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[J TECHNIQUES OF INTEGRATION

A Integration by Parts

1. Letu=Inz.dv=2z"de = du=1dr,v=1s° Then by Equation2,

[2*mzdz = (lnz)(32°) - [ (32°)(2) dz = 12° me - L [2?dz = 32° Inz - 3(1a®) +C

=32 lnz - $2°+C [or $2°(lnz - 1) + O]
"2 Letu=0,dv=cosfdf = du=df,v=sin6. Then by Equation 2

s

3
[6cosfdf =fsinf — [sinfdf = fsinb +cosb + C. i

3. Letu = z,dv = cosbzdr = du = dx,v = §sin5z. Then by Equation 2,

¥ [zcos5zdz = jasinbz — 3 sinbzdz = tzsindz + 7 cosb5z + C.

é‘ Lletu=zxdv=e*dx = du=dz,v=—e ". Then fr.e"’ de=—ze" + [edz=—ze™" —e " +C.

5 Letu=r,dv=e"?dr = du=dr,v=2e"? Then fre"/2 dr = 2re’/? — _]’2e'/2 dr = 2re™/? —4e"/? + C.

6. Letu = t, dv = sin2tdt = du=dt,v= —3cos2t. Then

[tsin2tdt = —itcos2t + % [cos2tdt = —3tcos2t + §sin2t + C.

7. Letu = 22, dv = sinrzdr = du=2xdxandv=—;1r-cos7rm. Then
I= f:cg‘ sinmrde = —Lz’cosmz + 2 [zcosmzdzr (x). NextletU =z, dV =coswrdz = dU =dz,
V = Lsinnz, so [ zcosmzde = tzsinme — ¢ [sinrzdr = Lzsinwz + 25 cosmz + Ci.

Substituting for [ & cos 7z dz in (x), we get

o . 2
I=—-1z?cosmz + 2(zsinme + 77 cosmz + C1) = -1z’ cosmz + Fsinmz + Z coswz + C, where C = 2C1.
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564 [0 CHAPTER7 TECHNIQUES OF INTEGRATION

{ 1
b 8. Letu = z2, dv = cosmadx = du = 2zdw,v = —sinmz. Then 16.
i m
.‘ . 1 5 . 2 . ! . :
I = [ 2% cosmzdr = —z° sinmz — — | asinmzdzr (x). NextletU =z, dV =sinmzdr = dU = dz,
: m m 4
g ) 1 o 1 1 [ 1 1 . . : :
. V = —— cosma, so | rsinmadr = ——xzcosma + — [ cosmzdr = ——xcosmz + — sinmz + Ch. ; 17.
m k m m m m?
i
» Substituting for [ sinmaz dx in (¥), we get b
) L 2 1 o 2 2 . 1
f [=—z%sinmz — — (———.r cosmz + — sinma + C) | = —a° sinmz + — 7 CosMa — —3 SINMT + (@1 1
' m m\ m m? m m m i
! 2 :
i where C = ——Ci.
m
f 9 Letu=In(2z+1),dv=de = du= ([J v = z. Then 3 g 18
P 21‘ -+ o
'y 1
* J "(2x+1)—1 »
i / In(2x + 1)de = xIn(22 + 1) (I'L =xln(2r+1) - / % dx
f = zIn(2z + /( )d;:a;ln(‘zxﬂ)—r‘fgln(Q.rleC
i 2z +
. =3(2z+1) In(2x+1)—z+C
i
: 0. Letu =sin"'z,dv=dr = du= =22 v =a. Then [sin~'adz = zsin™ 'z — / —ZL__dz. Setting
: ' Vi-o2 ' J V1=a?
7 ) . ) _zdr dr (=172 1 = 1/2 : I
x t=1-—x°, wegetdt =—2xdr, so— 1 ——clt = (2t Y+ CO=t'"*+C=+1—-22+C.
b — 2 -
Hence, [sin™'rdr ==z sin"tz+v1—2a2+C. . j
b 4 4
i 1. Letu = arctan4t, dv =dt = du= = dt = dt.v = t. Then
] 1+ (42)2 1+ 162
arctan 4t dt = t arctan 4t .. it = tarctan 4t — 1 sgt dt = tarctandt — % In(1 + 16t*) + C 1
R/ ¢ a4l =l arcte al — —_— Al = L al an —_— U = tarctan«at — g ; . b
3 1+ 16t2 1+ 16t 8
t 1 '
{ 12. Letu=1Inp,dv =p°dp = du=—dp,v= —. >, Then [ p’Inpdp = 6}) ‘lnp — % ] pPdp = —p *Inp — —Slgp“ +C.
i p
i 13. Letu = t, dv = sec> 2tdt = du=dt,v= lz tan 2¢t. Then :
1 [tsec?2tdt = Jttan2t — 3 [tan2tdt = 1t tan2t — % In|sec2t| + C i
: 2 2
3
s l S
14, Letu = s,dv =2°ds = du=ds,v= ) 2%. Then
n
g 1 1 ‘ i 1 2% §
52°ds = — s2° — — [ 2°ds = §2% — 2° ; sln2-1)+C i
/b =t 1112_/ ds = =5 n2)? + C |or (1112)2“ n )
15. Firstletu = (Inz)?, dv =dr = du=2Inz- 2 de,v = r. Then by Equation 2,
i I=[(lnz)?dr=2z(nz)’* -2 [znz Lde= z(lnz)? — 2 [Inzde. Nextlet I/ =Inz,dV =dz = }

