§10.TS (§10.8-10) Taylor Polynomial/Series Lecture Examples

Setup. Given y = f (z) and o in an interval I. Know the derivatives of y = f(") () exist for each = € I and for each n € N.

The N"-order Taylor polynomial for y = f(z) at zg is:

"(x (N) (o

pn(x) = f(zo) + f'(wo)(x — z0) + / é‘ 0) (x —x0)2+ -+ fN(‘O)(x —z0)V, (open form)

which can also be written in open form as (recall that 0! = 1)
Oz Oz @z ) (g . FN) (g
which can also be written in closed form, by using sigma notation, as
N £(n)
pn(z) = z% fn(!l‘o) (x — o)™ . (closed form)
So y = pn(x) is a polynomial of degree at most N and it has the form
- h £ (o)
pn(z) = ch (r — x9)" where the n*™ Taylor coefficients ¢, = ——— are constants.
n!
n=0

The ¢, is choosen so that f( (z) = (pn)(”) (z9). Knowing y = Py (z), how can you find y = Pyy1 (2)?

N+1 N
py+i(E) = Y e (w—a0)" = [Z en (& —a0)" | + (e (x = 20)" ™) = Py (@) +enta (z—m0)VH
n=0 n=0

The Taylor series for y = f(x) at z¢ is the power series:

" (n)

Poo(x) = f(x0) + f'(x0) (2 — 20) + f ;:‘UO) (x —z0)2+ -+ fn(‘x(])(;p —zo)" +... (open form)

which can also be written as
(0) 1 2 (n)
Py (.CI?) = ! 0('x0) +f 1('1'0) ($—$0)+f27('x0)(x—x0)2+' . '—l—fn('wo)(.l’—wo)n—i-. .. 4 the sum keeps on going and going.
The Taylor series can also be written in closed form, by using sigma notation, as
©  £(n)
Po(z) = Z% fn('””O) (x — zo)" . (closed form)

The Maclaurin polynomial/series for y = f(z) is just the Taylor polynomial/series for y = f(x) at 29 = 0.

Example 1. Given the function f(z) = ﬁ with center at zo = 0.

Helpful Table for Example 1
n £ () £ () "2 f(0) | e L) e S20
0f@1—a) (1-0)"'=1 G=1=g=1
1 —(—2)2 (=)= (1—2)? (1-072=1 n=1=1
2| 2(1—2)?(-1)=2(1—-2)"° 2(1-0)7° =2 Z=-2Z=1
312(3)(1—2) (=) =311-2)" 31(1—-0)"*=23! a=1
413 (A —2) P (-1)=4(1—2)° A(1-0)" =4l 4=1
5041(5)(1—xz)%(=1)=5/(1-2)° 51(1—0)"% =5 S=1
65 (6)(1—z) " (=1)=6!(1—2)" 6! (1—0)""=6! &=
n
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§10.TS (§10.8-10) Taylor Polynomial/Series Lecture Examples

1.1. Find the N*"-order Taylor polynomial of f (z) = - centered at 29 = 0 for N = 0,1,2,3, 4.

1-z
Do not use > -sign.

po(z) = , cleaned up, Po () =
p1(x) = , cleaned up, P1 () =
p2 (x) = , cleaned up, P2 () =
p3(x) = , cleaned up, P3 () =
pa(z) = , cleaned up, Py () =
1.2. Express the 4"-order Taylor polynomial of f (x) = ﬁ centered at o9 = 0 in closed form (i.c., with S -sign).
pa(z) = cleaned up, Py () =

1.3. Fill in the last row in the Helpful Table for Example 1.
1.4. What is the n'" Taylor coefficient of f (z) = - centered at ¢ = 0?

1—x

Cn = forn=20,1,2,3,4,5,....

1.5. Express the N*-order Taylor polynomial of f (z) = —— centered at 2y = 0 in closed form (i.c., use -sign).
1—x AR AN

PN (l’) = , cleaned up, PN (.’E) =
1.6. Find the Taylor series of f (z) = 12— centered at zo = 0. Use closed form (ic., use S-sign).
Poo (ﬂf) = , cleaned up, Poo (‘T) =

1.7. Express the Taylor series of f (z) = 1= centered at zo = 0 in open form (i.e., usc .. .-sign).
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§10.TS (§10.8-10) Taylor Polynomial/Series Lecture Examples

1.8. Find the interval of convergence of the Taylor series of f (x) = ﬁ centered at xg = 0.

». Aside. Let’s think about this example some more. We were given the center g = 0 and the function

fla) = —

1—z°
Then we have computed the Taylor series Py, as

Py (x) =) 2™ (1.1)
n=0

and showed that power series series in (1.1) converges when |z| < 1.

Recall that for the Geometric Series
1

o0

Zr" =15 > which is valid when |r| <1,
—r

n=0

which we showed some time ago by considering the s, — rs,. Replacing r by x we get

1 o0
= Za:" , which is valid when |z| <1,
1—2z
n=0
which gives that the function y = ﬁ has a power series representation.

Theorem 1.1. Power series vs. Taylor series.

If a function y = f (z) has a power series representation about center x = xo with radius of conv. R > 0,
then that power series representation is the Taylor series for y = f (z) about center x = xg.

Le. (just going to repharse ... )
If for some R > 0

oo
f(x) = Z cn (x —x9)" , which is valid when |z —xo| < R (1.2)
n=0
then the c,’s must satisfy
B ) ()
Cp = ——=
n!

and so the power series in (1.2) is the Taylor series of y = f (x) about the center x = xg.
To see why this Theorem is true, see the handout Power Series vs. Taylor Series.

