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Abstract: To better understand the distribution of gaps between k-
free numbers, Erdds posed the problem of establishing an asymptotic
formula for the sum of the powers of the lengths of the gaps between
k-free numbers. This paper generalizes the problem of Erdés by con-
sidering moments of gaps between positive integers m for which f(m)
is k-free. Here, f(x) denotes an irreducible polynomial with integer
coefficients with some necessary conditions imposed on it. Some re-
sults in this general setting are obtained that are analogous to those
that have been obtained for the original problem of Erdés.
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1. INTRODUCTION

Let k be an integer > 2, and let f(x) be an irreducible polynomial in Z[z] satisfying
ged, ez (f(m)) is k-free (ie., f(m) has no fixed divisors of the form p* with p prime).
Under these conditions, we expect that there are infinitely many integers m for which
f(m) is k-free, but this is far from being established. Set g = deg f. Then Erdés [2]
(improving on work of Nagel [11]) showed that there are infinitely many integers m for
which f(m) is k-free provided k > g —1, and later Hooley [6] provided a proof that such m
have the expected asymptotic density among the set of positive integers. That infinitely
many such m exist for £ > g — 1 is the best lower bound on k known when ¢ is small. A
better result was obtained by Nair [12] when g is large. He showed that for every g > 2
and k > (v/2 — 1/2)g, there are infinitely many m for which f(m) is k-free. His result
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can be made slightly stronger by introducing smaller degree terms in g, but the constant
V2 — 1/2 is the best constant obtainable from his methods (cf. [12], [13], and [9]).

Let s,, denote the nth positive integer m (if it exists) for which f(m) is k-free. In this
paper we investigate the problem of determining for what v one can establish

(1) Z (5n+1 - S’n)’y ~ 8(77 f? k)X

Sn+1<X

where B(v, f, k) is a constant depending on v, f, and k. Erdés [1] introduced this problem
in the case f(x) = x, and subsequent work has been done by Hooley [7], Filaseta [3],
Graham [5], and Huxley [8]. The best result, due to Huxley [8], is that if f(x) = =, then
(1) holds provided 0 < v < 2k — 1+ 2/(k + 1). The more general problem in the setting
of f(x) described above does not appear yet to have been investigated.

Our main result is the following:

Theorem 1. Let g > 2, and let k > (/2 —1/2)g. Let

(2s+g)(k—s)—glg—1)

M st b—s) 95T 1)
where
_{ 1 ifa<g<4
T [V2-1)g/2] ifg>5.
Let 84 3
glg - .
I i (Va—1/2)g <k <
5 ) @ TNk
g .
_ 9 >
ST p— ifk>g+1,

where r is the largest positive integer such that r(r —1) < 2g. Then ¢1 > 0, ¢2 > 0, and if

1 ®1 }
0<~y<ming —,14+ —k,
! {¢2 b2

then
> (sn41—s0)? ~ B(v, f. k)X,

Sn+1<X
for some constant B(~, f, k) depending only on v, f(x), and k.

The value of ¢5 above is based on gap results for powerfree values that already appear in
the literature; improvements on these gap results would lead to a corresponding improve-
ment in the theorem above. The gap problem is to find the minimum h = h(f, X, k) such
that for X sufficiently large, the interval (X, X +h] contains an integer m with f(m) k-free.
Writing h = ¢X?, we list several results for the case when k > ¢: § = g/(2k—g+1) by Nair
[13] in 1979; 0 = g/(2k—g+2) for g > 2 by Huxley and Nair [9] in 1980; 0 = g/(2k—g+7),
where r is the greatest integer such that r(r — 1) < 2g, by Filaseta [4] in 1993. In the case
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when (v2 —1/2)g < k < g, Huxley and Nair [9] obtained § = 8g(g — 1)/((2k + g)? — 4)
in 1980; small improvements on this value of 6 are possible, as noted in [4]. There is an
obvious connection between this gap problem and the result obtained in Theorem 1. If
one could take v > 1/¢9 in Theorem 1 and end with the same asymptotic estimates, then
a stronger gap result would hold than those currently available. In addition, if £ > g+ 1
and g > 2, then the bound v < k can be viewed as essential. Indeed, if one could obtain
Theorem 1 in this case with v > k, then the result would be quite remarkable.

The comments in the previous paragraph suggest a strong connection between the size
of # in the gap problem for k-free values of irreducible polynomials and the size of ~
permissible in (1). It is simple to see that if 7 can be taken arbitrarily large in (1), then
0 can be taken to be arbitrarily small in the gap problem. The converse is also true: if
can be taken arbitrarily small in the gap problem, then ~ can be taken to be arbitrarily
large in (1) (this is a consequence of Theorem 2 below). This generalizes an observation
made by Filaseta [3] in the case f(z) = x.