=1/rdr,V =ztoget [Inzdr=zlnz — [z (1/2)dr =rlnz - [dr =zlnz —z + Cy. Thus,

I=z(lnx)? —2(zlnz — z+ C1) = z(lna)® — 2zlnz + 2z + C, where C = —2C1.
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1
16. Letu = t, dv = sinhmtdt = du=dt,v= o coshmt. Then

1 1 1
/tsinhmtdt: —tcoshmt—/——coshmtdt: —t coshmt — Lzsinhmt—%C [m # 0].
m m m m

17. First let u = sin36, dv = €**df = du = 3co0s36d6, v = 3€**. Then

I= f€29 sin36df = %ew sin 36 — % [ e?? cos30df. Next let U = cos36,dV =e**df = dU = —3sin 3646,

V = 1e* toget [ cos30df = 1e*® cos 30 + [ €’ sin 36 df. Substituting in the previous formula gives

I=1e"sin30 — 3* cos30 — § [€*sin30df = % sin30 — 3e* cos30 — 21 =

11 = 1% 5in 30 — € cos 30 + C1. Hence, I= 15¢°(25in 30 — 3cos 36) + C, where C = £ Ch.

18. Firstletu = ™%, dv = cos20df = du=—e?df,v= % sin 26. Then
I=[e?cos20df = e ?sin20 — [ 1sin260 (—e~?df) = Je %sin20 + & [ e~ sin20d6.
NextletU = e~?, dV =sin20dd = dU = —e?df, V = —1 cos26, so
[e?sin20df = —1e™? cos20 — [(—3) cos20(—e~?df) = —3e " cos20 — § [ e cos20d6.

e ?sin26 + 1 [(—%e‘g cos26) — 1I] = le7?sin20 —1ePcos20 - 11 =

57=1lesin20— e fcos20+C1 = I=2(3e%sin20— e cos20 +C1) = 2e 7sin20 — te”

19. Letu = t,dv = sin3tdt = du = dt,v = —3 cos3t. Then

JT t sin3tdt = [—3t cos3t]] + 3 [; cos3tdt = (57 —0) + §[sin3t] =

w|y

20, Firstletu = z? +1,dv = e *dz = du=2zdzr,v= —e *. By (6),

[} (z* +1)e " de = [—(z* + 1)6_1}(1) + fol 2ze " dz = —2e ' +1+2 [ ze”* da.

NextletU = z,dV = e *dz = dU =dz,V = —e™*. By (6) again,

Jyze " dz = [—re"}é + e Tdr=—et+ [—e‘ﬂl =—el—e14+1==2"1+41So

L@ +1)e"dr=—2e""+1+2(-27" +1)=—2"" +1—4e”! +2=—6e"' +3.

21, Letu =t,dv =coshtdt = du = dt,v =sinht. Then
fol tcoshtdt = [tsinh t}é - fol sinht dt = (sinh 1 — sinh 0) — [cosh t]; =sinh 1 — (cosh 1 — cosh 0)
=sinh1l —coshl+ 1.

We can use the definitions of sinh and cosh to write the answer in terms of e:

sinhl—coshl+1=3(e'—e ') —3(e'+e')+1l=—e"+1=1~-1/e

1
2 Letu=Iny,dv=—=dy=y""?dy = du= 1 dy,v = 2y*/%. Then
y

vy

9
/m—ydyz[g\/glny]g—/ 22 dy = (61n9 — 41n4) [4\/'] =6In9 —4lnd — (12 — 8)
4 \/_y_ 4 4

=6ln9—-41n4 -4

¢ cos20 + C.
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2. Letu=Inz,dv=2"de = du= idax, v = —z~*. By (6),

In2.