Warning.

It is possible for a function not to be equal to it’s Taylor series, which as radius of convergence R > 0.
For such a function f, all its derivaties f(™ exist so you can (formally) write down it’s Taylor series.
But it’s Taylor series does not converge to the function f.

For an example of such a function, see the handout Power Series vs. Taylor Series.

In this example the center is 9 = 0 and the Taylor series is P, (x) = 0 for each z € R.

But f (z) = 0 only when x is
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2.1.

§10.TS (§10.8-10) Taylor Polynomial/Series Lecture Examples

Example 2. Given the function f (z) = sinz with center at xg = 7.

Helpful Table for Example 1
k|21 /(@) J) (o) " f) () n o L) b )
sinz sinm =0 %:%:O
CcosT cosm= "1 _1—!1:—%:—1
—sinx —sinm =0 %:0
—coszw —cosTt=—("1)=1 3 =+3
sinz sinm =0 % =0
CcoS cosm= "1 —571:_%
—sinx —sinmt =0 %:0
—cosx —cosm =1 %ZJr%

» Note f@®) (2) = O (z) so derivatives repeat/cycle in sets of 4.

Find the N*'-order Taylor polynomial of f (x) = sinz centered at xog = 7 for N = 0, 1,

...,8and N = 11.

Do not use > -sign.

po(z) = , cleaned up, Po () =
P1 (ﬂf) = , cleaned up, P11 (f) =
D2 (l’) = , cleaned up, P2 (ﬂf) =

Now let’s just do the cleaned up version from the onset.

p3(z) =

pa(z) =

ps(z) =

pe (z) =

pr(z) =

ps(z) =

p11(x) =

» Why do we use the term N*® order Taylor polynomial instead of N*" degree Taylor polynomial?
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§10.TS (§10.8-10) Taylor Polynomial/Series Lecture Examples

2.2. Express the Taylor series of f (x) = sinz centered at xop = 7 in open form (i.e., use .. -sign).

Py (z) =

2.3. Find the Taylor series of f (z) = sinz centered at xy = m. Use closed form (ie., use S-sign).
Hint: (—1)an even number = while (_1)an odd number _
POO (I) = , or, POO (,I) g

2.4. Find the interval of convergence and radius of conv. of the Taylor series of f (z) = sinz centered at zy = 7.

2.5. Time to recall one of the Commonly Used Sequences. Let z € R.

n

> n
Show that E x—' is absolutely convergent (hint: ratio test). Conclude that lim S
n!

n—oo n!
n=1

2.6. Show that f (x) = sinx is equal to it’s Taylor series centered at xy = 7 for each z € R. Le., show that

sinx = for each z €R. (2.5)
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§10.TS (§10.8-10) Taylor Polynomial/Series Lecture Examples

Example 3. Given the function f (x) = In (1 + z) with center xy = 0.

Helpful Table for Example 3

n £ () F0) () "2 f(0) | e L) e L20
0| In(1+x) In(1+0)=0 §=9%=0
1 (142)! (140)'=+1 =+
2| —(1+z)? —(1+0)%=-1 St=-1
3| *2(14a)7° 2(14+0)7% =42 2 =4}
417311 +2)* Bl1+0) =3 | =]
5| T4 (1+2)° FA(L+0)7° =44l | H =41
6| 5'(1+x)° 5l(1+0)C=—5 |D=_1
do next line later in &~ 3.2
n | when n > 1: (—1)"71 (n—D!(1+2z)™" (—1)"71 (n—1)! (—1)"*”1!(71—1)! — (_17):71

3.1. Find the N*'-order Maclaurin polynomial of f (z) =In (1 +z) for N =0,1,2,3,4 and N = 7.

3.2.
3.3.

Do not use > -sign.

, cleaned up, Po (.’E) =

p2(z) =

, cleaned up, P1 (.’E) =

, cleaned up, P2 (SU) =

Now let’s just do the cleaned up version from the onset.

pr(z) =

Fill in the last row in the Helpful Table for Example 3.
What is the n'® Maclaurin coefficient of f () = In (1 + x)?

Cp —

forn=1,2,3,4,5,... and co =
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3.4.

3.5.

3.6.

3.7.

§10.TS (§10.8-10) Taylor Polynomial/Series Lecture Examples

Express the N*'-order Maclaurin polynomial of f (z) = In (1 + z) in closed form (.., use >-sign).
When N =0 we get pp () =0. And when N =1,2,3,4,..., we have

pN () = , cleaned up, PN () =

Find the Maclaurin series of f (z) =In (1 + x) Use closed form (i.e., use S-sign).

POO (ZL’) = , cleaned up, Poo (ZE’) =

Remark. If we apply method of power series (the ratio/root test then check endpoints) then we would
see the interval of convergence of the Maclaurin seris for f (z) =In(1+ ) is (—1,1].
You should do this after class!

. Fact. The function f (z) =In (1 + x) is equal to it’s Maclaurin series on the interval z € (—1,1]. Le.,

In(l4+z) = when  z € (—1,1]

Pretty cool but hard to show for x € (—1, —%) So we’ll just show it in the easier case that = € [—%, %]

Show that on the interval [—%, 2], the function f (z) =In (1 + z) is equal to it’s Maclaurin series.
Le., show

In(l+z) = when — (3.7)

1 =
IN
8
IA
ool o
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