SECTION6.2 VOLUMES [ 515

52. MY y=cosix—c) It appears from the diagram that the curves y = cos x and y = cos(x — c)
intersect halfway between 0 and ¢, namely, when = = ¢/2. We can verify that

this is indeed true by noting that cos(¢/2 — ¢) = cos(—c¢/2) = cos(c¢/2). The

T .
\ point where cos(z — ¢) crosses the x-axis is ¢ = % + c. So we require that
——

(ST R T S

[(;/2 [cosx — cos(x — ¢)]dz = — ‘/.:/ﬂ(- cos(z — ¢)dx [the negative sign on
the RHS is needed since the second area is beneath the z-axis] < [sinz — sin (z — ¢)]/* = — [sin(z — ¢ Nrj2pe =
[sin(c/2) — sin(—¢/2)] — [—sin(—c)] = —sin(7 — ¢) +sin[(§ +¢) —¢] <« 2sin(c/2) —sinc = —sinc+ 1.
[Here we have used the oddness of the sine function, and the fact that sin(m — ¢) = sin¢]. So 2sin(¢/2) =1 <

ginfe/Zy=2 <= ¢/2=%2 & .c=E,

53. The curve and the line will determine a region when they intersect at two or y :
y=—
# x“+ 1
more points. So we solve the equation z/(z? + 1) = maz = i '
TNm y= m.xé
z=xz(mz’+m) = z(mr®+m)-z=0 = E ) =—3
i m-
zmz®+m—-1)=0 = z=0or mz’+m—-1=0 = :

1 —m

; 1 . . . ;
z=0orz’ = = x =0orx = +,/— — 1. Note that if m = 1, this has only the solution z = 0, and no region
m m

is determined. Butif 1/m —1>0 < 1/m >1 < 0 <m < 1, then there are two solutions. [Another way of seeing

this is to observe that the slope of the tangent to y = x/(x:® 4+ 1) at the origin is ' = 1 and therefore we must have
0 < m < 1.] Note that we cannot just integrate between the positive and negative roots, since the curve and the line cross at

the origin. Since ma and /(2 + 1) are both odd functions, the total area is twice the area between the curves on the interval

[(), v1/m—1 ] So the total area enclosed is
/-,ll/m~l [ T
0

241

2

- ’NI.I} dz=2[1In(z® +1) — %m.rz]“v met = In(l/m—-1+1)—m(1/m—-1)] - (In1-0)
=In(l/m)—1+m=m—Ilnm—1

6.2 Volumes

2

1. A cross-section is a disk with radius 2 — 3z, so its area is A(z) = 7(2 — 3x)".
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2. A cross-section is a disk with radius 1 — 22, so its area is

A(z) = (1 — z2)2.

1 1
V= / A(z)dx = / (1 —2%)? da
S J'=1

1
=2 / (1—22° 4+ 2*) do = '.).ﬂ'\.l‘ - %.r:‘ + %.l'n I
J0

2

—2m(1- 2+ 1) =2n(8) = r

> 15 5

|5

3. A cross-section is a disk with radius 1/z, so its area is y y
A(z) = m(1/z)%.
2 2 1\2 ‘
V= A(z)dr = w( — ) da :
1 J1 € !
2 172 0 0 H X
:71'/ —,)4/.1':7{7—} !
B v T | 5
=7[-3-(-1)] =3
4. A cross-section is a disk with radius /25 — z2, so its area is A(z) = m(v/25 — x2 )2.
1 4 2
! :/ A(z) dx = / T( 25 — 1-’> da y
e 2 344 " V
= / (26 —z%)dz = W[E-’lr - %1 : l “
=7[(100 — &) — (50— §)] = YUx 0| " x
'
P
5. A cross-section is a disk with radius 2 \/; so its area is a
Aly) = F<2 \/;>—
9 9 2 9
v= [ Awd= [x(2vifay=ar [ yay
JO JO J 0O
=4 %l/"’]:: =27 (81) = 1627 0 S

%]

2
2 L 5 L 2
eVdy=mw|=eY| = —((‘ —e
1 5 D)

(e’ dy =7 /
J1

(e, 1) y=1

>
0 X
y=Inxorx=e¢" 0
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7. A cross-section is a washer (annulus) with inner
radius z* and outer radius x, SO its area is

2 2

A(z) = n(z)? — w(2®)? = w(2? — x%).