=

(15

Inz Inz]? S 1 , 11° 1 1
—drz=|——| + z “dr=—-5In2+Inl+4 |—— =—3In2+0-3+1=
T & |, i z],

 §
24. Firstletu = z°,dv =coszdz = du= 3z%dz,v = sinz. Then I; = f13 cosrdr = z¥sinz — 3 j z? sin z dz. Next
letu; = z2,dvy =sinzdz = duy =2zdz,v1 = —cosz. Then Iz = [2*sinzdz = —z?cosz +2 [zcoszdzx.
Finally, let up = z, dve = coszdz = dus = dz,ve = sinz. Then .
[zcoszdz = zsinz — [sinzdr = zsinz + cosT + C. Substituting in the expression for I2, we get |
I, = —z%cosz+2(zsinz +cosz+C) = —22 cos x + 2z sin z + 2 cos z + 2C. Substituting the last expression for I3 into
I, gives I = z® sinz — 3(—z* cos z + 2z sinz + 2cosz + 2C) = z®sinz + 322 cosz — Brsinz — 6 cosz — 6C. Thus,

1

[y «®coszdz = [2®sinz + 322 cosz — 6w sinz — 6cosz — 6C]

:(0—37.'2—0+6—6C)—(0+0—0—6—60)=12—37r2 .

d 2
25 Letu =y, dv = ?y; = e Wdy = du=dy,v=—3e . Then

1 1 ! 1 A
| au=[-3ve] +3 [ emay=(-4e? +0) =[] =g e i =i
o €% © 0 0 0
26. Letu = arctan(l/z), dv =dz = du= m . ;—21 de = :132_—(1-11’ v = . Then
V3 V3 V3 /3
1 T ™ V3 s
/ a.rctan(—) dm:[marctaﬂ(—l-> +/ J;dr =\/§—-—1-—+l[ln(xz+1)]
1 T z/ ], O ! 6 4 2 1
V3 w1 V3 w 1 4 V3 w1 '
=" 4Z(ln4-In2)=— -+l = ——+=In2 4
g gt =Tm gt T e "1 2 ;
27. Letu = cos™ 'z, dv = dz = du———di— v = z. Then

1/2 18 p4 3/4
I=/ cos lzdz = [zcos'lz];/2+/ _ﬂ_:%.%+/ t~1/2 [—%dt],wheret‘:1—:1:2 =
0 0 1

dt= —2zde Thus, I =Z+1 [} V2 =2 4[]} =2+1-L=1(r+6-3V3).
6 2J3/4 6 6 2 6

2lnz

2. Letu = (Inz)?, dv =2"%de = du= dz,v = —%a:"z. Then

2

2 (Inz)® (Inz)? *Ing 1
I:/ -—dz = [——,,—} +/ B2 dz. NowletU =Inz,dV =z7%dz = dU = —dz, V:—%r
1 T 202 |, ; = T

-2

n

The

2lnz Inz]® 1 [? 1 1 11]° 1 1/ 1 1 3 1
—dz = |- + = Sdr=—-<1n2+ = |- =—=In2+=(-2+%)==-=h2

/1 P [212} 2/1I ‘ 8“”’“2{&2] 8n+2<8+2) 68"

Thus 7 = (-3 (In2)?+0) + (£ — §In2) = —§ (n2)* - gln2+ .
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cosT :
dx, v = SINT. Then

29, Letu = In (sinz), dv = coszdr = du= 47

I= fcoszln(s'ma:) de = ginz In(sinz) — [coszdz = cinzIn(sinz) — sinZ + C.

Another method: Substitute t = sin Z» SO dt = cosz de. Then [=[Intdt= tlnt —t + C (see Example 2) and s0
[ =sinz (InsinZ — 1)+ C.

T

30. Letu=r1,dv= ﬁdr - du=2rdr,v= \/4+r'z.By(6).
T

3

—-”,———dT—szn—2'/:r 4+r2dr=\/5~%K(4+r2)3/q:
_ -2+ 3@ =V 0)+ 3= - 55

5
3. Letu = (Inz)* dv = ddr = du= 2—5’-@, v = 55— By (6),

- z° : 2 g 2 o
/ I“(lnar)2 dz = i—: (lnz)zx —2/ 2 _Inzdz = %(ln?) —0—2/ Z_Inzdz.
1 9 9 , 9

5

B
T
A Ty . = F ==
Let U Inz, dV 5d:r = dU d:r:V 55

5 2 2 o4 z° 2
Then/ ——ln:rd:r—i——lnxkl——‘/l FdE=% 21n2-0- L%} :?;%mz—(fg-—%g)
So [2z*(Inz)’ dz = 2(n2)? —2(F M2~ sy =2Wm2)’ - 8 1n2 + 135-
32, Letu = sin(t — 8), dv = efds = du=-— cos(t — 8)ds, v = e®. Then
= f; ¢* sin(t — 8)ds = Ke’ sin(t — S)Xt - fot ¢ cos(t — 8)ds = et sin0 — e’ sint + I,. For I, letU = cos(t — 5)s
dv =e*ds = dU = sin( t—s)ds Vv=¢e.Soh= [es cos(t—s)];—— fé e sin(t — s)ds:ef cos0 — € cost — I.