Additionally, we generalize a result of Filaseta’s in [3] and show that v may be allowed
to be arbitrarily large provided that we restrict ourselves to small gaps. More precisely,
we establish:

Theorem 2. Let k > (v/2 —1/2)g. Given any v > 0, there exists a § = d(7y) > 0 such
that

Z (Sn—i—l - Sn)’y ~ B(’V?f? k)Xv
Spp1<X
5n+1_5n§X6

for some constant B(~, f, k) depending only on v, f(x), and k.

To clarify, the constants B(7, f,k)’s in the above results are the same.
To obtain the above results, we will establish and make use of the following partial
generalization of a theorem of Mirsky [10].

Theorem 3. Let k > (/2 —1/2)g. For a fixed positive integer d, set

Ny X)=|{meZ":m<X —d, f(m) and f(m + d) are k-free,
fm+1),f(m+2),..., f(m+d—1) are not k-free}|.

Suppose that for some positive integer j, s;+1 — s; = d. Then there is a constant cq > 0,
depending on d, for which

Nd<X) ~ CdX.

2. A PRELIMINARY REMARK

We will make use of notation and arguments similar to that used in the work of Graham
[5]. We begin with



Definition 1. Given f(z) € Z[xz], let s,, = s,(f) be the nth positive integer m such that
f(m) is k-free. Let

L(hy=L(h,X)=[{n€Z¥ : h < spp1—sp <2h, X/2 < sp41 < X}|.

Throughout, we will suppose that f(z) is irreducible and that ged,,c,(f(m)) is k-free.
Our goal will be to show that for h sufficiently large, we have

(2) L(2h) < e
where v is as in Theorem 1 or Theorem 2 and where € > 0 is sufficiently small. Implied
constants here and elsewhere may depend on +, k, f(z), and . We return to establishing
(2) in Sections 4 and 5. In this section, we show that Theorem 3 together with (2) imply
Theorem 1 and Theorem 2. We note here that for Theorem 2 we will only require (2)
holding for sufficiently large h < X? where ¢ > 0 is some number (any number will do)
depending on v and . We return to this matter later in this section.

We begin by explaining how Theorem 1 follows from (2) for sufficiently large h and
Theorem 3. Let 7 denote the positive integer satisfying 2"~! < X < 27. By (2),

r . X X
(3) > Ny(X)d" <> L(h, X/27)(2h)" < e (2h)T < o
h<d<2h =0

The above holds provided that h is sufficiently large. Let Dy be such that (3) is satisfied
for h > Dgy. We write

Y (Snr1—sn)’ =) Ng(X)d' = Y Ny(X)d"+ > Ne(X)d".
Sp4+1<X d=1 d<Dg d>Dg

We deduce from (3) that

> Na(X)d' =0 (D%) :

d>Dg

Theorem 3 implies

> X
;Nd(){)m =X > cad +o(X)+0O (D_g) .

d<D
Hence,
1 o
< > Ny(X)d' =Y cqd” +0O (D—0> +0(1)
Thus,
= 1
h)r(nj;lop =) Na(X)d" = Y eqd? + 0 <D—0)
d=1 d<Dq



and

1 « 1
minf — v — g il
lggnjglof E Ny(X)d 5 cqd” + O ( 8) :
d=1 d<Dy

By letting Dy tend to infinity, we deduce that limy_,o(1/X) > 2 Na(X)d? exists and
>0, cad” converges. We obtain

Z (8n+1 —8n)” ~ B(v, [, k)X

Snp1<X
where
B(/Yaf? k) = chd7~
d=1

The argument for Theorem 2 is similar. We make use of Theorem 3 and the assump-
tion that (2) holds for sufficiently large h < X% where 0 < & < 1/2. We choose
d = min{d’/(2v + 2¢),0’/2}. We consider r as before and an integer s satisfying 2° <
X% <251 If 0 < j < s, then we deduce

5 8’

Thus, if h < X9, then h < (X/Qj)‘s/ for 0 < j < s. Hence, for h sufficiently large satisfying
h < X9, we deduce from (2) that

L(h,X/27) < for 0 < j < s.

2 hy+e

Observe that the definition of L(h, X) easily implies L(h, X) < X/h. Hence, for s + 1 <
7 < r, we obtain

. X X  xt7
L(h, X /29 ‘
(hX/2) < o5 < 3 €

If h < X9, then h7te < X9(v+e) < X9'/2 Thus, if h < X9, then

X1-(5"/2) x1-(5/2)
< fors+1<j5<r.

L(h‘7X/2j) << hX61/2 h,y+€

Note that 7 < log X. One easily deduces that (3) follows for sufficiently large h < X?°
(indeed, something stronger holds). The rest of the argument for Theorem 2 follows along
the lines of the argument given above for Theorem 1. We omit the details.



