — sin® z and cos 2z = 1 — 2sin” z, we see that the answers differ only by a constant.




5. A=

59.
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w/4 w/4
5. A= / (cos’ z — sin® z) dz = / cos2z dz
—-m/4 —m/4
/4 1 /4 /4
= 2/ cos2zdx = 2[— sin 23:] = [sin 2:1:]6
0 2 0
=1-0=1
[57/4(sin® z — cos® z) dz = fffﬁ sin® zdz — ff;'f cos® zdz
= :74/4(1 —cos®z) sinzdx — f}'f(l — sin® z) cosz dzx
2/2 f/2 2
f\/'\;z (—du) — ff/z u?) du
—2f”/21—u du-%Qf\f/2 uz)du=4[u—%u3};ﬁ/2
=4[(f-3-4) -0 =2v2-3V2=3V2
1.25 1t seems from the graph that f02 ™ cos® z dz = 0, since the area below the
z-axis and above the graph looks about equal to the area above the axis and
0 below the graph. By Example 1, the integral is [sinz — 3 L sin® x] =0.

61. Using disks, V = [, wsinzdz =7 [, 1(1 - cos2z)dx = w3z — %sin2a:]:/2 =m(3-0-3+0)=7

<7t

-1.25

[T

ik

W

62. Using disks,

1%

Note that due to symmetry, the integral of any odd power of sinz or cos

between limits which differ by 2n (n any integer) is 0.

It seems from the graph that fog sin 27z cos 57z dx = 0, since each bulge
above the z-axis seems to have a corresponding depression below the
z-axis. To evaluate the integral, we use a trigonometric identity:
fgl sin 27z cos 5z dr = % f; [sin(27z — 57z) + sin(27z + 5mz)] dx
=1 [2[sin(—3nz) + sin Trz] dz
1

= 1[& cos(—3nz) — 7; cos rz)’

:%[%(1—1)—%(1—1)]:0

— [ n(sin? 2)? dz = 27 [T/ [3(1 — cos 2z) ?dx 4
Jo

/2
5l (

fﬂ/?
0

(SIE]

[S1E]

- 31(%

— 2cos 2z + cos® 2z) dz

[1—2cos2z + 3(1- cos4z)| dz

-0+0) -

[/? (3 — 2cos2z — 1cosdz)dr = §[3z —sin2z + 3 L sindz]]

(0—0+0)) =

o
NEE S
3
=

/2

3 .2
8
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63. Using washers,
\/':fc;r/47r[(1—sinr)2 —(l—cosz)z] dz ’

/4 [(1—2sinz + sin? z) — (1 — 2cos z + cos® z)] dz

4 . 2
=7rf0’r/ (2cosz — 2sinz + sin z — cos® z) dz

=T

=7 0”“(2c05x~‘25in:c—cos?:z:)ci:t:=7r[2sinr.4—2005:::-%sin‘Zm];/‘1 ’
& 0 k4 x
=7r[(\/§+\/:—%)—(0+2—0)]=7r(2\/§—%) T 4
64. Using washers,
V= fo"/s m{[secz — (—~1)]* — [cosz — (-1)]*} d= y}
y=Secx
=7 0"'/3[(sec2:c+25ec:c+1)—(cos%:%—?cosx-{—l)]dz
/ 1.
= wfo"’3 [seczx +2secz — 3 (1 4 cos2z) — 2cosz| dz
y=CosX

= W[tanx+21nlsec:v+tan:c| -3z — isinQr—‘Zsinr}gls

:W[(ﬁ—*—’lln(?%—\/ﬁ)—%—%\/_—\/5)—0] ..... L . ()

:27r1n(2+\/§) — -};772 — %71'\/5

X

wly+

65. s = f(t) = fot sinwu cos® wudu. Lety = coswu = dy = —wsinwu du. Then

s=—L [ yldy=—21 [:—gy"‘]imm = (1 — cos® wt).