Thus.I:——sint%—e‘;cost’I = A=¢ — cost —sint = I:%(e‘—cost-sint).

33, Lety = V&, 80 that dy = %:15‘1/2 dx = L _dz= 1 ge. Thus, fcosﬁdx = [cosy (2y dy) = 2 [ycosydy: Now

2.z 2y
use parts with u = ¥» dv = cosy dy, du=dy,v= siny to gctfycosydy = ysiny — js'mydy — ysiny +cosy T Ci,
sofcosﬁdm:?ys'my*Zcosy+C :rsm\/a:+2c05\/—+C
a4, Letx = —t°, so that dz = —2t dt. Thus, ft%"z dt = f(—tQ)e"’2 ()(—2tdt) = 1 [ xze” dz. Now use parts with
u=rz,dv=¢ de,du = dx,v = e® to get

1 [xe® dx = 5 (=€ —[e€" dz) = 3¢ - 3€° =, C=-11-2)¢ +C=-31+t)e # 4+ C.

VT VT ﬂ
35. Let z = 6°,so thatd= = 26 df. Thus, / 0° cos(6?) df = f 6 cos(6%) - 3(2049) = - / ¢ cos T dx. Now use
\/;r/“l \/7r_/_ /2

parts with u = T dv = cosz dz, du = dz, v = sinz to get

" ™

1 1 A ™ _ . _1

3 / 2:::cosa:dr~ 5([3:51111]"',2 f/;mzdz) = < [a:smz+cos:c]_l2
Lt T

o=
|

(msin 4 COST) ~ 1(Zsing +cosy) = %(W-O—l)—-li(%-l-k(\):—

FNE]

i
2
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36. Let ¢ = cost, so that dz = —sintdt. Thus,

PRr = =

Jo e sin2tdt = Jo € (2sint cost) dt = J7l e 2z (—dz) =2 ! ze® dx. Now use parts with u = ,

i dv = €* dz, du = dz, v = e” to get

2f_llme"° dx =2 ([a:ex]l_l - f_lleI dx) =2 (el +et - [ez}l_l> =2(e+e ! —[¢ —e7 1) =2(27t) =4/e

37. Lety = 1 + z, so that dy = dz. Thus, [ zIn(1 + z)dz = [(y — 1) Iny dy. Now use parts with u = Iny, dv=(y—1)dy,

du:%dy,vz%gf—ytoge(

f [(y=1)Inydy= (3s* —y) Iny— [ (3y—1)dy = 3y(y —2)Iny — 2 +y+C
1

2

(1+z)(z-1)n(1l+z)—;(1+2)*+1+z+C,

1
2
which can be written as 1 (z* — 1) In(1 + 2) — 122+ 1z+3+C.
38, Lety =Inz,sothatdy = 2 dz = dz=zdy=e’dy. Thus,
[sin(lnz)dz = [sinye’dy = 1e¥(siny —cosy) + C [by Example 4] = jz[sin(lnz) — cos(lnz)] + C.

In Exercises 39— 42, let f () denote the integrand and F'(x) its antiderivative (with C =0).

i‘ 39, Letu =2z +3,dv=e"dz = du=2dzr,v=e". Then
f(2:r+3)exda:=(23:+3)e’—2f81d1=(2x+3)e“—26I+C

=R2z+1)e"+C

We see from the graph that this is reasonable, since F has a minimum where

f changes from negative to positive.

40. Letu = Inz, dv =z*%de = du:-i—da:,v:%xs/g.Then

f$3/21nzd;5=%15/21nz—§fx3/2dzzgxs/zln:c—(3)215/2+C
5 5

— 2..5/2 _ A 5/2

=tr/"Inz — 5w +C

f We see from the graph that this is reasonable, since F" has a minimum where

f changes from negative to positive.

! 4. Letu = 32°, dv=2zV1+a?dz = du:rdx,v:%(lJra:z)S/Q. 4

|

f Then F

i [ VI+22dz= %xz [%(1 + x2)3/2] -2 [z(1 + 22)%/%dg -2 / - 2
:‘ :-1-12(]_4-3;2)3/2_2.2.1(1+I2)5/2+C e/f

9 3 : 3°5 2 / /

k- = %12(1 +ZE2)3/2 _ 1_25(1 _+_1:2)5/2 +C —4

Another method: Use substitution with u = 1+ z° to get 2 (1 +2%)*/% — 3(1+ z?)3/2 + C.




