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1. INTRODUCTION

Let k be an integer > 2. Trifonov and the author (cf. [3],[4],[15]) have recently made
improvements on the gap problem of finding an A = h(z) as small as possible such that
for x sufficiently large, every interval of the form (x,z + h] contains a k—free number.
Although, one expects such h to exist with h as small as clog? & for some constant ¢ (K.
McCurley and A. Zaccagnini, independent private communications), the best result to date
is that one can take h = ca!/(2¥+1) Jog x. This was established recently in the case k = 2
by Trifonov and the author [4] and for general k by Trifonov [15]. One can generalize this
problem by considering an irreducible polynomial f(z) € Z[z] and ask for an h = h(f(2), z)
as small as possible such that for x sufficiently large, there is an m € (z,x + h] for which
f(m) is k—free. Necessarily, one needs to require that

(1) ged(f(m),m € Z) is k — free.

The gap problem mentioned above then corresponds to the case that f(z) = z. The general
problem was considered by Cugiani [1] and Nair [9,10] and is related to work of Nagel [8],
Ricci [12], Erdés [2], Hooley [6], and Huxley and Nair [7]. In particular, Nair [10] showed
that if K > n + 1 where n is the degree of f(z), then one can take

(2) h = an/(?k—n—{—l)‘

This result generalized (and slightly improved) a theorem of Halberstam and Roth [5]
which stated that for every e > 0 and for h = x'/(2¥) *¢_ there is a k—free number in the
interval (z,z + h]. We note that if & > n + 1 and the greatest common divisor of the
coefficients of f(z) is 1, then (1) holds (cf. [11]). An improvement on (2) follows from the
work of Huxley and Nair [7 (take t = k — g 4+ 1 in Theorem A)|. Their work implies that
if k> n+4+ 12> 3, then one can take

(3) h = cmn/(2k—n+2)‘

One can further reduce h by a power of logz. A direct application of the techniques in
[15] do not improve on (3). The purpose of this paper is to show that one can in general
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do significantly better than (3) by employing different methods. Our methods here will
be based on establishing some polynomial identities which are reminiscent of polynomial
identities used by Huxley and Nair [7]. We shall also make use of divided differences which
were initially used for such problems in the work of Trifonov [13,14] (also, see [3]). Our
result is

Theorem. Let f(z) € Z[z] of degree n with f(z) irreducible. Let k be an integer > n+ 1
satisfying (1). Let r be the greatest integer satisfying r(r — 1) < 2n. Then there is a
constant ¢ = ¢(f(z), k) such that for x sufficiently large, there is an integer m € (x,z + h|
for which f(m) is k—free where

h = ca:n/(Qk—n-l—r).

Observe that since r(r + 1) > 2n, one may replace r above with (=14 /8n + 1)/2 or
with v/2n — (1/2). Thus, we have increased the denominator in (3) by > v/2n — (5/2).
One can again reduce h by a power of log « in our results, but we do not concern ourselves
with this reduction. We note that with h as in the Theorem, one can obtain asymptotics
for the number of m € (z,z + h] for which f(m) is k—free. Asymptotic results were
obtained by the previous authors in their works. Also, we do not consider the case that
k < n; however, the material in this paper is presented in such a way that the techniques
can easily be applied to such k. Given an irreducible polynomial f(z) of degree n, Nair
[9] obtained estimates for the smallest & such that if (1) holds, then there are infinitely
many integers m for which f(m) is k—free. To obtain his results, he necessarily considered
k < n. The results of Huxley and Nair [7] give a slight improvement on that work. More
specifically, they show that for some values of n, one can reduce the smallest k£ permissible
in the work of Nair [9,10] by 1. Our methods do not improve further on this application of
the results in [7], so we do not emphasize results related to & < n. We note, however, that
some improvement on the gap problem for £ < n can easily be obtained from the methods
here and that the larger k is the better the resulting improvement.

2. PRELIMINARIES

We will make use of the following notation:

f(2) is an irreducible polynomial in Z[z].

n is the degree of f(z).

k and m will denote positive rational integers with k satisfying (1).
z is a sufficiently large real number (depending on f(z) and k).

h = h(k, f(2),z) is such that lim,_, ., h = 0.

p is a fixed root of f(z).

K =Q(n).

R is the ring of integers in K.

{wi,...,w,} is a fixed integral basis for K over Q.

o1,...,0, denote the homomorphisms of K which fix the elements of Q.
E will be a fixed element in R.
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N(u) = Ng/q(u) = [[j=, 0j(u) (where u € K).

||u|| denotes the size of an element u in K (||u|| = maxi<;<n |o;(u)]).

¢, c1,¢o ... and implied constants, unless otherwise stated, are positive constants de-
pending on f(z) and k. Constants other than ¢ are independent of c.

u is primary means that |[u|| < c;|N(u)|'/™ where c; is a constant (cf. [9]). This differs
slightly from Nair’s use of the word “primary,” but it is sufficient for obtaining our results.

J denotes a subinterval of (z,z + h].

S denotes the set of u € R such that u is primary and such that thereis a v = v(u) € R
and a rational integer m = m(u) € J for which u*v = E(m — p).

Si(a,b) ={ue Sy :a’/™ <|[u|| <b/"}.