3. ESTIMATES FOR L(2h)

As before, we consider f(z) to be irreducible in Z[x] with ged,,, 7 (f(m)) being k-free
and with ¢ = deg f. In particular, it follows that the resultant of f and f’, denoted
D = R(f, f"), is non-zero. We fix z = 4¢g and consider the finite set

A={p:p/Dorp<z}.

We define
Q=[]»"
peA
We take
__ hlogh
89Q

with A a sufficiently large integer. For a positive integer g, we define
plg) = p(f,q) = Ha € Zy: f(a) =0 (mod g)}|.
Observe that the condition ged,, ¢z (f(m)) is k-free implies that p(p*) < p* for all primes
p.
Lemma 1. There is an integer a such that if B={y € (n,n+h]:y=a (mod Q)}, then

S Y s Y (g t1)eh

p<H meB z<p<H
p*|f(m) ptD

Proof. For each p € A, there exists an integer a, such that

flap) #0 (mod pk)-

By the Chinese Remainder Theorem, there exists an integer a satisfying a = a, (mod p¥)
for every p € A. Hence,

f(a) 20 (mod p*) for every p € A.
Furthermore, if y = a (mod Q), then f(y) # 0 (mod p*) for each p € A. With this choice

of a, we deduce that
> 2 1= b

p<H meB z<p<H meB
p"*|f(m) ptD - p*[f(m)
since m € B with p¥|f(m) implies p ¢ A. With z < p < H and p not dividing D, we have
ged(Q, p*) = 1. Tt follows that a given set of p* consecutive elements in B has its members
distinct modulo p*. Thus

Yooy 1< Y (QLMH)/)(M). |

z<p<H meB z<p<H
ptD - p*[f(m) ptD



Lemma 2. Ifpt D, then p(p*) < g for every positive integer k.

The above lemma is well-known, and we omit its proof. We note however that it is not
difficult to show, under the same hypotheses, that p(p*) = p(p*~1) for each k > 2.

Lemma 3. Given the notation above, >° .y 1p p(p®)/p* < 1/4.
Proof. By Lemma 2,

k
p(p") 1 1
ok =Y > ESQZE
z<p<H z<p<H p>z
ptD ptD
<1 g 1
< — < —dr=2=-. W
o> m<o | mar=feg
n>z

Lemma 4. Let

F(n)=F(m,h f)= > > L
n<m<n+h p>H
p*1f (m)

If there are no integers m in (n,n + h| such that f(m) is k-free, then

h
F(n)>—.
™> 15
Proof. Given an integer m > 1, define

1 if f(m) is k — free
Xﬂm)Z{O

otherwise.

Using the notation of Lemma 1, we have

0= Y = me-n-3 3 1

meB meB pk| f(m)
SO h
2> ) ) 1z5-
meB p>H meB p<H Q
p"|f(m) p*[f(m)
By Lemma 1,

SO IEED M) HEED Sl FORRI P}

meB p<H p<H mGB z<p<H
pF|f(m) p*|f(m) ptD



Using Lemmas 2 and 3 and the Prime Number Theorem, this latter sum is in turn

<ﬁ1+7r(H) b 2Mg b hlogh _h
= Q4 I =30 TlogH ~ 4Q hlogh\ — 20
4Q log
89Q
Thus,
h
+—>Z o) Y 12
meB p>H meB p<H Q
p*If(m) p*|f(m)

Hence, since h is sufficiently large, F(n) > h/(2Q) —1 > h/(4Q). &

We note that we could have used the Prime Ideal Theorem, which implies that

H
k S —
§ p(p") e '

p<H

to replace p(p*) by 1 (on the average) instead of g.
Recall that we are interested in obtaining upper bounds for L(2h). Accordingly, we
consider F"(n) and establish a relationship between >y, ,, < x F"(n) and L(2h).

Lemma 5. For r a positive integer, define

M. =M, (h,X,f)= > F(n).
X/2<n<X
Then M.
L(2h) <, e + 1.

Proof. If j € Z* is counted by L(2h), then 2h < s;j4+1 — s;. Consider (n,n + h] for
n € {sj,s; +1,...,5; + h—1}. In each such interval, no integer m can have f(m) k-free,
as

Sj41>8;+2h>n+h for each such n.

