Math 141 HANDOUT

' E‘undamental Theorem of Calculus (FTC)I

Let f: [a,b] = R be a continuous function.
Let F': [a,b] — R be a function.
e If F is an antiderivative of f on [a,b] (i.e. F'(z) = f(z) for each z € [a, b]), then

b b
/ e = / F'(g)de = F(b) - F(a) .
o If F(z) = [T f(t) dt for each = € [a, b], then F is an antiderivative of f on [a,b], i.e.

F'(z) = D, { [ 1 dt} = f(@).

| Basic Differentiation Rules|

If the functions y = f(z) and y = g(z) are differentiable at z and a and b are constants, then:
L. D laf(z) + bg(z)] = af'(z) + bg'(z)
2. D [f(z) - g(z)] = f'(z) - g(z) + f(z) - ¢'(z)

. [%J = T @@ 96 provided  g(z) # 0

4. D, [f(2)]" = r[f(@)]" f(z) provided re€Q
If f is differentiable at z and g is differentiable at f(z), then:
5. Dz [9(f(2))] = ¢'(f(2)) f'(z)

’Generalized Exponential and Logarithmic Functions with base a where a > 0 but a # 1]

FTC

DERIVATIVES = INTEGRALS
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DERIVATIVES

2 U
D, sinu = cosu —

|TRIG and CALCULUS]|

FTC
—

INTEGRALS

/cosudu——-sinu + C

dx
D, tanu = sec® u d_u /seczudu=tanu + C

b

du

D, secu = secutanu oo secutanudu =secu + C
%

D, cosu = —sinu d—z /sinudu= —cosu + C

o, du 2
D, cotu = —csc ua cscudu = —cotu + C

du
D, cscu = —cscucotu 5= cscucotudu = —cscu + C
4y
MORE INTEGRALS
/tanudu = —lIn|cosu| + C = Inlsecu| + C
/cotudu = Inlsinu| + C = —lInjcscu| + C
/secudu = Inl|secu + tanu| + C = —lIn|secu — tanu| + C
/cscudu = —lInfescu + cotu| + C = In|cscu — cotu| + C
FTC
DERIVATIVES — INTEGRALS (a > 0)
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B\Iatural Logarithm Fn. y =Ilnz AND Natural Exponential Fn. y = exp;]

T dt )
Ing Z° / - nat. exp. fn. = inverse of the nat. log. fn.
1

In: (0,00) = (—o00, 00) exp: (—o0,00) — (0, 00)
y=Inz = T =expy

3 a unique e € R so thatlne = 1 et "R exp(z)
z,y>0&reqQ z,yeER&reqQ
elnm = ln(ez) —

Ind =) =1
In(zy) =lnz + Iny e® e¥ ==ty
2 e®
i T . Al 2
ln(y) =lnz — Ilny i
In(z") = r(lnz) () =™

LGeneralized Exponential y = a® and Logarithmic y =log, x FllnCtiOIE,
bvithbaseawherea>0buta;é1 and b>0butb;éﬂ

log, =In

flz) = g® = =4 : (—00,00) = (0, 00)
g(z) = log,z = the inverse of the fn. iz =a" : (0,00) = (—00, 00)
y = log,z — T = o¥
Inz
(loga b) (logb C) - ]'Oga, (& — ].Og‘1 r = m
z,y>0&reR z,YyeER&reR&0O<b+#1
al%8a® = g log,(a®) ==z
].Oga = O 0,0 — 1
loga (Zy) = loga. T + loga Yy az ay = a”"+y
lo (E)—lo — lo @ _ v
Ea v = Ba T Ba Y ay_a
log,(z") = r(log, z) (a®)" = a®"
(ab)® = a®b® and (%)w = Z—,,-



di
cosh = ging = PP tanf = OP;I,)
yp hyp adj
sinz CcosST 1 it
tanz = cotz = — SecT — CSCT = —
coszT sin z cosz sinz
LBasic Inverse Trig Functions—l
. — | - T
y=sinf <& O=sin"'y where —1<y<1 and ?§9_<_§
Yy =cosh <& 9_=cos"1y where —1l<y<1 and 0<b<nm
y=tanf << O=tan"ly where yeR and —771-<0<g
y=cotd << f=cot™ly where yER and 0<b<m
y=secl <& O=secly where ly| > 1 and 0505%,9#%
y=cscl <& f=cscly where lyy>1  and —TWSHS_%,H#O
Math 142
Entegration by Parts: Judv = w— [ vdu}