S(CL, b) = S(:B,l,+h](a, b)

Lemma 1. Let T > 0. Let
Nie(z)=|{m:z <m <z +h, f(m)is k — free}|,

P(z) = Hm:x <m<x+h, pF|f(m) forsomeprimep>T}|,

and

p(p*) =[{i €{0,1,...,p" =1} : f(j) =0 (mod p*)}|.
Then . .
and

P(z) < maXZ 1,

where the maximum is over all E from a fixed finite set of algebraic integers in K and the
sum is over all pairs (u,v) with u and v € R, u primary, |[u|| > coT*™, and u*v = E(m—p)
for some rational integer m € (z,x + hl.

The proof of Lemma 1 can be found in [9], so we omit its proof here. We take T =
hy/logx. Thus, the error term involving w(T"), which represents the number of primes
<T,is <€ h/+/logz. To estimate P(z), we divide the interval (z,z + h] into subintervals
of length H. Our goal will be to find an upper bound on S;(t,2"t), say U, which is
independent of the subinterval J C (z,x + h] with |J| = H and independent of E. It will
then follow that

(3) |S(t,27t)| <« <% + 1) U.

Then we will use that

Pz) <Y ’S(Qj"ch, 2+ 0men )
7=0
This idea for bounding P(z) can be found in [7], [9], or [10].

Our next lemma provides us with the means to estimate S;(t,2"t) and, hence, the
right-hand side of (3). Again the result is a consequence of [9].
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Lemma 2. Let J C (z,z+h]. Let B > 0 andt > 0. Suppose that for every u € Sj(t,2"t),
there are < 1 numbers o with ||a|| < B for which v+ « € Sy(t,2"t). Then

t

S5 (6,2")] < o

+ 1.
With s an integer in [1,k — 1] and with
H = cqt=9)/n

for some constant cg, Nair [10] showed that one can take

(4) B = 641*_1/(25"'1)t(k‘|‘5+1)/(n(25+1))7

for some constant ¢;. Huxley and Nair [7] obtained improvements on the results in [10] by
showing that Nair’s choice of B above can be used with

H = C5t25(k_5)/(n(2s+1))x1/(25+1)7

for some c5. In this paper, we will pursue the ideas of Huxley and Nair a little further and
show that if we decrease Nair’s choice of B by a small amount, we can increase his choice
of H by a considerably larger amount. Their work was based on constructing polynomials
with some good approximation properties, and likewise we will need to develop similar
polynomials.

3. SOME POLYNOMIAL IDENTITIES

The work of Halberstam and Roth [5] was based on a particular polynomial identity
which was later generalized by Nair [9]. The polynomials which occurred in Nair [9] were
not given explicitly until the work of Huxley and Nair [7]. The following lemma follows
from the latter (though our polynomial Qs i (u, a) is expressed differently).

Lemma 3. Let s be a non-negative integer < k — 1. Let

Ps,k(u,a) _ (k' + 8)! Z(—l)j (8) ( (28 —j)! aj(u +a)s_j

s! = ) (k+s—j)!

and

I 57,

«

(ke (s)(@s—jx

i) (k+s—j)!

=
=
3
£
|
“,
g

i=0

Then P i (u, ) and Qs i(u, ) are homogeneous polynomials in Z[u, ] of degree s which
satisfy

(5) (u+ a)sz,k(u, a) — Ust,k(U, a) = G,k (u, a),
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where G 1,(u, @) is a polynomial of degree k — s — 1 in the variable u and, hence, divisible
by a2s—|—l .

The polynomials in Lemma 3 will play a major role in the arguments of this paper; we,
therefore, present a proof of Lemma 3. Our proof will differ from that given by Huxley
and Nair. It is easy to verify that P; r(u,a) and Qs x(u, @) are homogeneous polynomials
in Z[u, o] of degree s, so we only concern ourselves with establishing (5). For convenience,
we ignore for the moment concerns about our polynomials being in Z[u, o] and seek first
to construct P (u,a) and Qs k(u, ) in Qu, a] which are homogeneous polynomials of
degree s and which satisfy (5). To motivate the argument, we assume first that we have
polynomials satisfying (5). By differentiating the equation

(u+ )" Py oy (w, @) — w1 Qg py1 (u, @) = G oy (u, @)
with respect to the variable u, we obtain (5) with
Psyk(ua O‘) = (k + 1)P3,k+1(u7 O‘) + (u + a)Ps,,k+1(u: O‘)?

Qs k(t, ) = (k4 1)Qs k11 (u, @) + uQ joy1 (u, @),

and
Gop(u,a) = Gls,k—l—l(uﬂ ).

In other words,

4 ((u+ o) T Py ey (u, @) = (u+ ) Py p(u, ),

du

and p

@ (uk+1Qs,k+1(u: Oé)) - qus,k(u7 Oé).
Hence, we want

1
(6) Py g1 (u, ) = T o)t /(u + )" Py go(u, o) du
and
1

(7) Qs,k+1 (u,a) = uk+1 /qus,k(uaa) du:

where the constants of integration (which may depend on «) are chosen so that the right-
hand sides above are homogeneous polynomials in Q[u,«]. We are not making claims yet
that the constants can be so chosen. The point here is that if an identity like (5) is to be
possible, then the above must all be possible. We are therefore motivated to use (6) and
(7) to construct our polynomials.

We have not yet defined Py i(u, ) and Qg k(u, ), but it is convenient to do so. We
define

Prr(u, ) = u*  and Qrr(u,a) = (u+ a)k.
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Thus,
(8) (u+ ) Py (u, @) — u*Qp i (u,a) = 0.