Also, for each such n,
X
5<sj§n<sj+1§X

except possibly in the case that j is the unique positive integer satisfying s; < X/2 < s,41.
By Lemma 4, in each of these h intervals,

h
Fin)= Y 212@.

n<m<n+h p>H
p*1f(m)



Then by definition,

M, > (L(2h) — 1) (%) h,

so we get

4Q)"
L(2h) < (hr +)1

M, +1,

from which the lemma follows. B

We examine M, =}y 5_,,<x F"(n) by breaking up F(n) as follows. Observe that if

m =< X, then f(m) < X9. We consider m € (X/2,2X]. If we further consider primes
p > H in intervals of the form (7,27, then p¥|f(m) would force T < X9, so that
T < e¢X9% for some constant c¢. We define

Gn,T)=G(n,T,f)= > >

n<m=nth pt|f(m)
T<p<l2T

for T€T={2H:j=0,1,...,J}, where J = [log,(cX9/¥/H)]. Recall that h < X. We
deduce that
F(n)=>_ G(nT) for X/2 <n < X.
TeT

Next, we note that for each positive integer r,

G"(n,T) < G(n,T) + (G(”»T))’

r

where henceforth we allow for implied constants to depend on r. In particular, as noted
in [5], if G(n,T) < r, then G"(n,T) < r""1G(n,T), while if G(n,T) > r, then

G(n, T)>'

r

(4) G'(n,T) < (

This upper bound on G"(n,T) motivates our next step.

Definition 2. Let S,(7) be the number of 2r-tuples (p1,...,pr,m1,...,m,) with T' <
p1 < p2 < --- < p, <27 such that, for each j € {1,2,...,r},

X
|m1 —m;| < h, §<mj§X+h§2X, and pﬂf(mj)

Lemma 6. Let r be a positive integer. If r = 1, then

> (G(n, T)) < (29)"hS,(T).

r
X/2<n<X



If r > 1, then

5 (G(n, T)> < (29)"hS.(T).

r
X/2<n<X
G(n,T)>2gr

Proof. We define an auxiliary function G (n,T) equal to the number of primes p € (T, 2T
for which there exists an m € (n,n + h] such that p* divides f(m). Since T' > h, Lemma
2 implies that for any prime p > T', there exist at most g integers m € (n,n + h| such that
p*|f(m). Therefore,

Gm,T)= > > 1= > > 1<gG(n1T).

n<msn-+th pk|f(m) T<p<2T p*|f(m)
T<pl2T n<m<n+h
Furthermore, we define gr(n,T) as the number of 2r-tuples (p1,...,pr, m1,..., M)

with T < p; < p2 < -+ < p, < 2T such that m; € (n,n + h] and p§|f(mj) for each
Jj € {1,2,...,r}. Observe that the conditions on m; in the definition of S,(n,T) imply

that as n varies, a given 2r-tuple (pi,...,p,,m1,...,m;) can be counted by at most h
different S, (n,T"). Hence,

We view (G(Z’T)) as the number of ways of choosing p1,...,p, such that T' < p; < py <
-++ < pr < 2T and such that there exists an m; € (n,n + h] for which p¥|f(m;) for each
je{1,2,...,r}. We deduce

(G(n, T)

r

) < Sp(n, T).

If G(n,T) > 2gr, then we deduce that é(n,T)~2 2r. For each j € {0,1,...,r — 1}, it
then follows that G(n,T)—j < gG(n,T)—j < 29(G(n,T)—j). Therefore, if G(n,T) > 2gr,
then

(G(n, T)) < 2y (G(n, T))

r r

This inequality also holds if = 1 independent of whether or not G(n,T") > 2gr is satisfied.
We obtain

S (T cpr 3 (6nD)

X/2<n<X X/2<n<X

G(n,T)>2gr G(n,T)>2gr
<29 Y. S(nT) < (29)"hSH(T),

X/2<n<X

G(n,T)>2gr

with a similar sequence of inequalities holding in the case r = 1 without the condition
G(n,T) > 2gr in the summations. This completes the proof. H

Now that we have obtained the bound in Lemma 6, we seek an upper bound on S, (7T")
as well.
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Lemma 7. If T > H and r € Z*, then

hr—l)( +_hr—1jw
Tk=Drlog" T = log" T °

S.(T) <

Proof. We count the 2r-tuples (p1,p2,-..,Pr,Mm1,Ma,...,m;) With T < p; <py < - - <
pr < 2T such that, for each j € {1,2,...,r},

X
|m1 —m;| < h, §<mj§X+h§2X, and pf|f(mj)

Fix such py,p2,...,pr in < (T/logT)" ways. Since f(m;) = 0 (mod p;") for each 7,
we have m; congruent to one of < g incongruent numbers modulo p? for each j. Since
|m1 —m;| < h for each j, we deduce that m; is congruent to one of < g(2h + 1) different
numbers modulo p? for each j > 2. Then by the Chinese Remainder Theorem, m; is
congruent to one of

<gt2h+1)""

different numbers modulo p* ---p,*. Also, since m; is congruent to one of ¢ different

numbers modulo p; ¥, we obtain from the Chinese Remainder Theorem that m; is congruent
to one of

<g (2h+1)""

different numbers modulo pi¥po® - - - p,*. Since p1¥pa* - - pF = T*", we get <Lgr (X/TF +
1)h™=! choices for m;. Hence there are

(X Ny T X T
Tkr logT )  T&-Drlog"T = log" T

different choices for pi,ps,...,p, and m;. We use that |m; —m;| < h, p§|f(mj), p;j > h,

and p(p? ) < g to deduce that for each j > 2, there are < g choices for m; given the values
of p1,pa,...,pr and my. The lemma now follows. ll

Our basic strategy will be to obtain (2) by combining Lemma 5 with the above estimates
and using Holder’s inequality. We will be summing over 7" in 7 to get the desired bound
on L(2h), so we mention the following lemma (which has an easy proof that we omit).