vl S|
V= / Alz)dz = / m(z? — %) da
Jo Jo

=i L 1 1y 4
-/n{:‘.l 7.1 Iq)fll(.'% 7)72[7(

5 1] ) Y
8 A cross-section 1s a WZl.\'hCl‘ with inner radius +z°

1

: P) . .
and outer radius 5 — x~, SO Its area 18

, ) 9 W
— 9 [0, 203 3512 _ o (e 80 | @Y _ 176
= _ﬂ[_».z 3 0° + =1 ‘“ =27 (50 5 +6) ==L

A e o

9. A cross-section is a washer with inner radius y

and outer radius 2y, so its area is

A(y) = (2y)* — m(y?)? = m(4y® — ).

]

r:/.umw:w/vwfumm
JO JO

=m(4 —4y) =47 (1 — y).

V= ./;ll Ay) dy = ‘[;ll d7(1 — y) dy
(1-:

11. A cross-section is a washer with inner radius 1 — v/z and outer radius 1 — x, SO its area is
2

Alz) = (1 —2)? — Tr([ . \/j>“ y .
:7"[(1—2.1'+.1'2)7(172\/_7+_,-)] \

1
1
1
ey =1
= Tr(%%.r +x°+2 \/T) =L I R Y | -+ Ye o
i
1
L

=dx ) —0] =2r

k974
y— 3], =4w

»l 1
V= / Alz)dz = / (~3.r + 22 +2 \/7> dzx y=X ;
Jo Jo
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12. A cross-section is a washer with inner radius 2 — 1 and outer radius 2 — e ", so its area is

Al@)=7[2-e")? -(2-1)% = m[(4 —4e™" +e7%) — 1]
I i 5
=7(3 —4e™" 4 72%)
9 “v \
V=J Alx)dz = [ m(3—4e ™ + e ") da e '.; S
= T‘J{.l' + 4e % — %('72"']3 !
IR ) 1 e y=1 !
‘ — 7((6 + 4e~ 2 — L4 — 4= 1
Tlr()+1( se %) — (044 _,)} i
=(2+4e?—Le)r
o - 0 X 0 X
” 13. A cross-section is a washer with inner radius (1 + sec ) — 1 = sec z and outer radius 3 — 1 = 2, so its area is
)
f”" A(z) = 7r|‘_)2 - (sv('.r)g} = (4 — sec® x).
L’. /3 /3
V= / A(z)dxr = / (4 — sec? x)dx Y y=3 ,. y
J—m/3 J—m/3 (—_T' x) T (?' 3)
/3 ] =1+ sec ¥
= 27 / (4 —sec” z) do [by symmetry] Lol
JO
i T C L R ot 1 S | W, (T T |
= 2#[-1.1' - lml.z} =2r[(&E —V3) - 0] y=1 y=1
0 :
=2n(4 - V3) 0 X X

=7[(=3 +2mIn3) — (-=1+0)]
=m(2In3 + 2) = 27 (In %+%)
1 i 5!
15. V = / (1 71/2)3(1;/:2/ (1 -//2)")(1;1/ Y x=1 Y, x=1
J =1 JO

|
= 27r/ (1-2y" +y") dy
JO
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x = y2, so the outer radius is 2 — y°.

V=J ﬂ[(‘-’ -4%)" = (2—-y)*| dy

= 7‘—_“ (!/I = .");/"’ + l]/)rl!/

5 B3 15,271
T|5Y 3Y 2y ‘n

77(4~—,'~r_’) = &7

Ty=2> = 2 VY for x > 0. The outer radius is the distance from x

| to = y/y and the inner radius is the

distance from z = —1 to & = y*.

V = /.IW{[V? ( i)r" ‘!/2 ( I)‘:}'r/!/ ﬁ/.l {(V’E%'l)g (,t/”‘|)'ﬂ'/!/
JO - JO »

(u -2 \//’.I/ Y 2!/_,> dy

18. For 0 < y < 2, a cross-section is an annulus with inner radius 2 — 1 and outer radius 4 — 1, the area of which is

\2

— 1)*. For 2 < y < 4, a cross-section is an annulus with inner radius y — 1 and outer

Ai(y) =74 —1)% —x(2
radius 4 — 1, the area of which is As(y) = 7(4 — 1) — 7(y — 1)
V=[lAly)dy=n[>[(4—-1)2-2-1)?]dy+n [, [4—1)* - (y—1)*] dy