42,

45.
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First let u = 2%, dv = sin2zdz = du=2zdz,v=—1cos2z. ‘ 6

Then I = [ 2% sin 2z dz = — 3% cos 2z + [ z cos 2z dz. / f /
NextletU = z,dV = cos2zdz = dU =dz,V = ;sin2z,s0 =4 = — 4
[zcos2zdz = tzsin2z — [ 1sin2zdz = jzsin2z + ; cos2x + C. \][/r

Thus, I = —%x2C0521+%zsian—}—i—cosZz%—C. -6

We see from the graph that this is reasonable, since F' increases where f is positive and F' decreases where f is negative.

Note also that f is an odd function and F' is an even function.

1 : 1 i
. (a) Take n = 2 in Example 6 to get/sinzzdm =-3 coszsinz + —2-/1(13: = —;—: - sm42z +C,
(b) fsin“‘:cd;r: —-%cosxsinax«:—%fsinzrd:r = —%cosxsinszﬂ- g—:c— —l%sin2z+C‘
. (a) Letu =cos" 'z,dv =coszdz = du=—(n—1)cos" %z sinzdz,v=sinz in(2):

[cos™zdz =cos" 'z sinz + (n — 1) [cos"* z sin’ zdz
=cos" 'z sinz + (n—1) [cos"?z (1 — cos® z)dx
=cos" 'z sinz+ (n—1) [cos" ?zdz — (n—1) [cos" zdx

1

Rearranging terms gives n [ cos™ z dz = cos™ ' z sinz + (n — 1) [cos" > zdz or

1 P ) -1 P
/cos"a:dx:gcos 1ar.smzﬂ'-n—n— cos" % zdz
(b) Take n = 2 in part (a) to get [ cos’ zdz = cosz sinz + % [1dz = % + el +C.,

() fcos*zdz =% cos®z sinz + & [cos’zdz = S cos® z sinz + $x + L sin2z + C

_ -1 = 3
(a) From Example 6, /sin"l zdr = ——% cosz sin™ 'z + 2 /sin" % zdz. Using (6),

n
/e cosz sin"tz]™? n-—1 [/2 2
/ sin" zdz = [——} - / sin" " zdx
0 n 0 n 0
n—1 ™2  __ n—-1 [™% __
=(0-0)+ / sin"?zdz = f sin" "%z dz
n Jo n Jo
. __a: X /2 . 3 _ 2 [m/2 o 2 w/2 _ 2
(b) Using n = 3 in part (a), we have [/ “sin’ zdz = £ [[/“sinzdz = [-§cosz|;"" = 2.
¢ B3 /2 . 5 __ 4 (m/2_. 3 _4.2_ 8
Using n = 5 in part (a), we have fo sinzdzr =z |/ "sin"zdr =z %=1

(c) The formula holds for n = 1 (that is, 2n 4+ 1 = 3) by (b). Assume it holds for some & > 1. Then

/2 2:4-6----+(2k)
. 2k+1
/0 sin xdx 557 (@k+]) By Example 6

*{a 2k+2 [™/? . 2%+2 2:4:6---- (2k)
. 2k+3 « 2k+1
dz = S Trdr = '
/0 s ag 2k+3/0 - T % +3'3.5.7... (2k+1

246 (2k)[2 (k + 1)]
35T 2k+D2(k+1)+1)

so the formula holds for n = k£ + 1. By induction, the formula holds for all n > 1.

l
i
i
o

ol o

oo pdlea ddmi
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/2

46. Using Exercise 45(a), we see that the formula holds for n = 1, because [T/ sin? zdx = } /21de = 4[z]7" =

3 1:3-5-..- (2k-1) 7
i > 1. in* = =. By Exercise 45(a),
Now assume it holds for some k£ > 1 Then/O sin“" z dx 1.6 . k) 2 y Exercise 45(a)
w{8 2%k +1 [™/2 2k+1 1:3:5----- (2k—1) 7
. 2(k+1) _ in2k _ rl £
/0 s e 2k+2/0 s zdz = S 5. 4.6 (2k) 2

1:3:5.00- (2k—1)(2k+1) =
=T2.4.6....-2k)(2k+2) 2’

so the formula holds for n = k + 1. By induction, the formula holds for all n > 1.

47. Letu = (Inz)",dv=dz = du=n(ln z)"~!(dz/z), v = z. By Equation 2,
[(lnz)"dz = z(Inz)" — [ nz(lnz)"~*(dz/z) = z(lnz)" - n [(lnz)" " dz.

