Definitions/Ideas §10.2 Infinite Series Basics

. Start with a sequence {a,},- . (In above Ex., a, = 5). Think of {a,},, as an ordered list of numbers, i.e.,

{an}nz = {a1,a2,a3,...}

. Form the corresponding (formal) series > > | ap. Think of the series > a,, as
o o0
Zan = a1+ay+az+... note Zak.
n=1 k=1

. Look at the corresponding n'! partial sum s,, where

n
def
Sp:=a1tax+---+a, = Zak
k=1

So we get the sequence of partial sums

o
{Sn}nzl = { a , a1+az, ai+as+a3, ai+as+az3+ag, a1 +ag+az+ag+as, }
~— N———
S1 S92 S$3 S4 S5

. Beware: for a series ) a,

e the n'! partial sum of 3" a, is sn & ar+ag+... +an

e the n'! term of > a, is a, .
Since s, = (a1 + ...+ an—1) + an = Sp—1 + an, we have that relation that a,, = s, — sp_1.
. We say that the infinite

5.1) series > a, converges provided the sequence of partial sums {s,}, converges
5.2) series > a, diverges to Too provided the sequence of partial sums {s,}, diverges to "oo
5.3) series > a, diverges to “oo provided the sequence of partial sums {s,}, diverges to ~oo .
5.4) series Y a, diverges provided the sequence of partial sums {s,}, diverges
We write (in the first 3 cases, i.e., in 5.1, 5.2, and 5.3) as:

[e.e] n

z:l an = nh_}rgo Sy = nh_)rgo (a1 +as+...+a,) = nh_}n(go ; ay .

n= =

. It doesn’t matter where you start Theorem Note: Zgil ar = (a1 + a2+ ...+ a) + Zg:w ay.

So > an and Y7 |- a, do the same thing amongst the choices from 5.1-5.4.

o Y | a, converges (to some finite number) < > > - a, converges (to some finite number).
(warning: each series converges but the finite number they converge to may be different).

o Y > | a, diverges to oo & Yo7, ay diverges to oo.

o Y | a, diverges to —oo & Y - a, diverges to —oc.

o Y, ay diverges & Yo7 7 ay diverges.

. n*"_term test for divergence.

Since: If Y a,, converges, then lim,_,~ a, = 0.

get the Test: If lim,, o0 ay, # 0 (which includes the possiblity that lim,, ;o a, DNE), then ) a,, diverges.
Warning: If limy,—y00 @y, = 0, then it is possible that ) a, converges and it is possible that ) a,, diverges.
Remark: The n'P-term test (for divergence) can show divergence but can NOT show convergence.

. Let > a, is a positive termed series (which just means that each term a,, > 0). Then s,, < s,11 and so
the the sequence {s,},, is /7, i.e., is nondecreasing and so

® EITHER {$p}, CONVEIrges (tosome finite number), in which case Y a,, converges and > >~ | a,, = limy, o0 Sy,

® OR {sn}, diverges to oo, in which case ) a, diverges to oo and Y .7 | a = limy, 00 5, = 00
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