w J1

66. (a) We want to calculate the square root of the average value of [E@®)]? = [155 sin(}1207rt)]?' — 1552 sin®(1207t). First,

we calculate the average value itself, by integrating [E (t))? over one cycle (between ¢ = 0and t = &5, since there are

60 cycles per second) and dividing by (g5 —0):

(B2, = 1755 1/60[1 552 sin? (120t)] dt = 60 - 155 /0 111 — cos(240mt)] dt

ave  1/60 J0

— 601552 (1) [t — 52 sin(240mt)]/* = 60155 (3) [(& ~ 0) - (0-0)] =

240w

The RMS value is just the square root of this quantity, which is % ~ 110 V.

() 220 = /[E@®))a. =

9220? = [B(t)2,, = i Jo * A”sin’ (120mt) dt = 60A2 [/ 1[1 — cos(240mt)] dt

— 304%[t — 5= sin(2407t)],* = 304 (55 —0) — (0 - 0)] = 14

Thus, 2202 = 1A? = A=220V2~311V.

67. Just note that the integrand is odd [f(—z) = —f(z)].

Or: If m # n, calculate

/ sinmz cosne dr = / 1[sin(m — n)z + sin(m + n)z) dz = l {_ cos(m —n)z _ cos(m + n)z -0
2 m-—n m-+n o

-

-

If m = n, then the first term in each set of brackets is zero.
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[T _sinmz sinnzdz = [T 3[cos(m — n)z — cos(m + n)z] dz.

If m # n, this is equal to H {sm(m =1, 38 sin{m + n)z} =0.
2 m-—n m+n -
. sin(m +n)z]"
Ifm = n, we get [*_1[1 — cos(m + n)z]dz = [3z]” ~ |:_2(m_+—n)—_] =r—0=m.

i

89 ["_cosma cosnzdz = [T 3{cos(m — n)z + cos(m + n)z| dz.

Ifm # n, this is equal to = [sm(m —je | snlm) ”)I} —0.

2 m-—n m+n

N

Ifm=n,weget [*_ -;—1+cos(m+n)x}d:c=[

B 1 /"
70, — H _— - d -
70 W/_,r f(z) sinmz dx = /;ﬂ [(;a smna:> sin m:c} = z / sin mz sin nz dz. By Exercise 68, every

[}

: . . a

term is zero except the mth one, and that term is —— T =Qm.
T

i- 7.3 Trigonometric Substitution

b 1, Letz = 3secf, where0 < # < Zorm < 6 < 3. Then

dr = 3secf tan 6 df and X ~
vxt—9
VzZ —0=+/9sec?0 — 9 = \/9(sec26 — 1) = V9tan? § 2
= 3|tanf| = 3 tan @ for the relevant values of 6. 3
1 1 1vz2 -9
I = T de = % = 1gi Ve S 5
zz\/;f—_gdx /Qsec26-3tan935%6 tan 6 d6 g/cosﬁdG ssinf +C 9 . +C

Note that — sec(f + 7) = sec 8, so the figure is sufficient for the case 7 < 6 < =

2. Letz = 3sinf, where —F < 6 < 7. Then dzr = 3cosf df and

VI—22 = /9 —9sin?0 = \/9(1 —sin’ §) = V9 cos?f x
= 3|cos f| = 3 cos 8 for the relevant values of 6. ]
9 —x?

[2°Va—a?dz= [3%sin®0-3cos6 - 3cosfdb = 3° [sin’ f cos?6df = 3° [ sin® § cos® 6 sin6 df
=35 [(1 —cos? ) cos? @ sinfdf = 3° [(1 —u’)u’ (—du)  [u=cosf,du=—sin6df]
=35 [(u* —u?)du=3°(3u’® — $u®) + C = 3°(} cos® 6 — jcos® ) + C

— 35 l(g_ _ (9'32)3/2

12)5/2 1
5 35 3 3

+C

=1(9-2?)%2-39-2*)**+C o -}(z®+6)(9-2")**+C