48. Letu=z",dv=e“dc = du=na" 'dz,v=e".ByEquation2, [z"e”dz=z"e" — n [z""te® da.

2

4. [tan"zdz = [tan" "z tan’zdz = [tan" 2z (sec’z — 1)de = [tan" "’z sec’ rdx — [tan""* zdx

=1I- ftan""zzd:c.
Letu =tan" 2z,dv =sec’zdzr = du=(n—2)tan" %z sec? z dz, v = tan z. Then, by Equation 2,

I=tan"" 'z — (n—2) [tan" 2z sec’ zdzx
1 =tan" 'z — (n—2)I

(n—1)I=tan" 'z

tan" "'z

I:
n-—1
tan™ !

II — [tan™"?zdz.

Returning to the original integral, [ tan™ z dz =

50. Letu = sec™ 2z, dv =sec’zdr = du= (n—2)sec” 3z secz tanzdz, v = tanz. Then, by Equation 2,
[sec” xdz = tanz sec” 2z — (n —2) [sec"*z tan® z dz
=tanz sec" 2z — (n —2) [sec"*z (sec’ z — 1) dz
=tanz sec” 2z — (n—2) [sec” zdz + (n — 2) [sec” zdx

so (n—1) [sec® zdz = tanz sec" %z + (n — 2) [sec® *zdz. If n — 1 # 0, then

2

tanz sec” “z n—2 _
/sec"rdz: gt +n 1/sec" 2z dz.

51. By repeated applications of the reduction formula in Exercise 47,

[(nz)®dz =z (Inz)® - 3 [(Inz)?dz = z(Inz)® - 3[z(Inz)* — 2 [(Inz)' dz]

=z (Inz)® - 3z(Inz)? + 6[z(Inz)' — 1 [(Inz)° dz]

=z (Inz)® - 3z(Inz)? + 6zlnz — 6 [ 1dz = z (Inz)® — 3z(Inz)* + 6zlnz — 62+ C

(SIS
L6
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i

52. By repeated applications of the reduction formula in Exercise 48,
[zie” dz = 2'e” — 4 [ 2%e” dx = z'e” — 4(2%€" — 3 [ z%e" dx)
= z'e® — 4z%e” + 12(z%" — 2 [ z'e® dz) = z%e® — 4ze” + 1222 — 24(z'e” — [2%* dz)

= z'e” — 42%€” + 122%€" — 24ze™+ 24e™ + C  [or e"(z* — 4z® + 122° — 24z + 24) + C]

53. Area = [ ze %*"dz. Letu =z, dv = e " dz =

du = dz, v = —2.5¢7%**_ Then

L area= [-2.52e70%)0 + 25 [J e 4" dx

5
0

—12.5¢7% + 0+ 2.5[—2.5¢ 0]

Il

-2

—12.5e7% — 6.25(e7% — 1) = 6.25 — 18.75¢% or 2 — Z2¢

5. Thecurvesy = zlnzandy = 5lnz intersect whenzlnz = 5lnz & zlnz—-5lnhz=0 & (z—5)lnz=0; !
thatis, whenz = lorz = 5. For1 < z < 5, wehave 5Inz > zlnz since Inz > 0. Thus, '
area= [ (5lnz — zlnz)dz = [ (5 — z)Inz]de. Letu = Inz,dv = (5 —z)dz = du = dz/z,v = 5z — 32°. 1
Then

area = [(Inz) (52 — 12?)]; — [ [(52 — $2?) 1] dz = (n5)(Z) -0 — [° (5 iz) dx
=85 [5z-212?) =LIm5-[(25-2%) - (5-1)] =L In5-14

55. The curves y = zsinz and y = (z — 2)? intersect at a ~ 1.04748 and

b~ 2.87307, so

area = f: [zsinz — (z — 2)?] dz

= [~zcosz +sinz — }(z — 2)3]2 [by Example 1]

~~ 2.81358 — 0.63075 = 2.18283

56. The curves y = arctan 3z and y = %x intersect at x = +a ~ +2.91379,

SO

area = [° |arctan3z — 1z|dz =2 [ (arctan3z — 1z)dz

= 2[zarctan 3z — § In(1 +92°) — a®];  [see Example 5]

~ 2(1.39768) = 2.79536

5.V = fol 2nz cos(mz/2) dz. Letu = x, dv = cos(nz/2)dz = du = dz,v = Zsin(rz/2).
. 2 . srz\]} 2 (P 7z 2 2 T
V= QW[;zsm(?)L — 27 - ;/0 sm(T) dr = 277(; - O) - 4{—; 005(7)J

58. Volume = fol 2rz(e® — e %) dx =27 fol (ze® —ze™")dz = 2w [‘]‘01 ze® dx — fol ze dz] [both integrals by parts]

1
—4+30-1)=4-8
0 m iy

= 2r[(ze® — €7) — (—ze™" — %) l; =2m[2/e - 0] =4r/e
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59.

