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71, {a) The rudius of the barrel is the same a¢ each end by symmetry, since the

R =R - ext
fanction y = B~ cx? is even. Since the barrel is obtained by rotating »
the graph of the finction i about the w-axis, this radivs is equal to the {
S T 0 &
value of y ab @ == 7}.’,. whichis R — r;g,’v}‘ ----- ~d =, 8

(5} The barrel is symmeiric about the y-axis, so bs volume is twice the volume of that partof the barvel for z > 0. Also, the

barrel is a volume of rotation, so

rhf rhIZ o
V::2f Yy szw%/ f\R-»mﬂ dz "~2nh’, - %P{‘T 4~~«c‘ % 1:’
PA) 0 0
= 2w (R~ & Reh® 4 gl %)

Trying to make this look more Hke the expression we want, we rewrite it as Ve §rh{2R% + (B - LReh? + et

9

But R* -~ LHch? =« (R~ ich®)?

Substituting this back inte ¥, we see that V = £

72. It suffices to consider the case where % is bounded by the curves y = f{z) and g = gle) fora < < b, where g{x} < fio}
for all x in {n, B, since other regions can be decomposed into subregions of this type. We are concerned with the volume
obtained when R is rotated sbout the line 3 == -k, which is equal to

o
v

Vy = xju () + 4 F — fg(e) + &) ~::«j§ {z«')j'wgr) Y dz + 2wk ,xr,wqfx!dw:r; - 2rk A

8.3 Volumes by Cylindrical Shells

If'we were to use the “washer™ method, we would first have to focate the
lacal maximum point (0, b) of y == wiz — 1)° using the methods of
Chapter 4. Then we would have to solve the equation y = 2{x — 1)°

for @ in terms of y o obtain the functions 2 = 13 andor = galy)

shown in the first figure. This step would be difficult because it involves
the cubic forraula. Finally we would find the veiurme using

Ven fy {ln @) - loa(w)?) dy.

Using shells, we find that a typical approximating shell has radius x, 50 its circumference is 272, Its height is , that is,
@ = 1% So the total volume is

Vo »z%’ folr ~ 1)) dz = 2 { +rz§d~*u2frf-j~—”§j+£?1ﬂ‘i
Al / (5 473,18
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A typical cylindrical shell has circumference 27z and height sin(z?).
V= foﬁ 2re sin(z?) dz. Let u = . Then du = 2z dz, so
V=m [ sinudu = [ cosu]§ = n[1 — (—1)] = 2. For slicing, we

would first have to locate the local maximum point (a, b) of y = sin(z?)
using the methods of Chapter 4. Then we would have to solve the equation

y = sin(z?) for z in terms of y to obtain the functions z = g; (y) and
= = g2(y) shown in the second figure. Finally we would find the volume
using V = [’ {[g1(¥)]* - [92()]*} dy. Using shells is definitely

preferable to slicing.

ol

Il

[

5
L

5 V= fol 2rze=" dx. Letu = 22,

Thus, du = 2z dz, so

V=r[le“du= w[—e ]y = m(1 - 1/e).

6.V =2r [ {2[(3+ 2z —2?) — (3—2)]} dz = 2 I3 [2(3z — 2?)] da

= 27rf03(3:z:2 — %) dz = 2n[a® — -}Im"]g =21(27 - &) =2n (%) = Ly

y=3+2x—x?
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7. The curves intersect when 4(z — 2)* =2° =4z +7 & 40 — 16z +16 =2 —4c+T7 &

L] 32 _122490=0 & 3(*—-4+3)=0 & 3(x—1)(x—3)=0,s0z =1 or 3.

1 \% :27'(]13 {m[(mg — 4z +7) —4(m—2)2]}dw=27rf13 [:r(mz ~4m+7—4$2+1656—16)] dz

3
i =27 ff [2(—32" + 122 — 9)] do = 2m(—3) ff’(m?’ — 422 + 3z)dx = —6r [tz — $2° + —g—xz]i’

— —6r[(8-36+Z) - (3-3F 3)] = —6r(20 - 36 +12+3) = —6m(—%§) =167

| 8. By slicing:

i ) )

e i By cylindrical shells:

8 &

il

bt .

IT!““ v =y 2 (\/5 B w2) dz = 2n [} (&% —2®)dz =27 [%ws/z - %1304]0

! —on(2-4) =2 () = %7
|

0.V = [omy(1+y?) dy =27 [ (y+v*)dy =2 (30" + 1447

3

ol a) - D)) =2 (®) = %




0.V = [y 2my Jydy = 2r [ y*/ dy

1
- 2,5/2] _ 4
—27r[3y/]0—37r

"V =27r/08 [y(%—o)] dy

8 8
= 27r/ y‘l/3 dy = 27r[§y7/3]0
0

= O™ 73y 2 87 g7y _ TO8

= 2n[y* — §u°]; = 2 (256 - 1)
—n(2) — %2

SECTION 6.3 VOLUMES BY CYLINDRICAL SHELLS I

x=4y?—y?