Lemma 8. For T as previously defined,

> e

TeT
U<T<V

Uu® ifa<0
{Va ifa > 0.
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4. A PROOF OF THEOREM 2

In this section, we prove Theorem 2 assuming Theorem 3. More precisely, we establish
that (2) holds for h < X% (by Section 2, this is sufficient).
In the following lemma, we will need a positive real number ¢ such that

(k—s)(2s+g)—g(g—1)

e < ’
(k—5s)(2s+ g)
where s is to be chosen from {1,2,...,k — 1}. To ensure that the numerator of the right-
hand side of this inequality is positive, we choose s € {1,2,...,k — 1} to maximize this

numerator. We can achieve this by taking s = (2k — g+ c¢)/4, where ¢ € {—1,0,1,2}. This
choice of s is possible since 2k — g < 4(k — 1) +2 and since 2k — g > 2 for k > (v/2—1/2)g
and k > 2. For any such s, the numerator becomes

Lokt g5k gt —glg—1) = L(Gk+9) ~ ) —glg 1)

Thus the numerator is positive provided that (2k + g)? + 8¢g > 8¢g? + ¢2, which follows for
any ¢ € {—1,0,1,2} provided k > (v/2 — 1/2)g. Furthermore, we note that for our choice
of s,

(k—s5)(2s+g)—glg—1) 8g(g — 1)

(k—5)(2s +9) 2k 4g)? -

It is easy to see that the expression on the right is minimized when ¢ = 2. Consequently,
if we take

8g(g — 1)
<l- —=—"
© 2k + g)> — 4’
then we know the previous inequality on € also holds for some choice of s € {1,2,...,k—1}.
Lemma 9. Let k > (v/2 —1/2)g. Let € € (0, (k — 1)/k] such that
89(g —1)
<l-——"
© (2k +g)? — 4

If X'7¢ < T <« X9/% then there is a ¢ = &(¢) > 0 such that

S1(T) < X'¢.

Proof. We suppose as we may that X is sufficiently large. We find an upper bound on the
number of pairs (p,m) with T < p < 2T, X/2 < m < 2X, and p*|f(m). Set

H = clT2s(k—s)/(g(2s+1))Xl/(25+1) and B = C2X—1/(2s+1)T(k+s+1)/(g(2s+1))

where c¢; and co are some appropriately chosen positive constants and where s denotes an
arbitrary integer in {1,2,...,k — 1}. We divide the interval (X/2,2X] into < X/H' + 1

12



subintervals of length < H’. It follows from the work of Huxley and Nair in [9] (also see
[4]) that in such a subinterval I of length H’, there are < T//BY + 1 primes p € (T, 2T]
for which p*|f(m) for some m € I. Since T' < X9/* it is straightforward to check that
T > BY9 and X > H’. The condition ¢ < (k—1)/k implies T > X17¢ > X1k from which it
follows that 7% > H'. Hence, for each p € (T, 2T], there exist at most p(p*) < g different
integers m € I such that p*|f(m). Thus,

S\(T) < (g + 1) (% + 1)

XT X(28+9)/(28+1)
S gy < Tt -9/ t1)

< X (9(2s+9)—(1—€)(2s+9g)(k—s))/(9(2s+1))

The exponent of X in the last part of this inequality will be < 1 provided that

ceqo 99—  (k-s5)2s+9)—glg—1)
(k—s)(25s+9) (k —s)(25+ g)
From the discussion preceding the lemma, we can choose s € {1,2,...,k — 1} so that this

inequality on € holds. Hence the lemma follows. B

In the next section, we will want a variation of Lemma 9 in which £ = ¢. The above
proof would carry through in this case if

9(2s+g) — (1 —¢)(25+g)(k — s

<1-—e¢.
g(2s+1) -

Equivalently, we can take £ = ¢ in Lemma 9 provided that

e<1— 9(2s +g) _ @2s+g)(k—s)—glg—1)

= (2s+g)(k—5)+g2s+1) 25+ g)(k—s)+g(2s+1)

for some s € {1,2,...,k — 1}. We will need ¢ positive; choosing s = [(v2—1)g/2] (or
s = 1if [(vV2—1)g/2] = 0) will serve our purposes. Writing s = (V2 —1)g/2 + 0 and
using k > (v/2 — 1/2)g, we note that

(28+g)(l{:—s)>92—292292—g

provided 202 < g. Thus, for g > 2 (as in Theorem 1), the numerator in the above bound
for € is > 0 for some s (indeed, for s as chosen in Theorem 1) in {1,2,...,k — 1}. We
deduce that we can choose £(¢) = ¢ provided € > 0 is sufficiently small.