60.

61.

62.

63.

Volume = [° 2r(l—z)e *dr.Letu=1—z,dv=e"%dr = du=—dz,v=—e"%.
-1

‘7~rf L€ de =2r(z—1)(e ‘)-!—efr]cil:Qﬁ[xe_I}o =27(0+e) = 2me

V =2r[(1 - z)(—e*)]°

-1

Volume = flw 21y - Inydy = 2/7[%3;2 Iny — lyz];r [by parts with uw = Iny and dv = y dy]

(211’17T—1) (0—1) 113 ™
=2m [ty (Zlny—l)] ™ 1 y =7 lnﬂ'—?—f—z
1 2,
The average value of f(z) = z? Inz on the interval [1, 3] is fue = ﬁ/ 'Inzdz = 31
- 1
Letu=Inz,dv=2a’dz = du=(1/z)dz,v= —;-123.

Sol=[}2*Inz]] - [} 1z?dz = (91n3-0) - [3c°] =9In3— (3— 1) =9In3— 2.

Thus, fuwe = 3/ = 3(91n3 - 28) = 2In3 - 13,
The rocket will have height H = f t) dt after 60 seconds.

_ . 60 60
H = / { t—veln(m Tt)}dt:-—g[%tﬂ:o—vc{/ ln(m—rt.)dt—/ lnmdt}
0 0

—g(1800) + ve(Inm)(60) — v, 060 In(m — rt) dt

Letu=In(m —rt),dv=dt = du=

60l 1 a0 80 4 60 -
_ _ 4 = , — - —1
/0 n(m — rt)dt = [t1n(m ~ rt)]” /0 —TL it = 601n(m 607‘)7—/0 ( 1 m_ﬁ)dt

60
= 601n(m — 60r) + {—t - % In(m ~rt)| = 60In(m — 60r) — 60 - ? In(m — 60r) + ? lnm

t(—r) dt,v =t. Then

So H = —1800g + 60v, Inm — 60v, In(m — 60r) + 60v, + ?L In(m — 60r) — ?uc Inm. Substituting g = 9.8,
m = 30,000, » = 160, and v. = 3000 gives us H ~ 14,844 m,

Since v(t) > 0 for all ¢, the desired distance is s(t) = [; v(w) dw = Js wPe™ dw

Firstletu = w?, dv=e"Ydw = du=2w dw,v = —e~ ", Then s(t) = [—wze“”}; -~ 2f0' we™" dw.
NextletU =w,dV =e™“dw = dU =dw,V = —e™". Then

s(t) = —t?e™t + 2([—11/6_“'}; + e dw) = —t?e™t + 2<—te‘t +0+ [—e‘“’]é)

=—tleT 4 2(—te Tt —e Tt +1) = —t2e Tt — et —2e T +2=2—et(t2 4+ 2+ 2) meters

- Suppose f(0) = g(0) = Oand letu = f(z),dv = ¢"(z)dz = du= f'(z)dz,v=g(z).

Then [;* £(2)¢"(2) dz = |£(2)¢'(@)]" = 5 £'(@) ¢ (2) dz = f(a) g'(a) ~ [ f'(x) () de
NowletU = f'(z),dV = g'(z)dz = dU = f"(z)dz and V = g(z), so
Is £'@)¢ (@) dz = [ () 9(a)]" — [; 1" (2) g(z) dz = — 5 £ (@) 9(c) da.

Combining the two results, we get [ f(z) ¢"(z) dz = f(a) ¢'(a) — f'(a) g(a) + fo "(z) g(z) de.
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65. For [ = ff zf"(z)dz, letu = z,dv = f’(z)de = du=dz,v= f(z). Then

I=[zf'()]] - [} f'(z)dz = 4f'(4) -

We used the fact that "/ is continuous to guarantee that I exists.

1. f(1)=

66. (a) Take g(z) = z and ¢'(z) = 1 in Equation 1.

(b) By part (a), [ f(z) dz = bf(b) — a f(a)

(F(4) - F(1)]

Then f z f'(z)dz = [ g(y) dy. The result follows.

fla) 9

(c) Part (b) says that the area of region ABFC'is

= bf(b) = af(a) =
= (area of rectangle OBF E) — (area of rectangle OAC D) — (area of region DCFE)
y
graph of g
50) (£ ~ F
graph of f
flo) P—C
A B
(0] a b x

(d) We have f(z) = Inz, so f~1(z)

/ ln:cd:rzelne—llnl—/
1 Inl
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=4:3-1-5—-(7T-2)=12-5-5=2.

i e

- f: z f'(z) dz. Now let y = f(z), so that z = g(y) and dy = f'(z) dz. '

f(b)
f(a) 9

= e”, and since g = f ™!, we have g(y) = e?. By part (b), .