= ﬁlr\’y)'_)’ } W.U(«\’ F2y —y?) dy

167 + 7 [8y + y* — ;—',,!/:"

)

= 167 + 7[(32+ 16 — &) — (16 +4 - §)]

76
s

S| ]
19. Ry about O A (the liney = 0): V = / Alz)dx = / r(.:':"): dx
JO 0

20. %R, about OC (the line xz = 0):

% o o g (- 2 " y /" [ - 5/3 1 .
V = J.: Ay)dy = A]“' {r(l)“ - r( \'/y> } dy W.’“I(I — 23 dy /T‘]/ 2y 'J“ (1 — -‘)
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21.

22,

23.

24.

25,

26.

27.

28.

29.
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91 about AB (the line x = 1):

o1 1 ] 2 1 i A ] : . 0 1
V= / A(y) dy = / ﬂ<| i \ﬂ) dy=m / (1~ 2!/1/.x +,z/“/")'[!/ =7|y— %!/t“ + é;/‘ /,sJ“
JO JO JO

5

iﬁ(l*’%+;): =

2 5 10
%R1 about BC (the line y = 1):

V=Jy Al@)dz = [} [7(1? = n(1 - 2*)®) do = [} [1 - (1 — 20° + )] d

!

16 3 6 T g 1 LY. L B
T/'l'_’“(_‘).l' *,l))(/.l = T 53T — 7 }[.—7&'(5 —7) = =T

%R about O A (the line y = 0):
1 1 = 2 1 .
V= / A(z)dx = / {ﬂ(l)“—rr(\/.?) }r/;r:?r/ (1 —.I‘)([.I':W[J'f%.I'HL’:TF(I —%) =3
JO JO J0O

2 about OC (the line z = 0); V = ‘[;: Aly) dy = ./;,l T(y*)? dy = W_/;,] y' dy = "[,‘:,!/5} =3
(

N2 about AB (the line 2 = 1):

5 1 1 1
V = / Ay) dy = / [rr(l)z — (1 — //2)21 dy=m / I,I (1 2oy ;1/1)] dy = ﬁ/ (2;/2 —y"dy
JO JO JO J 0O

R2 about BC (the line y = 1):

: 3/2 2 1 T
V= Ji Aw)de = [ w(1-VE) dr = [}(1 -2 o) do = mfo— 4092 + 37] = (1 - 4+ 3) = 3

%3 about O A (the line y = 0):

V= /.] A(z)dz = '/‘I [TI'(\/I_)— — 77(4"“)"’:| GEr==er /.I(.r — 2% dx = W[%J‘z — %.1'7]‘]] = TI‘(% — %) = ]ilﬂ’

Note: Let R =Ry + Ro + R3. If we rotate PR about any of the segments OA, OC, AB, or BC,, we obtain a right circular
cylinder of height 1 and radius 1. Its volume is 7r2h = m(1)® -1 = 7. As a check for Exercises 19, 23, and 27, we can add the

n U 7 5n 24745
answers, and that sum must equal 7. Thus, £ + Z 4 27 — (AR =7

PR3 about OC (the line z = 0):

2 DTG v 0/ . B/ 11 ~ 2
V=[ Aly)dy= [ {ﬂ( v !/) - ﬂ(!/')"} dy = [ (y** — y*) dy = /T[;-‘!/"/" - %.l/"] =n(3-4)=2r
. . bl ki) ( 0 [e )
Note: See the note in Exercise 27. For Exercises 20, 24, and 28, we have "—y” + £ ‘)—” =

N3 about AB (the line x = 1):

S| ' —1\ 2 1 ¥ . 2/
V= / A(y) dy = / [ﬂ(l — %)% - F(I - '\/I/) Jf/!/:ﬂ‘/ [(1*2!/“%/'1)*(1 ~2.1/'/"+!/“/")] dy
J0O J O J0O

1 1
- )e o /1 5 - 5 3 4/: 3, 5/¢ 2 8 g :
. W/ (—2¢° +y* + 2y — )y = ”[*i!/" + 3y + 3y - 2y H] =r(—2+2+5—-%8) =57
/s ; , 2 . 5 3T T3 3

-
S
]
2]
&
@
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@
=
o]
a
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o
o
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o
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30. M3 about BC (the line gi=1);

V = /'[ A(z) dz = ./‘l l:ﬂ’(l — 157)% — rr(l — \/T)l} dz = T‘/I"I [(] — 233 - #9) — (1—2x'24 z)| dx