In the proof of Theorem 2, we will consider cases based on the size of both 7" and
G(n,T). In the cases where T' > X!17¢ for € as defined in the previous lemma, we will use

13



the bound for S;(7) obtained in that lemma. Observe that in Lemma 9, the condition
T < X9/% is not important as p*|f(m), p € (T,2T], and m < 2X imply T < X9/

We now prove Theorem 2 (assuming Theorem 3). Fix v > 0. Let j be a fixed positive
integer with j > max{y+¢’,2}, where ¢’ > 0 is sufficiently small. Let ¢ be as in Lemma 9.
We consider h < X% with 6 > 0 to be determined. We will show that L(2h) < X/h7+e
for h < X% so that, as in Section 2, Theorem 2 will follow.

Given T € T, we consider five cases, based on the size of T and G(n,T):

Let 0, represent the case that 7 < X'~ and G(n,T) < 2gj.

Let 05 represent the case that T > X'=¢ and G(n,T) < 2gj.

Let 03 represent the case that 7' < X'/(*7) and G(n,T) > 2gj.

Let 0,4 represent the case that X1/ (%) <« T < X1~¢ and G(n,T) > 2gj.

Let 05 represent the case that T > X'~=¢ and G(n,T) > 2gj.
For each i € {1,2,3,4,5}, define F;(n) = >, G(n,T) (so the sum is over T' € T satisfying
the conditions in 6;). If £ € Z* is counted by L(2h), then we consider intervals of the form

(n,n+ h|] and allow n to range through sy, sg+1,...,s+h—1. As in the proof of Lemma
5, in each such interval, no integer m has f(m) k-free. Then by Lemma 4,

5
h
F(n)=> Fi(n)> 0 Vn € {sp,s0+1,...,80+h—1}.

=1

Thus for each of the h different values of n above, at least one of Fj(n), Fy(n), F3(n),
Fy(n), or F5(n) is > h/(20Q). As we let ¢ vary over the positive integers for which
2h < spy1—8¢ < 4h and X/2 < spy1 < X, we deduce that for at least one i € {1,2,3,4,5},
F;(n) > h/(20Q) for at least h(L(2h) — 1)/5 different n € (X /2, X]. Hence, for at least
one i € {1,2,3,4,5},

h h
Y FEm)=@Leh)-1) (55 (5]
20Q 5
X/2<n<X
More generally, given any positive integers j1, j2, J3, j4, and j5, we have
| h\" (h
F’i(n) > (L(2h) = 1) | — -
> mwzeen-v(g) (3)
X/2<n<X

for some i € {1,2,3,4,5}. Hence,

5
(5) L(2h) <1+ ) hj}H > Fin).

i=1 X/2<n<X

We take j1 = jo = j3 = j and j4 = j5 = 1 and use these choices to show that for each
ie€{1,2,3,4,5},

1 ) X
o 2 Rl <
X/2<n<X

14



For i = 1, we write FY(n) = (Zel T_‘f//jTal/jG(n,T))j and apply Holder’s inequality.
Taking P = j/(j — 1) and @ = j and using Lemma 8, we deduce

. o\ VP o 1/Q
Fl(n) < (Z (T—El/j) > (Z <TE//jG<n’T)> >

91 61

J

j—1
_ (Z T—E’/U—l)) > TG (n, T)
01

61

<HY T9G(n,T),
01

since G(n,T) < 2gj. Recalling that T < X'~¢ in this case, we apply Lemmas 6 (with
r=1), 7, and 8 to obtain

o Y Hm<ir XY 6

X/2<n<X TET X/2<n<X
T<X'F G(n,T)<2gj
H_E/ ’
< o > TThS(T)
TeT
TSXl_E
H* : X T
<T T 1 (et * gt
hJ oy TF=1llogT = logT
TSXl_E
XH—< x(+e")(1—e) fr—¢’
< hi Hk—1—¢’ + hi
X X(1+€/)(17€)
K=t T T e

X
which we make < e by taking ¢’ < ¢/(1 —¢) and by noting that j+k—1 > j > v+¢&'.

For ¢ = 2, we use the same application of Holder’s inequality to obtain

Fi(n) < H= Y T°G(n,T).
02

From Lemmas 6, 8, and 9, we obtain for some £ = £(¢) > 0

’

1 ; H—¢ ’ _
s Y Fn)< = oo (XY

X/2<n<X TeT
T>X17¢

H_g/ Xge’/k+1—§ 1 Xga’/k+17§
¢ 7 < W .