Motivated by the above, we integrate both sides of this equation with respect to u. Observe
that with the change of variable v = u+ « and a suitable choice of constants of integration

/(u +a)* Py (u, @) du = /(u + a)*u” du = /vk(v — o)t dv
_ i‘)(_l)j (’;) o /v%—j dv = i(—l)j (’“) ﬁaﬂ'(u )2kt

7=0 J
This last expression is divisible by (u+a)**! so that after integrating the first term in (8),
we can rewrite it in the form (u+ a)**1 Py, 441 (u, a) for some Py, py1(u, @) € Qu, a]. Simi-
larly, after integration, we can rewrite the second term in (8) in the form u*+1 Qg 41 (u, @).
In other words, after integrating in (8) and replacing k with k& — 1, we are led to

(9) (u+a)*Py_1 g(u,a) —u*Qp_1 p(u,a) = Gr_1 x(u, a),

where

A k—1 1
P — 1) B J k—j—1
h—1,k (U, @) ;:0:( ) ( j >2k—j—1a (u+a) ’

— (k-1 1
Qk_Lk(u,a) = Z ( j )moﬂuk—]—l,
7=0
and Gg_1 r(u,a) is necessarily a polynomial depending only on a. It is not difficult to
determine G_1 r(u, a) explicitly, but observe that since Pr_; (u, ) is of degree k — 1 in
u, it is not divisible by u”* so that (9) implies that Gr_1 x(u, @) # 0. Also, the left-hand
side of (9) is a homogeneous polynomial of degree 2k — 1 so that G—1 x(u, o) must be also.
We now continue by repeatedly integrating both sides of (9). It is easy to check that
after a total of k — s integrations (replacing k by k — 1 after each integration), one is led
to (5) with

S

1

Poolu,a) = ;)(_l)j (;) 25—+ 1)(25—j+2)-(25—j+ (k—s)) o (u+ )"

and

. (s 1 : :
s,k(U, Q) = . . - , ol utT,
ekl ) ;,<J)<2s—y+1><2s—y+2>-~<2s—]+<k—s>)
(k+s)!
st
left with polynomials in Z[u, a]. The resulting polynomials can easily be rewritten in the

The polynomials thus constructed are in Q[u, a; after multiplication by we are

form given by the lemma.
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Corollary. Let P; i(u,a) and Qs x(u,a) be as in Lemma 3. Then

Qs,k(u7 (1) = Ps,k(u + «, —a).

This simple Corollary will be useful in the remainder of this section. It is also motivated
by the fact that if one replaces a with —a and then u with u + « in (5), then one is left
with an equation which is similar to (5).

The polynomials P; j(u,a) given by Lemma 3 here are the same as those obtained
from Lemma 2 of [7] with e = f = s and z = a/(u + ). Observe that (5) implies that
for j € {0,1,...,s}, the coefficient of a*~7u**7 in (u + a)* P, 1(u, ) is the same as the
coefficient of a*~7u? in Q, x(u,). In particular, (5) and P; x(u, @) uniquely determine
Qs,x(u, ). This implies that if we obtain @ r(u,a) from Lemma 2 of [7] in the same
manner that we obtained P j(u, ), then we must get the same Q, r(u, o) given in Lemma
3. Hence, we get from the work of Huxley and Nair [7] that

*(k—s+i—1) (2s=5)(s\ ; o
Qs’k(%a):;( (k‘—sil)!) ( s!]) (J) Hut )™

The Corollary of Lemma 3 implies that P (u, o) = Qs x(u + o, —a). Thus, we obtain the
following new expression for P, j(u, o).
Lemma 4.

S

Paslue) = 3oy Bl B (B g

= (k—s—1)! s! j

Before continuing, we give a brief description of what our immediate goal is. For the
moment, fix s as in Lemma 3. Let r be a positive integer. We seek next to find » + 1

polynomials Py, ..., P, in Z[u,a,...,a,] which cause the expression
PO P1 Pr
10 —+—++
(10) ukf " (u+ap)k (utar 4+ +a)k

to be small in absolute value. One of course can find such P; which cause the expression
to be 0. In addition, however, we will want to choose the P; so that at least one of them is
non-zero and so that they are each themselves fairly small in absolute value. We will also
wish to view u as being large in comparison to the a;. Lemma 3 corresponds to the case
in which r = 1 with Py = Ps 3(u, 1) and P; = —Q, (u,a1). It was observed by Huxley
and Nair [7] that by increasing the size of r to 2, it is possible to decrease the maximum
size of the P; in Lemma 3 without altering the relative size of the expression in (10). The
main idea in this paper is centered around this idea of Huxley and Nair. We will choose
r to be considerably larger in order to decrease the maximum size of the P; in (10). We
will do this at the cost of increasing the size of the expression in (10), but the factor we
will be increasing this expression by will be considerably smaller than the factor we will be
decreasing the size of the P; by. This latter fact will enable us to get the results mentioned
in the Introduction.
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For simplicity in notation, we momentarily fix s and define
P(u,a) = Ps p(u,a) and Q(u,a)= Qs r(u,a).

We consider the following array:

P(u, 1) Pu,a1 + o) P(u,o1 + o2 + a3)
Plu+ ai,—ai1) Plu+ a1,a2) Plu+ ar,as + as)
Plu+ a1 + az,—a1 — az) Pu+ a1 + az, —azg) Plu+ a1 + az,as)

Plu+ ol +az+az,—a1 —az —a3) Plut+ar+az+as,—az —a3) Plutar+oaz+as,—a3)

so that if f; ; is the element in the i*® row and j* column, then

( i1 i1
Plu+d ap =Y af| ifj<i-1
(11) fij =4 = =

We form our choice of polynomials P; in (10) by considering a divided difference to ap-
proximate an (r — 1)* derivative of +P(u,a) with respect to a. To obtain P;, we make
use of elements from the (z + 1)th row above and the first » columns.

