Trigonometric Substitution

Trig. Substitution is often used when the integrand involves:

a’® — u? or a® + u? or u? —a?|,

Throughout this handout, is a positive constant.
Logic Reduces Memorization
If let then get Thus if integrand has try letting
. a
u = asin@ u
0
U g 7 _ .2
o =sinf ar—u a® —u? u = asinf
u=atanf Va? + u?
‘ u
" 9 ~ [ ]
o = tan a a® +u? u=atanf
u = asect U
7 W2 — a2
a = sect a u? — a? u = asecl

SUMMARY CHART

Lo if f(u) then do 1.e. do
Goal: Find [ f (u) du o trig. sub. trig. sub. need & get
working reality
Jrecall] form form
(1) f\/a;hiiug:sin_lg%—c a*—u? | u=asing | §=arcsin (%) | |4 <1[-2<0<T (%)
(2) aﬂ‘u? =ltan ' 4+¢ |a®+u? |u=atanf |6 =arctan (%) | none |-2<O<ZI (k)
(3) fum = sec*1%+c u? —a* | u=asech | 6 =arcsec (¥) | 1< |%

(31) if secfd >0 (sou>0) a<u [0<0<T (k3+)
(37) if secf <0 (sou<0) u<-a|F<0<7T (x3-)
Helpful for when NE sign is involved.

(1) || If the integrand involves a® — u?, then let u = asin# and will have:
Va2 —u? = +a?—a?sin’0 = a\/1—sin?0 = a|cos | W Gcosd
(2) || If the integrand involves a® + u?, then let u = atan§ and will have:
V212 = V@ ratan’l = avlttanld 2 a |sec 6| ®  ysecd
(3%) || If the integrand involves u? — a?, then let u = asec@ and, in the case that a < u, will have:

Vur—a? = +va%sec?0 —a? = avsec? —1 = a|tan 6| bt + atand

If the integrand involves u? — a2, then let ©w = asec and, in the case that u < —a, will have:

Vu?—a? = +a?sec?f —a?> = aysec?l—1 = a |tan 6| Co)  tand

(3)

If book does not provide enough info to determine which (3) to use, then use (3%).

Self-check: if (A) does not follow from cos? @ + sin? # = 1, then you picked the wrong trig substitution.
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Trigonometric Substitution

Example 1: Using Trigonometric Substitution, derive the formula

dx a 1 T
/ﬁ 20 —tan ' = + C.
a® +x a a

Let @ > 0. Since the integrand involves an expression of the form a? + 22, as suggested in the
Summary Chart, we try the substitution

: (subtitution)

Let’s calculate what will be useful for our 0-df substitution:
dr =
a’+a° =

where at (%) we used 1 + tan? 6 = sec? §. Now we are ready to substitute into the original integral:

/ dz B
a2+ 22

Example 2: Using Trigonometric Substitution, evaluate the integral
/ V9 — a2
——dx.
x

Observe that 9 — 22 = (3)* + (x)°. Since the integrand involves an expression of the form 3% — 22,

as suggested in the Summary Chart, we try the substitution

T = : (substitution)

Let’s calculate what will be useful for our 6-df substitution:
dr =
V9 — 22 @ V32— a2 =
where at (x) we used cos? @ + sin?§ = 1. Now we are ready to substitute into the original integral:

/\/9—x2
T2
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Trigonometric Substitution

Example 3: Evaluate [

dzx
2 —22410"

/ dx
2 — 22+ 10

+C

Example 4: Evaluate

/"’3:_‘/5 dx
om—2 X222 -1
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Trigonometric Substitution

Example1 5: Evaluate the 1n11:egra1 [ == e 2+9) dz .1 Since the integrand
—_— = 5 = —0——03 , where w=2r and a=3,
(422 4 9) ([22]° +32) (u?+a?)
contains a u? + a?, as suggested in the Summary Chart, we try the substitution u = atan to get
20 = 3tanf (sub)

2dx = 3sec® 0 df
42249 = (22)° +3% = (3tanf)* +3% = FPtan’h+ 3> = 32 [tan® 6 + 1] W 32502 :
where at (%) we used 1 + tan? @ = sec? §. Now we are ready to substitute into the original integral.

dx 3 sec? g db 31 sec? 6 db 1 df 1 )
— = 2 = - = —— = 3 - = 2 cos”  df
[4x2 + 9] [32 sec? 0] 23 sect § 2.3 sec? 2.3

1+cos(26)
— -

- /(1+cos(29)) W= s {/1 d0+/cos(20) da]

_ 22_133 [ / | d6+% / cos(20) (2d9)}

1 1.

now use a half / formula: cos?f =

We want our answer in terms of x, not #. Using 2z = 3tanf, we can compute (A TRIG FUNCTION)(f) but
we have sin (20). To get rid of that unwanted 2, we use the double £ formula sin(26) = 2sin 6 cos 6.

1 1 )
= 7.3 [9—1— 3 2sin @ cos@] +C

1 1
:ﬂﬁ + 57 33sm9(3089+0

How to find (THE NEEDED TRIG FUNCTION)(#)? Reference Triangle using original substitution.

2 it ) dj
2r = 3tanf = tanﬁz—x :w. Know : sin&zOP;p& cosf = 29
3 adjacent hyp. hyp
hyp. V32 + (27)2 = V42?2 + 9
A 2 2
~ [ ] ~ [ ]
3 - 3
1 ) 2x n 1 2z 3 LC
= arctan . .
22. 33 22.3% 422+ 9 422+ 9

1 2 1 x
SpLopdctan{o )t o g
2
+

1 arcta < * +C
= —_— I‘ n —_— e —
108 3 18(4x2% 4+ 9)
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