15



Taking ¢’ such that &’ < k€/g and recalling j > v, we conclude

X

1 )
it Z Fg (n) < W
X/2<n<X

For i = 3, we again apply Holder’s inequality to obtain

Fi(n) < H= Y TG/ (n,T).
03

Since T' < X'/(k3) in this case, Lemma 7 implies that

hi—1X
Tk=1jlog! T

S;(T) <

Combining this result with (4) and with Lemmas 6 and 8 gives

/

1 ; H—=* ! G(n,T)
rD O (O S~=- ) DI DS ( ; )
TeT

X/2<n<X €T X/2<n<X
T<X 1/ (k5) G(n,T)>2gj
H_E/ !
< T > TThS;(T)
TeT
T§X1/(kj)
H* : hi—tX
< hi Z . (T(k—l)jl jT)
TeT 0g
T§X1/(kj)
XH-* X X

S LG S 01 S e

since (k—1)j+1>j5>~vy+¢'.
For i = 4, we will require 8’ > 0 with & < (k—1)/(2kj~). Then h < X% < X (k=1)/(2kiv)
and T > X /(%) combine to give

T > XD x1/@2ki) 5 p/(=1) x1/(2ki),

We use that there are < log X different 7" in 7. From Lemmas 6 and 7 (both with r» = 1),

16



we obtain

Y REm=gn Y S G

X/2<n<X TET X/2<n<X
XY/ (R cT< X1 Q(n,T)>2g7
1
<3 > hSy(T)
TeT
Xl/(kj><T§X1—E
X T
<3 Y (7ot igr)
v Tr=tlogT  logT
XV D cp<xtoe
Xlog X X1=log X
S R E D X @) Y1 log(XTED) T Rlog(X /)
1—¢

To ensure that X' /h < X/h7+¢" | we require &' < e/(y+¢ —1)if v > 1 and &' < /e’
otherwise.
For i = 5, we have that T > X'~¢, so we apply Lemmas 6 and 9 to obtain for some

§=¢(e) >0

% Z F5(n) = % Z Z G(TL,T)

X/2<n<X TeT X/2<n<X
T>X'"% G(n,T)>2gj

1 X'¢log X
<K 72 E hS1(T) < —
TeT
T>X1—5

As in the case for i = 4, we ensure that X' ~¢log X/h < X/h7"'; we require §' <
E/(v+e —1)if vy > 1 and ¢ < &/e’ otherwise.

To ensure that 1 < X/h7t< | we take & < 1/(y +¢’). Summarizing the above, we
obtain from (5) that there exists a &' > 0 such that L(2h) < X/hYt< for h < X%, Thus,
we have established (2) for h < X9 Theorem 2 follows.

5. A PROOF OF THEOREM 1

In the following lemma, we fix £ > 0 such that ¢ < 1—8g(g—1)/((2k +g)?> —4) and use
this value to split 7 intothesets 77 = {T € 7 : T < X' }and o, ={T €T : T > X'},

Lemma 10. Fixe and define 75 as above. Let g > 2, and let k be an integer > (v/2—1/2)g.
Then for some § = (¢) as in Lemma 9,

Y > G, T) < hX'ClogX.

TeT, X/2<n<X

17



Proof. From Lemma 6 and Lemma 9, we obtain

Yo Y G D)< ) hSI(T) <hXTEY 1 < hX T log X.

TeT, X/2<n<X TeT, TeT,

This establishes the lemma. B

We are now ready to prove Theorem 1 assuming Theorem 3. One checks that for
2 < g <4, ¢1 > 0. Recall the remarks following the proof of Lemma 9. It follows that
¢1 > 0 for all g, k, and s as in the theorem. Since k > (v/2 —1/2)g implies 2k + g > 2v/2g
and 2k > g, we easily deduce ¢ > 0 as well. Observe that v < 1 + ¢1/¢2 implies
(v — 1)ppa < ¢1. We choose ¢ so that

(y—1)p2 < e < ¢1.

In particular, we may take £ = € in Lemma 9. Thus, from Lemmas 6, 7, and 10,

Y Fm)=>)_ > GnT)

X/2<n<X TeT X/2<n<X
<Y Y nn+ Y Y 6w
TeT: X/2<n<X TeT: X/2<n<X

< hX'"Flog X + > ghSi(T)
TeT

X T
hX'Clog X + h
< g4+ TEZT (T’k—1 log T - logT>

hX hX'—¢

hX'7¢log X
< Bt HrTlogH T TogH

<« —————— +hX " “log X.
hkE=21log" h s
By Lemma 5 with » = 1, we obtain
1 X X1=¢log X
L(2h — F 1 1.
(2h) < Y F(n) +1< hklogkh+ - +

X/2<n<X

Next, we show that each of these terms is < X/h?*9 for some sufficiently small § > 0.