As an example, we consider the case r = 2. We take

Po=fig—fig, Pr=—(fe2— fo1), and Po = f39 — f31.
By the definition of f; ; and the Corollary to Lemma 3, we get in this case that
Py =P(u,a; + a2) — P(u,a1), Py =—-Plu+aj, o)+ Qu,ay),
and

Py =Q(u+ aj,az) — Qu, a1 + ag).

Observe that P(u,a) and Q(u,«) are polynomials of total degree s in u and « and of
degree s in the variable u whereas Py, P;, and P5 are of total degree s in v and a but only
of degree s — 1 in u. If we clear the denominator in (10) and rearrange terms, we obtain

(u+ al)k ((u + o +a2)kP(u,a1 +ag) — qu(u,al + ag))
—(u+ o1 4+ a)® ((u + o) P(u, ;) — qu(u,al))
—uF ((u + o + ag)kP(u +ag,az) — (u+ al)kQ(u + al,a2)) .

By Lemma 3, the above is a polynomial of degree at most 2k — s — 1 in the variable w.
Viewing a3 and ay as small compared to u, we get that the expression in (10) is of order
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< max{|ay|, |ag|}2Tlu=(ktst) - With r = 1, Py = P, x(v,0), and P, = —Q, x(u,a),
Lemma 3 gives that (10) is < |a;[?*T1u~(*+s+1), We will not distinguish yet between the
relative sizes of the |a;| so that the bounds we get on the expression in (10) for the cases
that » = 1 and r = 2 are the same. Thus, we have decreased the maximum size of the P;
without altering the bounds we obtain for the expression in (10). This corresponds then
to the role of the polynomials constructed by Huxley and Nair in [7, Lemma 6).

For general r, we proceed as follows. Consider i and j with 1 <:<r+land1<j <r.
Set
( Ay if 1 S 1 S 1—2
aez<ag+ag+1 flf=:-1
(e7AR} leSEST’—l,

and
( a, if1<e6<5—2
off =S ap+apy, ifl=j5-1
L apy, ifj<t<r—2
Define
A=A = [ (af +efy+ - +al),

lgfl SZQS?’—Q

where the superscript will be used for later purposes. In the next section, we will also need
to distinquish between different values of A; ; obtained from different choices of a1, ..., ar;
we will write A; ; = A; j(a1,...,a,) for such purposes. One easily checks that

(12) Ai,j = Aj_|_17i if ¢ <7 and Ai,j = Aj,z'—l if ¢ > j.
Let

(13) Piy = (1)1 (=1 A jfi .
j=1

The definitions of Py, ..., P, given by (13) are simply divided differences of +P(u, o) which
approximate the (r — 1) partial derivative of £P(u, ) with respect to a. There is an
aspect of these definitions which is very important to us. Although the (r—1)'" derivatives
are taken with respect to «, the degreee of the polynomial with respect to u is decreased by
r — 1. To see this, observe that as a polynomial in u, the coefficient of u*~7 in P(u,a) is a
polynomial of degree < j in a; in fact, it is a multiple of a?. Hence, the divided difference
above will result in the coefficients of u*,...,u*""12 being 0. In other words, each P; is a
polynomial of degree at most s —r + 1 in w.
From (13), we get that

r+1

> i
P (ud+oq +- +a;_q)"

r+1 r r+1 -1

. )i Aiifi )i Aiifi
ZZ e 1u+a1+-3--—]i—al-_1 ZZ T 1u+a1+-3---3|-042'—1)k'

=1 j=1 =1 5=1
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Observe that in the first double sum on the right-hand side above, the range on i may

be restricted to 1 < i < r since when ¢ = r 4 1 the inner sum is vacuously 0. Also, (12)
implies that

r4+11—1
S3 (it Aijfij
u+a1 ++al—l)k

=1 5=1
r r+1
—3 S (it Aji1fi
u+a1_|_..._}_ai_l)k

J=li=j+1
_ Z Z )it Ajifiti,
(utay 4 4 a;)*
j=1l1i=j
_ Z Z pyiti _ Aiilirni
Pl (u+oq +--- + aj)

From the Corollary to Lemma 3 and (11), we now get that
(14)

P (udar 4+ +a;_1)k

_ ZZ )it ( Aijfi B ALt )
21“ (utar+- - +ai)f (ut a4+ +a)k
Y Nyt (Pl b o bay)
(u+oay +-- +a;_1)
Quta ‘|‘""|‘ai—1:ai‘|‘"'+aj))
(Ut +-- +aj)* '
Note that the left-hand side of (14) is the expression in (10). To get an estimate on this

expression, we use the definition of the A; ; and apply Lemma 3 to the right-hand side of
(14). We arrive at

Lemma 5. Let r and s be integers with 1 <r < s+ 1< k. Let B and t be positive real
numbers with B < t'/™. Suppose that |u| < t}/™ and that |a;| < B for 1 < j < r. Define
Py,..., P, asin (13). Then each P; is a polynomial of degree at most s — r + 1 in u and
of total degree at most s + ((r — 1)(r — 2)/2) in the variables u,ay, ..., a,. Furthermore,

=1 j=1

Py P P, 9 v B
S . S B B2st1 +((r=1)(r=2)/2) = (k+s+1)/n
Uk+(u+a1)k+ +(u—|—o¢1+--'—|-0ér)k<< ,

where the implied constants depend on r, k, and s.