Ine

1
eydyze—/ eydyze—[ey}gze—(e—1)=1‘
0

67. Using the formula for volumes of rotation and the figure, we see that

Volume = fod mb?dy — [ ma® dy — fcd mlo(y

))? dy = wb*d — malc — fcd (g

which gives dy = f'(z) dz and g(y) = z, so that V = mb*d — ma’c — 7 [ 2 f'(z) dz.

Now integrate by parts with u = 2%, and dv = f'(z)dz = du = 2zdz,v = f(z), and
b
.2 f'(@)dz = [2* ()], - [, 22 f(=)

V = nb’d — ma® c—*r[b d—a c—f 2z f(z

68. (a) We note that for 0 < z < Z,0 < sinz < 1, s0sin?*"*? z < sin?™*! z < sin"

of the Integral, Ion+2 < Iopn+1 < Iop.

dz = b? f(b) — a® f(a

‘I f 2nz f(z

(b) Substituting directly into the result from Exercise 46, we get

(¥)]? dy. Lety = f(z),

f 2z f(z) dz,but f(a) =cand f(b) =d =

z. So by the second Comparison Property

1:3:5:.0. 2n+1)-1=
Iont2  2-4:6----- 2h+D] 2 _2n+1)—1_2n+1
I, ~  1:3:5 2n—-1)m 2(n+1) ~ 2n+2 |
2.4-6-----(2n) 2 E
4

e Lo



574 0O CHAPTER7 TECHNIQUES OF INTEGRATION

. " . . o Iopy2 _ Ion =
3 (c) We divide the result from part (a) by I2,. The inequalities are preserved since J2n is positive: 2at3 < 2 < Iz .

. 2n +1 . 2n +1 Iop4a i
; Now fr art (b), the left t lto ———, so the ¢ on becomes < —— < 1. Now
ow from part (b) eft term 1s equal to 2 so the expressi ecome T3S L, =
M+ 1 Ions "
4 T lim 1= 1, so by the Squeeze Theorem, lim sandl _ 1.
n—oo 2n+2 n—oo n—oo l2n

) (d) We substitute the results from Exercises 45 and 46 into the result from part (c):

; - 2.4:6-+--- (277.)
. Iopia . 3.5.T««--- (2n+1) . 2:4-6.---. (2n) 2:4-6----- (2n) 2
neses Tan nh—-ngol-3-5~---~(2n—1)z N e en+1)||1-35----- Gn-1)\~
2:4:6----- (2n) 2
‘ —hm 2.2,44 866 7  n 3 armangetenms)
%1335 57 m-1 2+l 7 . |
it Multiplying both sides by 7 gives us the Wallis product: )
T_22 4466
2 133557

(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the width by

2 - : . 2 1
e - T and at the (2n + 1)th step, the area is increased from 2n to 2n + 1 by multiplying the height by n9+ . These
2n — 2n
4 two steps multiply the ratio of width to height b 20 and : - respectively. So, by part (d), the
PS ITEPY By S 12 Gnt1)/(2n)  2n 1 PocVED: S0, BY PARAGH
limitin r:«nioisg»z-é-é-g-g-w-—E
¢ 1’33557 "2
7.2 Trigonometric Integrals
The symbols = and = indicate the use of the substitutions {u = sin z, du = cos z dz} and {u = cos z,du = — sin z dz }, respectively.
» 1. [sin®z cos’ zdz = [sin’z cos®’z sinzdzr = [(1 — cos® z) cos® z sinzdzr = [(1 — u?)u?(—du) 4
h =f(u2—1)u2du=f(u4—u2)du=%uS—%usﬁ—C:%cossx—%cossxﬁ-c ]
i 2. [sin®z cos®zdz = [sin®z cos’z cosxdm:fsinas:(l—sing.r)cosmdxéfuﬁ(l—uz)du
f = [(u® —u¥)du=3u"— }u® +C=1lsin"z - §sin’z+ O i
3 3 f:’;rz/" sin® z cos® zdx = :;2/4 sin® z cos® z cosz dz = :}'2/4 sin® z (1 — sin® z) cosz dz = '1‘/5/2 w?(1 —u?)du
.‘ _ V2/2(,5 7 _ 1,6 _ 1,6 81V2/2 1/8 _ 1/16 11y _ _ 11
] = [P - uwdu= [Jut - 3f)Y0 = (- 250) - (3 -3) =%

4. f0"/2 cos® zdz = fo"m(cosz z)? cosz dz = 0"/2(1 —sin?z)?coszdz = [ (1 —u?)* du

= -2 +ut)du=[u-3u* + 3= (1-§+3)-0=15 .‘