To establish
X X

W logh h S BT
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we simply use that v < k. To establish that

X1=¢log X X

we recall the comments in the introduction that the work of Huxley and Nair [9] for £ < g
and the work of Filaseta [4] for k > g imply h < X?2 (so that (2) holds for h > ¢X?2 for
some constant ¢ > 0 as then L(2h) = 0). Thus,

XE
h’Y—1+5 < X(’Y—1+5)¢2 &L —
log X
for some 6 > 0. Now, (6) easily follows. Finally, to establish that 1 < X/h7*%, we use that
h < X?2 and that v < 1/¢5. Thus, (2) is established (with  in place of ¢) and Theorem
1 holds.

6. A PROOF OF THEOREM 3

Throughout the argument for Theorem 3, we will consider X to be sufficiently large
and suppose that the conditions in the theorem hold so that, in particular, s;41 —s; =d
for some j. Whenever we use p, it will denote a prime. We consider B = B(d, f) to be a
sufficiently large number (independent of X'). Specifically, we consider B large enough so
that for each i € {1,2,...,d — 1} and for some fixed j for which s;;1 — s; = d, there is a
prime p < B (the prime depending on 4) such that p*|f(s; +i).

Let

S={p:p<B} and M=M(B)=]]»"
peES
and define the sets

S =8 B)={ac[0,M—-1NZ:peS = p"1 f(a) and p* | f(a + d)}
and
S"=5"(B)={a€e€ S (B): foreachie{1,2,...,d—1},
there is a p € S such that p*|f(a +14)}.

Fix By sufficiently large and My = M(Bp) so that in particular s; € S”(By) for some
fixed j with s;j41 — s; = d. Observe that for any integers ¢ and 7 and any prime p < By,
f(sj+Mot+1i) = f(sj +14) (mod p*). It easily follows that for each nonnegative integer ¢,
the number s; + Mot belongs to S”(B) provided it is < M (B) and provided that for each
prime p € (Bo, B, p* 1 f(s; + Mot) and p* { f(s; + d + Mot). We deduce from Lemma 2
(for By sufficiently large) that

, M(B M(B
57(B)I = ]\(40)_2930<Zp:<3 k( )

p* Mo

M(B) 29\ _ M(B)
i 1— Z > .

v
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Thus, as B approaches infinity, we obtain

1 1
(3153 ') Gl )

We will show momentarily that the left-hand side above approaches a limit as B tends to
infinity; the above will then imply that this limit is positive.
To prove the theorem, we momentarily fix B, M = M(B), and S” = S”(B) as above.
Consider
S"(X,M)=|{n<X:n=a (mod M) for some a € S"}|.

Observe that if n is counted by S”(X, M), then either n is counted by Ny4(X) or one of f(n)
or f(n +d) is divisible by p* for some prime p > B. Also, if n is counted by Ny(X), then
either n is counted by S”(X, M) or one of the numbers f(n+1), f(n+2),..., f(n+d—1)
is divisible by p* for some prime p > B. Therefore, we deduce that

Nd(X) = S//(Xv M) + O(W(X))=

where W (X)) denotes the number of positive integers n < X for which at least one of the
numbers f(n), f(n+1),..., f(n+d) is divisible by p* for some prime p > B. Observe that

S"(X, M) =) (% +0(1)> = <(1/M) > 1) X +O0(M).

aeS” acs!

To estimate W (X), we will make use of Lemma 9. Since B is sufficiently large and
p > B, we may suppose that p does not divide the discriminant of f. By Lemma 2, there
are at most g incongruent roots to the congruence f(z) = 0 (mod p*). Hence, for any
i €{0,1,...,d}, we have

X
DD SIEEED DD SEEEED il (- Re0)
n<X B<p<X B<p<X n<X B<p<X p
PP f(n+i) PEIf(nti)

= Y | x+0mx)=0X/B") +0(X/log X).

Estimating

2. 2. !

n<X p>X
p*|f (n+1)

is more difficult, but we can appeal to Lemma 9. It follows from that lemma that with
k> (V2 —1/2)g, this last double sum is o(X). Therefore, we deduce

Na(X) = ((1/M) > 1) X +O(M) +O(dX/B*1) + o(X).

acS"
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Dividing by X, we obtain

Nd;f ) ((1/M> zsj 1) +O(M/X) +0(d/B*") +o(1).
Hence,
) Nyg(X -1
im0 - (00 52 1) o
and

.. . Na(X) 1
lim inf —“= = ((1/M) > 1) +0(d/BFY).

X —o00
aes’//

Thus the difference between limsupy_, . (Ng(X)/X) and liminfx_, . (Ng(X)/X) can be
made arbitrarily small (as B gets large). Hence limyx_,o(Ng(X)/X) exists. Letting B
approach infinity, we deduce that limp_o ((1/M)>,cqn 1) exists. Setting the value of
this limit to be ¢g4, the theorem follows.
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