L’I‘rig Identities:

(*) do not have to memorize but should be able to use if give;'

cos(2z) = cos® z — sin’ z
14 cos(2
e T +C+(z>

cos(s +t)

=) cosscost —sinssint

cos(s — t) O cosscost + sinssint

IF INTEGRAND INVOLVES

az—uz
a? + u?
uz—az

sin(2z) = 2sinz cos z

sin

=
Bl s cgs(Zm)

sin(s + t) = sin s cost + cos ssin t

sin(s — t) ® sin scost — cosssint

| Trig Substitution|

THEN MAKE THE SUBSTITUTION

RESTRICTION ON @

u = asinf e~ @ = gin~1Y _—WSGSI
a 2 2

4 = atanf e @ = tan—1Z _—W<0<I
a 2 2

u = asech e~ O = sec ¥ OSHSW,O#%
a



INFINITE SERIES -  SUMMARY

| GEOMETRIC SERIES: WITH RATIO r | AND & =0)]

=~ 2 nverges <1 N — pNH1
Sem = (l+r+ri+ritrtie.) = {co I Since Zr"zafv - i g
=t diverges |r|>1 n=0 1-r
P-SERIES
= f1\* <A £ Cally 5 & Y 0. converges p > | Show this via Integral Test.
T(_ w Xk e l+(.-) _-_('. ...(- +.. o= X . ; :
S =P it 3 A diverges p<1 If p=1.it's called the harmonic series.

(n*"-TERM TEST FOR DIVERGENCE|
The Test: If lim,_.oq an £ 0 or limy, . 4, DNE, then T ap diverges,
Because: If ¥ a, converges, then lim, o ay =0
Warning:  If lim,,_ a, = 0, then it is possible that 3~ a,, converges and it is possible that 3~ a,, diverges.
Remark: The n** can show divergence but can NOT show convergence,

DEFINTTIONS
Tay s absolutely convergent _ [ Tlan| converges |
Zas  is conditionally convergent = [ Tlan| diverges AND  Ta, converges |
T an s divergent = [ T an diverges |

BIG THEOREM

Theorem:
If 3~ |an| converges. then 3 an converges.

So we get for free;
If 5~ up diverges, then T lan| diverges.

| MUTUALLY EXCLUSIVE AND EXHAUSTIVE POSSIBILITIES |

implies

T an s absolutely convergent = | T las| converges = L an converges |
T a. s conditionally convergent <= [ Tlan| diverges AND S a, converges ]
T an s divergent - [ T an diverges tnple 2 lan| diverges |

PROBLEM: we need to figure out if an infinite series 3 a, is: absolutely convergent, conditionally convergent, or divergent.
SOLUTION: we apply one of the below TESTS that will give us the answer. Which one ... well, pattern recognition time. Sometimes
more than one test will work! For some of the tests, we need to find the appropriate 3" by, which is usually a well-known series (like
A geometric series or p-series) that we know whether it converges or diverges.