13. The height of the shellis 2 — [1+ (y —2)*] =1~ (y—2)* =1 (3> —dy+4) = —> + 4y - 3.

V=2 fls y(—y* + 4y — 3) dy

=2om [J(—y® + 49* — 3y) dy

=2m[-3y* + $v° - 7]}
=2r[(-&+36—-%) - (-3+
=27 (§) = ¥n

x=1+(y—2)
y \ y
31 LT
24 x=2

I T
14 \ I
0 1 2 x 0

533

i
l |
i
] f
; it
! e
|

]
E
i
it
i
il
f i
A
|
) i
MM
| L
i
1”. |
A& ‘3
Pl
1 <w1
fo
m
i
!ﬁﬁ
e i
\‘ i I‘
|
R
bl 1‘
L
o
‘i]
i‘lllu‘l:‘



534 [0 CHAPTERG6 APPLICATIONS OF INTEGRATION
18,V = f(f 2my[4— (y—1)> - (3—y)] dy
=2r [ y(—y* +3y) dy

= 2m [3(~o® + 37 dy = 2r [~ }o* +4°]g

=on(-8 +27)=2r(%) = Zn

LT

V= fol 27(2 — z)z* dz i,
=2r [ (22* - 2°) dz y=xt B
— on[2a® - 9]}
=om[(3-1)—0] =2n(5) =& o y=0 ;

16. The shell has radius £ — (—1) = z + 1, circumference 27 (z + 1), and height V.
V= [l 2n(e+1)Vrdz

=2r [y (=% + z'/?) dz

17. The shell has radius = — 1, circumference 27 (x — 1), and height (4z — 2%) — 3 = —2° + 4z — 3.

V= [ on(z— 1)(—2? + 4z — 3) de % Y=t y %=1
=2r [*(~2® + 5¢° — To +3) dz

=2W[—i$4+§x3—%z2+3$]? y=3

—or(-8 +45- 8 4+9) — (-1 +E-1+3)]

el S 0 1 2 3 4\x 0 x

18. The shell has radius 1 — , circumference 2 (1 — ), and height (2 — 2%) — 2% = 2 — 2z°.

V= f_ll 2n(1 — z)(2 — 22%) dz

y
=2n(2) [1,(1 —z)(1—2?) dz I .-
= 47rf_11(1 —z—z*4+2%)dx 17 i
y=2-x :
—4r(2) [*(1—2%)dz  [by Theorem 5.5.7 ,
@) [ ( ) [by ] / - - . -

= snfo — §o7]; = 5m[(1=3) ~ 0] =87(3) = ¥




19. The shell has radius 1 — , circumference 27 (1 — y), and height 1 — $/y [y =g

V= [yom(l-y)(1 -y dy
=2 [y (1 -y —y/3 +y*3)dy

1
=27r[  — %y4/3+ %y7/3]0

20. The shell has radius y — (—1) =y + 1,

circumference 27(y + 1), and height 1/y — y2.

V= [y +)(Vy-v*) dy
-9 fol(y3/2 +y1/2 o y3 . y2) dy

=27r[§y5/2+%y3/2 =L %ya]
2 9

y

Ol

23.V= fol 27z — (—=1)](sin Fz — z*) dzx

¥
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y y=x
1_.
x=1

o] y=0 %

Y y

x=y2_ 711
y.-
y==x
0 \ x 0 x

24V =
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2.V =[] 2r(4-y) Vsiny dy 26.V = ffs 27r(5—y)<4:— Vy? +7) dy

l‘ 2.V = fol onz 1+ z3dz. Let f(z) =z v1+a3

i Then the Midpoint Rule with n = 5 gives

| I} () dz e 52 [£(0) + £(0.3) + £(05) + F(O.7) + F(09)]
R] !1 ~ 0.2(2.9290)

Multiplying by 27 gives V' =~ 3.68.

28. Az = 1—"’5"—2 —2,n=>5andz} =2+ (2i+1),wherei=0,1, 2,3, 4. The values of f(z) are taken directly from the
diagram.
V = [} 2naf(z) dz ~ 2w[3f(3) + 5F(5) + 7F(7) +9 £(9) + 11£(11)] - 2
~ 27[3(2) + 5(4) + 7(4) +9(2) + 11(1)]2 = 3327

e 2. [ 2r2® dz =2r [ x(2*) dz. The solid is obtained by rotating the region 0 < y < 2*, 0 < = < 3 about the y-axis using

: cylindrical shells.

0 < y < 2 about

2 2
30. 27 /0 l_f_ya dy = 2m /0 y( 1 ) dy. The solid is obtained by rotating the region 0 < @ < 1 _:yQ s

1+y?
the x-axis using cylindrical shells.
e 3. [y 2m(3 — y)(1 — y?) dy. The solid is obtained by rotating the region bounded by (i) z =1 —y? z =0,andy = Oor
(ii) # =y = = 1,and y = 0 about the line y = 3 using cylindrical shells.

il | 2 /% 27 (n — z)(cos = — sin z) d. The solid is obtained by rotating the region bounded by (i) 0 <y < cosz — sinz,

i | 0<z< Zor (i) sinz <y<cosz, 0=z < Z about the line z = 7 using cylindrical shells.

From the graph, the curves intersect at z = Oandz = a = 0.56,

with +/Z + 1 > €” on the interval (0, a). So the volume of the solid

obtained by rotating the region about the y-axis is

V=2xrf; x[(\/E—E- 1) - e“] dx ~ 0.13.