) 0
1y o8 6y o 1/2 (1.4 1.7 4 83 1.3 ) i T 10
= rr./“ (—2z°4+2°+ 22/ —2)de =7 —3Z + 3z +33%° -z = 7T( = 3) = 537
2 24 [o 2
. Ay y s : 57 ™ 107 154+ 7420, -
Note: See the note in Exercise 27. For Exercises 22, 26, and 30, we have T+ §+ 5 = (22520 r =1

/4 : S
M.V = n/ (1 — tan® 2)% da
JO

0

32, y= (2~ 2)l and 8z — y = 16 intersect when y
(x—2)'=8zx—-16=8(z—2) <
(-2)'-8(z-2)=0 & (z- [(z—-2)° -8 =0 <
r—2=0 or v—2=2 & x=2o0r4.
+

y=(@=2* = z—32=

x =24 {/y [sincex > 2]. ”/3 X

8r—y=16 = 8r=y+16 = .r:ﬁg/-l~2‘ A

1
=

./(.‘m {lll) —(3y+2)]° - [10- (2+ W)‘z}’/'l/

B.V=rm / [(l — ())") — (1 - sin.r)gy dx
0

' y=1n
= / 12— (1- sinz)?] dz J

y=sinx
0 T X
B V=nm / {[sinz — (-2)]> — [0 — ( -2)]*} da 4 y=sinx
JO
= / [(sinz + 2)* — 2°] da
Jo 0 m X

521
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3.V = n/\: {[3 — (—2)* = { /2 +1 — (_2)]'2},1,, ; Yp 2

V38 '
2v3 5 <P
:7(/ _{52'(\/|+y")+2)}41y i
| —
bx=—2 (3,-2V2)

o 36. | jT/_ {(4 —cosz)® — [4 — (2 — cosz)]’} dx
d u)
& :ﬂ'/ [(-l—(ox:) —(2+(‘,()s.1')2] da
f 0

’ \/ 2"” k
=1 _’, y=COosXx

37. L y =2+ 2% cosz and y = z* + = + 1 intersect at
g b r=a~ —1.288and x = b =~ 0.884.
b
‘ V= 7r/ [(2 + 2% cosz)? — (z* + 2 + 1)?]dz ~ 23.780
y=2+x*cosx Ja
72 e )
0 o
38. 4 y=e"?+ ¢ y = 3sin(2?) and y = €/ + e~ " intersect at
o N

z=a~0.772andatz = b ~ 1.524.

b p N winyl
V=m / {{.‘isin(d‘ﬂ]a — (22 4o )“} dx =~ 7.519

Ja

(5]

1 y=3sin(x?

9. V=1 /‘” {[.\'ing.l'* (*l)r —[0— (*I)Jz}fllr y

. 2
y=sin"x

CAS 2
9 11 2
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V=m [mf,ﬁ (3 — ze!~"/2)2] dy y i
6 ] y=x
CAS . r Pyl e
=" m(—2¢* + 24e — 122) {
3= xe
0 X
T o ’? cos® z dz describes the volume of the solid obtained by rotating the region % = {(2,5) |0 <2 < Z,0<y < cosx}

of the zy-plane about the z-axis.

0 ]:’ ydy =7 [: ( \/; ) by dy describes the volume of the solid obtained by rotating the region
R = {(.r. y)|2<y<5,0<x< \‘/;f of the zy-plane about the y-axis.
I 2 1 - B ‘
T / (;/l — y\\) dy = / I(,t/' ) — (y I )'] dy describes the volume of the solid obtained by rotating the region
0 J0O
R={(z,y) |0<y <1,y <z <y} of the zy-plane about the y-axis.
T [ 2 [(1 + cosz)? Iﬂ dx describes the volume of the solid obtained by rotating the region
R = {(.r. y) | 0<a< Sy <1+ cos .} of the xy-plane about the z-axis.
Or: The solid could be obtained by rotating the region &' = { () |02 < Z,0<y < e ;s.r} about the line y = —
There are 10 subintervals over the 15-cm length, so we'll use n = 10/2 = 5 for the Midpoint Rule.
V:LWMMWQAA:E§HUM+JUMAAUU\JWMH.MKW
=3(18 + 79 + 106 + 128 + 39) = 3 - 370 = 1110 cm?®
V= [1°A(z)dz ~ Ms = 12=9[A(1) + A(3) + A(5) + A(7) + A(9)]
= 2(0.65 + 0.61 + 0.59 + 0.55 + 0.50) = 2(2.90) = 5.80 m*