Next, we examine P, more closely. We first obtain a lemma which will help us in this
regard. Let £ be a non-negative integer, and consider the expression

E = Z Arirj(og + ajn + - + o)
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FE is a polynomial in a4, ..., a, and can be viewed as a divided difference which is divisible
by

I[[ (w+onii++aw).
1§£1§E2§7’—1

It is easily checked that the remaining factor is 0 if £ < r—1 and a homogeneous polynomial
of degree { —r + 1 if £ > r — 1. In the latter case, the next lemma asserts that whenever

Z§:1 ej =f —r+1 with e, ..., e, non-negative integers, the coefficient of aj*ag? .- agr
in the remaining factor is negative.
Lemma 6. Let r > 1. Given the notation above,
E=— H (Oé£1+"‘—|—ag,_,) E,7
1<, <l <r—1
where E' = 0 if £ < r — 1 and otherwise E' is a homogeneous polynomial in Z[ay, ..., a,]

of degree { — r + 1 having positive coefficients.

If £ <r—1, the result is clear. To prove the lemma, we suppose that £ > r — 1. We use
induction on r. The case r = 1 is easily seen to be true. For r =2, £ = —(ay + a2)z +af,
and the result follows by applying the binomial theorem and factoring out —ay. For
j€{l,...,7}, Arq1,; is a polynomial which is independent of «,.. Since the product on
the right-hand side above is independent of ., E and E’ have the same degree with respect
to a,.. Hence, F is of degree at most £ — 1 in «,.. For r > 2, we consider the coefficient of
al in E where i € {0,...,0 —1}. It is

r ' / '
S (1) A, (Z) (g + g1+ + )

r—1

14 . |

= <Z> H (e +opyr+- - +arq) E (—1)1A9(aj +ajp1+ -+ o)t
1< <r—1 =

for some polynomials A’ in Z[a,...,a,_1]. We clarify here that the A, ; occurring

above are Afﬂ:zl’j. It is easily checked that A; = Af:j_l) for 1 <j5 <r —1, and the lemma
follows.

From (13), we have that

P, = (—l)rZ(—l)jAH_l,jP(u +ar+ e,y — g — o — Q)
=1

We write P(u,a) = Y;_,(—1)‘ara’u®"*, where by Lemma 4, a, > 0 for each ¢ €
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{0,1,...,s}. Thus, from Lemma 6, we get that

Pp=(=1)" > (1 A1 > as(ag+ i+t an) (ut o+ +a,) "
1=1 £=0
=(-1)"> ag(utar+F o) T (1) Ay (g ajin o+ o)
= (-1 [T (et ton)|dalutra+- +a) " B,
1<, < <r—1 £=0
where E, = 0 if £ < r — 1 and otherwise Ej is a homogeneous polynomial in Z[ay, ..., o]

of degree £ — r + 1 with positive coeflicients. The next result follows.

Lemma 7. Let r be an integer with 1 <r < s+ 1, and let P, be defined as in (13). Then

Pr:(—l)r—l-l H (Qﬁzl +'~-+Oé£2) L(u,al,...,aT),
1S£1§£2§T‘—1

where L(u,aq,...,qa,) is a homogeneous polynomial in Z[u,aq,...,a,] of degree s —r + 1
with positive coefficients.

Lemma 4 and Lemma 7 are considerably stronger than we require. To obtain Lemma
7, we needed that the coefficients of P(u, ) alternate in sign as above rather than the full
strength of Lemma 4. Furthermore, we will use only that L(0,0,...,0,a,) # 0 rather than
the full strenth of Lemma 7.

4. FURTHER PRELIMINARIES

We return now to our discussion at the end of Section 2. Fix EF as in Lemma 1. Fix
J C (z,z + h| with |J| = H, where H is a real number > 1 to be specified momentarily.
Let y € J. Recall the notation m(u) in the definition of S;. For any u € S;(¢,2"t) and
any o € {01,...,0,}, we get that
[(m(u) —o(p)) —y| < H + |o(p)| < H.

Thus,

(13) = s (o) = s 0 (i)

Note that the above holds for any u € S;(¢,2"t). We will make use of




SHORT INTERVAL RESULTS FOR IRREDUCIBLE POLYNOMIALS 13

Lemma 8. Let ¢1,...,¢4 be any d functions from R into the real numbers having the
property that for each a € R, there is a ¢; with 1 < j < d such that |¢;(a)| > 1. Letr
be a positive integer, and let ' = r?. Let oy, ...,a, € R. Then there exist non-negative
integers i(0),...,i(r) with i(0) <i(1) <--- <i(r) <r'" and a ¢ € {¢1,...,Pa} such that

