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APPLICATIONS OF INTEGRATION

6.1 Areas Between Curves
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504 [ CHAPTER6 APPLICATIONS OF INTEGRATION

8. The curves intersect when 2° — 2z =2 +4 < 22 -3z -4=0 < (Z+1)(z—4)=0 & z=—-1ord4.

.4
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22°=dz-2° & 22 _4r-0 o 2
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14. A= /" [(2 = cosz) — cos z] dx
J 0

2

= / (2 —2cosz) dx
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= [Zr - 2SiII.I'J
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15. The curves intersect when tan 7 — 2sinz  (on [—-7/3, T/3]) &

2sinx cosz —sinz =0 <«

/3

A= / (2sinz — tan ) dz

/3

n/3
=2 / (2sinx — tanz) da [by symmetry]
0

=2 {~2('(1H z — In [sec z| i
0
=2((~1~1In2) — (=2 — 0)]

=2(1-In2)=2—-21n2

2n(z —2) =0 <

SECTION 6.1

z=0o0r2,so

(0, -6)

¥y=2—cosx

sinz(2cosz—1)=0 < sing — Oorcosax =

i \_/ ‘2':
-1 {- Y=COS X

1
2

sinz = 2sina cos z

AREAS BETWEEN CURVES
/7
(4x = x?) — »2
/|
A x

O

(2 = cos x) — cos x

Ax

~

& x=0o0rz = Jl{

2sin X — tan x
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16. 2° —z=3z & 2®—4s=0 &
z(2°—4)=0 & z(z+ 2)(z—-2)=0 <«

z=0,—-2,0r2.

A= /.‘- |3z — (z° — )| dx

—L, /.2 [317 — (P = 1:)] dx

[by symmetry]

7.
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=2/(8—mﬂmm+2/(mﬁ—&¢r
Jo Jo
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A= / [(4+ ) = 2;1/2] dy
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= x=0o0r4,so
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JO

0
=2[dy - $°]) =2(8- &) = 2 27

e Ay

(4 +y?) —2y? 3




SSaasasurs

e e

0 42+2°=12 & (z+46)(c— 2)=0

A= [ 42 +3) ]y = [~ 22+ 3], = (-
Y
\ b
(2,2)
0 Sineee
(3,0) x
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21. The curves intersect when 1 — Y=y*—1 & 2= 2y° &

.1 ;
A= [ -y -t -1 a ?
J—1

<~ T=-6orx=2,

wiro

SECTION 6.1

AREAS BETWEEN CURVES [

Soy = —6ory = 2 and

(=]

“ls

—2+6) - (18—-18—18) =22 —

Wi

]
:/ 2(1 - o) dy
J =1

(I=p3)=(y>—1)

y=x

(1,1)

y=sin(3

23. Notice that cos 2 = sin 2z — 2sinzcosx <
2sinxcosx —cosz =0 <« cosz(2sinz —1)=0 <«

2sinz=1lorcosz =0 « g= % Or 2.

/6 /2
A= / (cos z — sin 2x) dx + / (sin2x — cos ) dx
JO

Jr/6

£ : /6 ; " T /2
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L 2 0 2 w/6
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I
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24. The curves intersect when cosz = 1 — cos z (on [0,7]) & 2cosz =1

/3 T
A= / [cosz — (1 — cosz)] da + / [(1 —cosz) — cosz] dx = /
J 0 P

w/3

r B w/3 ™
= l‘_) sinx — J'}
0 w/3
.\.
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3
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25. The curves intersect when 22 = 717 &
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28. The curves y = 322 and y = —4x + 4 intersect

SECTION 6.1

y=8x?

—y =3

y
when 322 = —4z + 4 [forz >0] < 2
3 +4r-4=0 & (Br-2)(z+2)=0 =
=2 Thecurves y = 8z and y = —dz + 4 It
intersect when 82 = —4z + 4 [forz > 0] <
82° +4z-4=0 & 22°+2-1=0 <« o
23

2z -1)(z+1)=0 = z=
.1/

= / —(H.r") — 3.1'2) dr + /
Jo J1/2

_—

[(—«-1.1‘ +4) — 3.:'2} dx

"1/2 2/3 pllpi 2 SNF) ,
— / 5a° da + / (=32 — 4z +4) dx = |',—r;.'(""|(l]/~ + ‘\*.I"; - 2z° 4 11;1}
0 1 -

/2

=36 -0+ B -2 +43)] - [-3F -2 + 43)]

— 45 _ 64 _ 192 576 27 108 432 _ 68 __ 17 ~ ) 21E
— 216 216 216 + 216 aF 216 & 216 216 — 216 ~ 5: [" ()"”')]

29. An equation of the line through (0,0) and (2,1) is y = g.z‘; through (0, 0)

and (—1,6) is y = —6x; through (2,1) and (—=1,6)isy = w%r + I—:

() i _
A= / ‘(7—;1
f

+£2) — (=6z)] dz + /

J0

(<32 + %) — L) de

(0]
B L e e 0 13 2 2
“T[S' +'L[+:i[ 17 +"o

30. A= / [(—3z+5) - (~%z +5)] rl.r+./;) [(—52+5) — (z - 4)] dzx

= /~%7-)1‘4l.1'+/ (—%‘1 ﬁ-‘))(lz
0 J2

NS
~

= (5 -0)+ (-2 +45) — (-18 4+ 18) =

of

5 8
24 20
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31. The curves intersect when sin z = cos 2z (on 0,7/2) <

(2sinz —1)(sinz+1) =0 = sing = 4

bsoasg
/2
A= / sin 2 — cos 2z| da
JO
/6 /2
= / (cos 2z — sinz) dz + / (sinz — cos 2x) dx
Jo Jr/6

I

. /6 S
H sin 2z + cos .I'J (‘1/ + [— cosx — sin 2.1‘J

=2 /3~

32. The curves intersect when VZ+2=2 = z4+2=z°2 = 2 —z=—9—0 =

r=-lor2. [-—1is extraneous)

/2
m/6
=(EV3+3V3) —(0+1)+(0-0) - (-1 V3 1 v3)

A= ./“.4 Ve +2 - | do= /”-) (Vz+2 - x) dx + / (z - m) dx

J2

= [5’(1 + 2)3/2 — %.TzJ

_a(TT o2 (TN e o 1=
33. Let f(x) = cos ( 2 ) sin ( 1 )and NG — 3
The shaded area is given by
A= [} f(z)dz ~ M,

=ilfG) +7R) +7(3) +£(2)
~ 0.6407

34. The curves intersect when ¢/16 — 23 — ¢ =
16-2"=2® = 22°=16 = 3-8 = z=—09
Let f(2) = V16— 2% — zand Az = 250,

- The shaded area is given by

A= [ f(z)de ~ M,

2

=iF@) +73) +£3) + £ (3)]

 2.8144
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y
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|
I
ki X
z
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‘\v
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.
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v
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2+ 2,2)
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We start by finding the equation of the tangent line to y = 2 at the point 16
Y g q g p

y' = 2z, so the slope of the tangent is 2(1) = 2, and its equation is

y—1=2(zx—1),ory =2z — 1. We would need two integrals to integrate with
respect to x, but only one to integrate with respect to y.
1
PR 1.3 1 2,.3/2
A= [i [3y+1) - ] dy = [:.{/ + 5y — 3% :
ik 1 y A |
=itTa-5=%
5 By the symmetry of the problem, we consider only the first quadrant, where
!
1 : D) C o
b Yy=z° = z= \/(; We are looking for a number b such that
i
i b 4 b 1
b — - 2(,3/2|° _ 2l s/9 e
ji / \/;d:flz/' Vydy = 3[!1 f J“ = 7[!/ L =
1d Jo Jb ] ]
B2=a32 32 o gpS2og o B2y o o g3 s 2.52. '
—17° — 11 IR 9 8
—| =|— =l e e =
z |, @z a 4  a a 5
: (b) The area under the curve y=1/2>fromz =1toz = 4 is -; [take a = 4 in the first integral in part (a)]. Now the line
3 y = b must intersect the curve 2z — 1//4 and not the line z = 4, since the area under the line y = 1/4° from z = 1 to 1
i E
i x =4 isonly % which is less than half of 3. We want to choose b so that the upper area in the diagram is half of the total i
| area under the curve y = 1/2” fromz = 1 to 2 = 4. This implies that
il - ’ 1 3 . ’ g b
Ik (]/\/17— 1)([;1/:%~% = [2 y~y]h :;f = 1-2\/Z+b:;f = i
4 b—2vb+ % = 0. Letting ¢ = v/b, we get ¢* — 2¢ + % =0 =
i
8¢* — 16c +5 = 0. Thus, ¢ = 16+ vPE=T60 _ 1 | B Butc=vh<l =
c=l- = h=Pai4d- 8oLy —4v/6) ~ 0.1503. E
51. We first assume that ¢ > 0, since ¢ can be replaced by —c in both equations without changing the graphs, and if ¢ = () the
b curves do not enclose a region. We see from the graph that the enclosed area A lies between z — —¢ and z = ¢, and by L

symmetry, it is equal to four times the area in the first quadrant. The enclosed area is

A=4[5(*-2%)ds =4 [z - sa°|c =dfa® — i3 = 4(2c%) = &¢8

80A=576 & 2c°=576 & =216 o c= 6=5

Note that ¢ = —6 is another solution, since the graphs are the same.