7 10 . 2 2 v r\12 r (2112 r V12 . 2
@) V= [, nlf(x)]" de =~ r8322 {[f3)]" + [f(5)]* + [f(T)]* + [£(9)]*}

S [( 1.5)2 4 (2.2)2 + (3.8)2 + (3.1)?] ~ 196 units®
(b) 'V = .I;,I T ‘(OUICI‘ radius)® — (inner l'ildillh’)zl dy

~ w472 {[(9.9)% — (2.2)%] + [(9.7)? (3.0)?] + [(9.3)* — (5.6)%] + (8.7)% — (6.5)%] }

~ 838 units®

'l ) 5 —a2 . 1 {5a® + 18ac + 3[3b> + 14bd + 7(4"“) +5d%)| V7
(a) V= / 7| (az® + bz? + cx 4 d) V1 .l'“’J do &> =1 I ‘ }
J-1 b

(b) y = (—0.062> + 0.042> + 0.1 + 0.54)v/1 — z? is graphed in the :

figure. Substitute « = —0.06, b = 0.04, ¢ = 0.1, and d = 0.54 in the _\
< . cAs 37697
answer for part (a) to get | P r. ’__ ~ 1.263. 1 |
. 9375

—=0.5
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49. We’ll form a right circular cone with height / and base radius r by y
. . ) ] (hyr)
revolving the line y = x about the z-axis.

vh r 2 “h ,_: I‘ll 1. h
V=mx (— .:‘) de =7 — 22de =7 — —3 l AN
! '/(, h 5 Jo h2 h? |3 o 0 1, 0) W x
(1 1l 5
=nm—|=h’) ==nr°h
h?\ 3 3
2 r )
Another solution: Revolve x = ~7Y + 7 about the y-axis.
2
“h ] 5 ho T2 92
T o, * T 9 47 2
V= (*'—I'{ /') dy = —y = —y+7r°|dy y
4 Jo h Yy Yy ; Jo h2 y h Yy Yy 0, h)
’ : b _y=—hath
s T oo 2 ) 2 2 i 0 § r
=7|—=y" — —y~ +1r1 =m(zr°h—r°h+1r°h) = z7r<h or x=—Ly+r
: 1:.‘5//3 4 h Y j} 4 (3 ) 5 5
s i . r r —\
Or use substitution with u = r — 7Y and du = — o dy to get
1 1
= (r,0) X

!

0 o K ET1 51" Kf 1. 1 5
s U —du ) =—-m—|=u = - =r° | = =mwrh.
s r r|3 . r 3 3

2, R(EB=71) o 1(R—r g
Y im et ) - = 1
vy h y 3 h y

— /T[III.—)II — R(R—1r)h + :—],’(/)’ — I').J/I]

= Imh[3Rr + (R® — 2Rr + r?)] = 37h(R* + Rr + %)
H H—1 S : .
Another solution: T ’ by similar triangles. Therefore,
1 r o
hR
Hr=HR-hR = hR=HR-7) = H= [)' Y Now
=T W
=
V= %rﬂ’gll - %m““)(ll —h) [by Exercise 49] ‘ H
h
5 -hR Sl rH rhR
iTR? — gmr? H-h=— = == \
“R—r 3" R_v { "R TR@ER-1) 1 1
l B3 . F—-R "
= —mh l)—il = i7h(R® + Rr + 1'3)
3 R—r S

= L 7R? + 7r? + /(7w R?) (7r?)

w

h= lg(h + \_g + A/ hl_»)h

where A, and A, are the areas of the bases of the frustum. (See Exercise 52 for a related result.)
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im{2r® — (r—h) {.‘37'2 — (r* = 2rh + I:JH }

2/':‘7(I'~/l)[ 2 4+ 9rh — h? H

- %7{'(2‘1':‘ —2r% — 2r%h + rh? + 2r2h + 2rh? — /1:‘)

: = } 5 /
m(3rh® — h*) = L7h?(3r — h), or, equivalently, h> <r' - —;)

1/)7711/) b a—b )
= Y + —.
FR ARUBTESTg  T g

! d Tl Az ’
52. An equation of the line is © = XY + (z-intercept) =
Yy

h h
V = / A(y) dy = / (2x)* dy
JO
i 5 a—2> 4[) 2/( /'/' a—b +IBI
2 —y + = =
TR Y By e e i e

o 2 2 2 T 2
/ {(u II:/)) 2+ b(uh [)),I/ L [’“:l &
—b)° 5, bla=b) , tie "
2 4 b2
= i

= :—';((t —b)2h +bla — b)h + b*h = %(u“’ —2ab+ b + 3ab)h

= %(u2 + ab + 1;2)11

[Notc that this can be written as i‘(ll + A + VA1 A )/1, as in Exercise 50.]