‘gb (ai(j)+1 + Oéi(j)_|_2 + R + ai(j—{—l))’ 2 1 fOI‘ aﬂ] & {0, e, T = ]_}

To see why Lemma 8 holds, consider ¢} € {¢1,..., ¢4} such that |¢](ay)| > 1. Then
we can take ¢ = ¢}, i(0) = 0, and (1) = 1 and find #(2),...,i(r) as in the lemma unless
there exists /(1) € {1,...,r" —r3=1} such that

|1 (@ )1+ @iy + o Favagy)| <1 forall j e {1, r 7}

So suppose that the latter holds. Let ¢y € {¢1,...,¢q} — {1} with |¢5 (i (1y41)] > 1. We
can take ¢ = ¢4, ¢(0) =4'(1), and ¢(1) = ¢'(1) + 1 and find #(2),...,4(r) as in the lemma
unless there exists i'(2) € {i'(1) + 1,...,i (1) + pd=1 _ rd_z} such that

|¢’2 (ai'(2)+1 +F ai’(2)+j)‘ <1 forallje{l,... r 2}

We suppose the latter holds and observe that this last inequality necessarily is satisfied if
we replace ¢4 with ¢}. Continuing in this manner, we eventually obtain a positive integer
i'(d — 1) < r' —r such that

|¢' (ira—1y41 + -+ Qwa—ny4s)| <1 forall j €{1,...,r} and all ¢' € {¢,..., ¢} 1},

where ¢],...,¢!,_, are distinct elements of {¢1,...,¢q}. The one remaining element of
{#1,..., 04}, say ¢/;, must satisfy

|gz$2i (ai’(d—1)+1 +--- 4 ai,(d_1)+j)| >1 forallje{l,...,r}.

Hence, we can take ¢ = ¢/, i(0) = '(d—1),i(1) =d'(d— 1)+ 1,...,i(r) =i(d—1) +r,
and the lemma follows.
Divide the complex plane into disjoint quadrants @1, ..., Q4 defined by

Qr={a+bi:a=b=0 orbotha>0and b>0}, Q2={a+bi:a<0andbd>0},

Qs ={a+bi:a<0and b<0}, and Q4 ={a+bi:a>0andb<0}.

We will use Lemma 8 with d = 4n and

oir1(a) faeQ;

Paitj(a) = { 0

otherwise,

where i € {0,...,n—1} and j € {1,2,3,4}. Since for every a € R, thereisa j € {1,2,3,4}
such that « € Q@ and a o € {01,...,0,} such that |o(a)| > 1, the conditions of the lemma
are met. We now fix u’ € S;(t,2"t). Let r and s be integers with 1 <r <s+1<k. We
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will show that for B appropriately chosen, there are < 1 numbers o' such that ||&/|| < B
and v’ + o' € S;(t,2"t). We may therefore assume that there are at least r’ = r4" = rd
such non-zero /. We denote these by of,a] + a),...,a] + -+ + al,. Observe that
llay + -+ + || < B for each j € {1,...,7'} and that ||} + o}, + - +a}|| < 2B
whenever 1 < i < j < r’. By Lemma 8, there exist i(0),...,i(r) with 0 < (0) < i(1) <
e <i(r)<r'"and a ¢ € {¢1,...,¢q} such that if

o :a;(j)_H—I-a;(j)+2—|—---—|—a;(j_|_1) forall j € {0,...,r — 1},

then
| (a;)| =1 forall je{0,...,r—1}.

Since each a; is necessarily in the same quadrant of the complex plane, so are any sums
composed of the a;’s. In particular, we get that for some o’ € {oy,...,0,},

(16) lo' (i +---4+a;)|>1 forallie {l,...,r}and j € {s,...,7}.

We fix a; as above and u = u' +af + -+ —I—a;(o). Then u + oy + -+ + a; € 5;(t,2™t)
for each j € {1,...,r} and ||a; + aj31 + - + ;|| < 2B for 1 < ¢ < j < r. For every
o' € R with ||¢/|| < B and v’ + o € S;(t,2"t), there is an o with ||a|| < 2B and
u+tag+---+a,+a=u +a; thus, it suffices to show that there are < 1 values of o € R
such that ||a|| < 2B and u+ a3 + -+ + a, + a € Sy(t,2"t). Let a1 denote any such a.
Let Py, P1,..., P. be any algebraic integers in K. Then either

T

(17) Zv(u—l—al—i----—i—aj)Pj:O
3=0

or there is a o € {01,...,0,} such that

(18) o Zv(u—l—al—l—‘--—l—aj)Pj > 1.
3=0

Suppose for the time being that (17) does not hold, and consider any o € {o1,...,0,}.
Then (15) implies that

(19)
U(Zv(u+al‘|‘"'+aj)Pj> _ ZJ(E) (m(u—l-al + .- —I—CYj)—CT(N))U(Pj)

olu+ar+---+a;)k

i=0 i=

3

. maxo<;<r{|o(P;)[}H
O-(u+a1++a])ka(PJ)+O< tk/n

IIlaX()Serﬂo-(Pj)'}H
=o(E)yo ;(u+051‘|‘“'+aj)k ‘|‘O( thk/n )
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Observe that if B > ¢!/ then the upper bound on |S; (t,2"t)| in Lemma 2 will be

dominated by the number 1. Now, suppose that B < ¢'/™. We consider P;forj €{0,...,r}
as in (13). Then Lemma 5 implies that

) r(r—1)/24(s—r+1)/n
ax {lo(F)[} < B t :

Since P; is a polynomial,
o (Pj(u,aq,...,0..)) = Pj(o(u),0(a1),...,0(ar)),
and Lemma 5 implies that

. P; 2641 +((r—1)(r—2)/2) ,—(k+s+1)/n
< B t .
g Z (u+ay +--- —|—aj)k

=0

The idea now is to choose B and H so that (18) cannot hold and, hence, so that (17) must
hold. Observe that y € (x,z + h]. Let

We consider
B < CGt(k-l—s-I—l)/(n(2s+1+w))x_1/(25+1+w)

and

H < C7t(k—s+7’—1)/nB—r(7’—1)/2

— C7t—(25—1—2—7")(7"2—1—25—219—37"—|—2)/(271,(2.s—|—1—i—w)):vr(r—1)/(2(2.s—i—l—l—7.u))7

where ¢g and c7 are sufficiently small positive constants. Observe that if » = 2, then w =0
and our choice of B and H is the same as that of Huxley and Nair given at the end of
Section 2. It is easily checked that (19) implies (18) cannot hold for any o € {o1,...,0,}.
Thus, (17) holds.