NAME STATEMENT OF TEST

POSITIVE-TERMED SERIES TESTS
S a, where a, >0 YneN

Key Idea 3 an converge {8~ }%-, is bounded above (since a4 20 = s, /)

[ntegral Test . Let f: [1,00) — R be continuous, positive, and nonincreasing function with fln)=ap,¥n e N,
Then [:a., converges <= flmf(z)d:r convergm] :

Comparison Test ([0S a, Kb >Ny & Y by conv. | = [ X an conv. |

(cT) [0S bn S an ¥ 2 Ny & T by, divg. |= [T an divg. |

Limit Comparison Test Let b, > 0 and lim, .o f;l =L

(LCT) f0< L < o0, then [ T a, conv. 3 bn conv. | (you DO need to memorize this one)
6L =0, then [ 3~ b, conv. = T a, conv. ] (you do not have to memorize this one)
L= co, then [ 3" b, divg. = Y a, divg. ] (you do not have to memorize this one)

ARBITRARY-TERMED SERIES TESTS
2an where —x<a,<oo YneN

Ratio Test Let p = limp o |22,

Root Test Let p = limn—oe /an] "Z° limy .o jan*.
DLpcl = Los converges absolutely
p =1 = test is inconclusive

1 <p <2 = T a, diverges (by 0" term test for divergence)

ALTERNATING SERIES TEST
Ya, = Y (-1)"u, where Un >0 YneN, inother words an = (=1)"uy and u, > 0

Alternating Series Test (AST) [Un > tUni VREN& limp oot =0] = | Y a, = $(-1)"u, conv. ]




0. Fill in: the boxes in problem 0A and the lines in problem 0B.
0A. Taylor/Maclaurin Polynomials and Series

Let y = f(x) be a function with derivatives of all orders in an interval [ containing .
Let y = Py(z) be the N*™'-order Taylor polynomial of y = f(x) about zy.

Let y = Ry(z) be the N*"-order Taylor remainder of y = f(z) about z.

Let y = P (z) be the Taylor series of y = f(z) about zo.

Let ¢, be the n'™™ Taylor coefficient of y = f(z) about zg.

In open form (i.e., with ... and without a > -sign)

@) (g 3) (g (V)
PN(@) = = flao) + fao)lo~20) + I @ gt L @ gy y oy SO
In closed form (i.e., with a Y -sign and without ... )

(n)
Pu(e) = ST gy

n=0 "
In open form (i.e., with ... and without a > -sign)
@) (g (n)
Pul(z) = f(z0)+ f'(z0)(z— 20) + & 2(, TS SN n(,xO)(x — z0)" +

In closed form (i.e., with a Y -sign and without ... )
oo
F™(z
Pu@) = L1220 (o gy
n=0

We know that f(x) = Py(z) + Ry(z). Taylor’s BIG Theorem tells us that, for each z € I,

(e

Ry(z) = Es

(z — zo) N+ for some ¢ between | and | Zo

The formula for ¢, is

™ (z0)

n!

Cn =

A Maclaurin series is a Taylor series about the center T =10




0B. Volume of Revolutions. Let’s say we revolve some region in the xy-plane around an axis of revolution
so we get a solid of revolution. Next we want to find the volume of this solid of revolution.

e In parts a, fill in the blanks with: T or y.

e In parts b and c, fill in the blanks with a formula involving some of:

2, 7, radius , radiuspig , radiusiiye , average radius , height , and/or thickness .

». Disk/Washer Method. Let’s find the volume of this solid of revolution using the disk or washer method.

a. If the axis of revolution is:

e the z-axis, or parallel to the z-axis, then we partition the z —axis.
e the y-axis, or parallel to the y-axis, then we partition the Yy —axis.

b. If we use the disk method, then the volume of a typical disk is:

7 (radius)? (height)

If we use the washer method, then the volume of a typical washer is:

7 (radiuspig)? (height) — 7 (radiusjgge)? (height) < 7 [(radiusbig)2 - (radiusmtle)ﬂ (height)

c. If we partition the z-axis, where z is either z or Y, the Az = height

». Shell Method. Let’s find the volume of this solid of revolution using the shell method.

a. If the axis of revolution is:

o the z-axis, or parallel to the z-axis, then we partition the ¢ -—axis.

e the y-axis, or parallel to the y-axis, then we partition the _z -—axis.

b. If we use the shell method, then the volume of a typical shell is:

2m (average radius) (height) (thickness) 2 27 (radius) (height) (thickness)

c. If we partition the z-axis, where z is either z or Y, the Az = thickness < radiusypi; — radiusyge
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