If a = b, we get a rectangular solid with volume b*h. If @ = 0, we get a square pyramid with volume 1b%h.

2 h—y Y
53. For a cross-section at height y, we see from similar triangles that L =, S0y = l)(l — /—)
2

b/2 h

Similarly, for cross-sections having 2b as their base and 3 replacing v, 3 = 2b (I — —) So

h
& i y Y\
! '/“ (y)dy ./“ [h(l /;)H ’<l 7 dy
e “h % y?
' 2l“|f—)/f)1 12 ¥\
: ./(1 j ( h h ) ./u < h i h )>( d

3 1h
1/ Yy 7.2 |
w2y —L L Y| —op2[h — 1

{/ h 3/13]] ’ {’ - "h}

Il

b’h [= %IH: where B is the area of the base, as with any pyramid.]
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63. (a) The torus is obtained by rotating the circle (z — R)? + 3 = 2 about Y

et e Yo 2 . . ' . rtx=g(y) x=f(y)
the y-axis. Solving for , we see that the right half of the circle is given by s \ s

x =R+ \/r? —y? = f(y) and the left halfby z = R — \/r2 — y2 = g(y). So 0 ”‘,y ,

V=r[" {lf@? - [g)]*} dy =P
= J'r[“' Kll"‘) +2R /12 — 2 + 1 — ,t/z) - (ln"” — 2R /12 —y2 +1r? — g/“))] dy
=27 [ 4R /12 — y2dy = 87R ]“' V2 —y2dy

(b) Observe that the integral represents a quarter of the area of a circle with radius r, so

L 87R [ \/r2 —y2dy = 87R- ilm'") = 27%r?R.
0 64. The cross-sections perpendicular to the y-axis in Figure 17 are rectangles. The rectangle corresponding to the coordinate y has
¢ ] 2 ; 5 ane a heio e O AC — 20° - | ="l | AL :
a base of length 2 /16 — y? in the zy-plane and a height of 5 Y» since ZBAC = 30° and | BC| = 7 |AB|. Thus,
A(y) = 2=y /16 — y2 and
3
r 4 2 4 S35 2 0 1/2 . 2 y
V=[Aly)dy = 7 Jo V16 —y2ydy = = i gt / ’(‘% du) [Put u = 16 — y~, so du = —2y dy]
A g AN 128
= — 33 (64) = 33
ice h S : ; . s "
65. (a) Volume(S1) = [, A(z) dz = Volume(S2) since the cross-sectional area A(z) at height z is the same for both solids.

(b) By Cavalieri’s Principle, the volume of the cylinder in the figure is the same as that of a right circular cylinder with radius
: . 2
and height A, that is, 7r°h.
66. Each cross-section of the solid S in a plane perpendicular to the

x-axis is a square (since the edges of the cut lie on the

cylinders, which are perpendicular). One-quarter of this square p 0

and one-eighth of S are shown. The area of this quarter-square

is |[PQ|* = r? — x%. Therefore, A(z) = 4(r*> — %) and the

volume of S is \/
V = A/"’ A(x)dx = llfq’(/"', x?) dx

= 8(r® — z°) dx = 8[r?x — %.r:;"' = 183
K 0 3
67. The volume is obtained by rotating the area common to two circles of radius r, as y

shown. The volume of the right half is

2

Vign =7 [[7? y* dx == [/ [w’ — (r+ ..-)-] de

So by symmetry, the total volume is twice this, or = 77"

12
Another solution: We observe that the volume is the twice the volume of a cap of a sphere, so we can use the formula from
rereica: &1 L. e ® . 12209, — 271 .N2fn Lo\ — 5.8
Exercise 51 with h = 5r: V. =2. 3mh*(3r —h) = 2 t(zr) (3r—3r) = 5T
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