Observe that (17) holds whenever u € S;(t,2"t) and a1, a,...,q, are such that u +
a; + - +a; € Sy(t,2") and ||oj|| < 2B for each j € {1,...,r}. In particular, we can
replace . by a,. + a,41 in (17), and we can replace a,.—1 by a._1 + o, and @, by a,41 in
(17). In other words, we get the equations

r—1
(20) Zv(u +ag 4+ 4 o) Pi(u,ar,. ., ap_1, 00 + pgq)
=0
—I—v(u—l—al + +ar+l)Pr(u7a1>"'7ar—17a7’ —I_ar—l—l) =0
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and
r—2

(21) Zv(u +a;+---+ O{i) Pi(u7a17 ey Q9,001 + aT‘)ar—I—l)

1=

+ v(u +a +---+ ar) Pr—l(uaala ey Qp_9,Qpq + amar+1)
+ v(u +op+--+ aT'-|—1) Pr(uaala cey Qpog, 01 + aTaar—l—l) = 0.
Recall that we are viewing u, aq, . .., a, as being fixed and wanting to show that there are
& 1 values of a1 as above. Since u, ay,...,a, are fixed, the values of v(u+aoq +-- -+ ;)

for ¢ € {0,...,r} are fixed. We eliminate v(u + a3 + --- + a,.4;1) from (20) and (21) to
obtain a polynomial which any a,; as above must satisfy. More specifically, we multiply
the expression on the left-hand side of (20) by P.(u,a1,...,Qr—9,r—1 + @, apy1) and
subtract the product of the left-hand side of (21) with P.(u,a1,...,a,—1,a, + a,41). Call
the result M = M (ap41) = M(u,aq,...,0.,ar41). Then M is a polynomial in a,.; which
by Lemma 5 is of degree < 2s + (r — 1)(r — 2). Momentarily, we shall obtain the exact
value of this degree. To show that there are < 1 choices for a,.1, we observe that o, is
a root of M so that it suffices to show simply that M # 0.

Lemma 4 implies that if P =" ;_,(—1)‘ara’u*"*, then as = (k — 1)!/(k — s — 1)! > 0.
Ifi=7r+1o0rj=r,then A;; does not depend on a,; andif 1 <i<rand1<j;<r-—1,
then A; ; is a polynomial in a, of degree r —2 < s — 1. Thus, for 0 <1 < r —1, we
get that P; as defined in (13) is a polynomial of degree s in «, with leading coefficient
(—1)7’+5+iA7;_|_1’ra5; and by Lemma 7, P, is a polynomial of degree s —r + 1 in «, with

leading coefficient (—1)"+! (Hl<£1 <ty<r_1 (e, T+ aez)) b for some positive integer b.
To simplify notation, we set

F(@l,...,ar_l): H (afl—l_“'—{_afz)
1§£1§E2§7’—1

and
G(ala"')aT—l): H (aZ—I_"'—I_ar—l)-
1<e<r—1
Then M is a polynomial in o,y of degree < 2s —r 4 1, and the coefficient of aii_lr"'l in
M is
r—1
Z(—l)“’lﬂasbv(u +aog 4+ o)
=0
X Ai—l—l,r(ala sy, Qe 1, O + ar—l—l)F(ala ey O 9, Q] + ar)
r—2
— Z(—1)5+1+’asbv(u +a; + -+ a;)
7=0
X Ai-l—l,r(al; ey Qp_2,Qp_q + Qy, ar-l—l)F(ah v :ar—l)

— (=) "abv(u+ay + -+ ap)Ar (o, . . om0 g, 01 +ap,apyr ) Fog,. .. 001).
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To prove that M # 0, it suffices to show that the expression above is not 0. We collect
like terms to rewrite the expression in the form

T

(22)  (=1)*"asb I[I (e +tae) | D (1) Dav(utar +--- +a),
1<0; <0y <r—2 i=0

and compute D; for 0 <1z < r. Observe that

(23) Flog,...,00_1) = H (oo, + -+ aw,) | Gloa,...,00_1).
1§£1§£2§7‘—2

In particular, this implies that the product in (23) divides both F(ai,...,a,—1) and
F(ag,...,ap_2,0,-1 + a;.) so that each D; in (22) lies in Z[ay,...,a,]. Consider i fixed
with 7 € {0,...,7 —2}. We define
ap f1<0<i—1
a'ez Oég—I—ag_|_1 if £ =2
opy1 e +1<0<r—1,
and
{ ap if1<£<r-3
I

ap oy, fl=r-—2

One checks that

H (ap, +-+ap) | Glaa,..., s, 001 + )
IS£1SEQS’T‘—2

and

[ (o ++al)] Gla,...,00)
1§¢81§€2§T‘—2

are each divisible by

1
II (et +ai)

/
(81
r=1 \1<e, <t <r—1

In addition, each has a remaining linear factor. The linear factors are a;41 +--- 4+ o, and
oi+1 + -+ a1, respectively. We easily conclude that

(24) Di= I (el +---+ap,)
1<, <ty <r—1
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for 0 < ¢ < r — 2 (where the definition of «j depends on 7). Similarly, one can check that
(24) holds for ¢ = r — 1 and ¢ = r and «; in each case defined as above. Thus, to show
that M # 0, it suffices to show that

T

Z(—l)iDiv(u +ar+-+a;) #0.
1=0

Analogous to (19), we get that for any o € {o1,...,0,},

(25) o (i(—l)iDiv(u oyt ai)>

=0

= (Do(BE)(m(ut+ g + -+ a;) —o(p) |
_; o(u+ar 4+ a;)k o(D;)

- —1)te(D; a o(D;)|H
= J(E)yz O'(u—}—(al)_|_ (_})_al)k + ZZ:;O (%) .

From (24), we see that the first of these last 2 sums can be viewed as a divided difference.
In particular, we get that

T

(26) ZU (=1)io(D;) =y [T (oo +-+ag) || t-Enm,

%
u a . e a.
i=0 (utap+-- +a) 1<, < <r

In fact, the left-hand side of (26) can be written as the quotient of 2 polynomials in
Zu, o, ..., .| with the numerator divisible by the product appearing on the right-hand
side of (26). Observe also that each D; divides the product on the right-hand side of (26).
Recalling (16), we take o = ¢’. Then

o H (g, +---+oay,) | /Dj| >1 for every j € {0,...,r}.
1S£1§£2ST‘

Thus, we get that

- (=1)D;
iy <Z (u+ ey +---+ai)’“>

=0

> |o(D;) [t~ /™ for every j € {0,...,7}.

Since y € (z,x + h], we obtain that the right-hand side of (25) will be non-zero provided
that
H < cgat™"/",

for some sufficiently small constant cg. Conditionally, then, we get that M # 0. We apply
Lemma 2 to get the following result.
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Lemma 9. Let r and s be integers with 1 <r < s+ 1<k, and let w = (r —1)(r —2)/2.
Then there exist positive constants cg and cg such that if

B = c6t(k+s+l)/(n(25+1+w))x_l/(25+1—|—w)

and
H < ¢gmin {t(’“_sJ“’“_l)/"B_’“(T_l)m, xt_’“/"} ,

then whenever J C (z,z + h] with |J| < H,

t
1S5 (t,27t)] < Bn +1K p—(k—s—w)/(2s+1+w) .n/(25+1+w) ey

5. THE PROOF OF THE THEOREM

In this section, we show how to use Lemma 9 to prove the Theorem. We consider only
n > 2 since the case n = 1 follows from the work of Nair [10]. We take s =k —n +r — 1.
Observe that the condition 1 < r < s+ 1 < k of Lemma 9 is met provided 1 <r <n and
this follows easily from the definition of r in the Theorem. We set

(27) B = cgtbtstD)/(n(Zstl4w)) o =1/2st14w)  opnd  H = h.
We now show that the inequality on H in Lemma 9 holds provided that
(28) t < crpantr—1/(Ck—ntr)

With ¢ as above, one easily checks that h < coat~"/". We now show that
(29) h < cgtlh=str=/npg=r(r=1)/2,

Using the value of B given by (27), we get that the exponent on ¢ in (29) is

k—s+r—1 r(r—1(k+s+1) r(r—1)(2k—n+r)

n 2n(2s+14+w) n(dk—dn+r2+7)

_ 2n—r(r—1))(2k—2n+r)

> 0.
n(4k —4n+r2 +r)

Thus, the right-hand side of (29) obtains its minimum when ¢ is minimal. Recalling
from Section 2 that we are interested in ¢ > coT > h+/logz, we use the definition of
h and (27) to obtain that the right-hand side of (29) is > c¢~“h(y/logz)’s where ¢; =
—r(r—1)(k+s+1)/(2n(2s + 14+ w)) and where ¢5 is the exponent on ¢ in (29) given
above and, hence, positive. Since z is sufficiently large, (29) holds.
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We get from Lemma 9 that
|S(t,27t)| < ¢t~ hms—w)/@stl4wlypn/(Zstitw) 4 g if (28) holds.

Observe that if u*v = E(m — p) as in Lemma 1, then |u| < x/*. Thus, |S(t,2"t)| = 0
unless t < z™/*. We suppose now that t < z™/*. Tt is easily checked then that the first
term on the right-hand side above is > 1. Also, £ — s —w > 0. Hence,

S(C;T, Clom(n—l—r—l)/@k—n—l—r)) < T—(k:—.s—'w)/(25+1—|—w)mn/(25+1—|—w) < mn/(2k—n+7ﬂ)'

Although our main application of Lemma 9 is that given above, we consider applying
the lemma with a different value of r, namely » = 1. It is necessary, however, to avoid
altering the value of h which depends on the value of r given above. In other words, we
consider h = cz™/ (2k=7+7) with r fixed as in the statement of the Theorem, and we consider
Lemma 9 with the role of r replaced with 1 and with s = £ — n. One easily gets that the
lemma applies and

‘SKCHﬂ4n+r—U/@k—n+mjoow

xn/(Qk—Qn—i—l) < mn/(2k—n+7ﬂ) )

< (x(”+7”—1)/(2k—n+7q)> —n/(2k—2n+1)

The Theorem now follows.
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