
MATH 532, 736I: MODERN GEOMETRY

Name

Test #2 (1993)

Show All Work
Points: Part I (12 pts each), Part II (16 pts each)

Part I. Each of the following is something or part of something you were asked to memorize.

(1) Theorems are listed on the last page of this test. They may or may not have the numbering
that you are accustomed to them having from class. Prove Theorem 3 using Theorem 1 (but not
Theorem 2 or Theorem 4).



(2) Let A, B, andC be 3 noncollinear points. LetMA be the midpoint ofBC and letMB

be the midpoint ofAC. Let D be the intersection of the (extended) altitudes of�ABC. Let
N = (A + B + C +D)=4. Prove that the distance fromN toMA is the same as the distance for
N toMB. This is part of the 9�point circle theorem, so you should not make use of the 9�point
circle theorem in doing this problem.



(3) On the second to the last page is a drawing consisting of 2 triangles�ABC and�A0B0C 0

which are perspective from the line passing throughX, Y , andZ. Suppose we want to prove that
these triangles are also perspective from a point. LetP be the point of intersection of the lines

 !
AA0

and
 !
BB0. To show that

 !
CC 0 also passes throughP , we can consider two triangles which we know

to be perspective from a point. The vertices of these two triangles (not necessarily the edges) and
the point they are perspective from are all in the drawing. Determine the two triangles and the point
they are perspective from and indicate your answers in the boxes below. (No work necessary.)

Triangles and are perspective from point .

(Note: You can complete the boxes to make a sentence which is true, but that will not necessarily
insure that you have a correct answer. A correct answer must correspond to establishing that

 !
CC 0

passes throughP as discussed above.)



Part II. Each problem in this section is either related to the homework, related to something you
were to have memorized, or just plain new. Since each problem is worth 16 points, be sure to make
your answers clear and precise.

(1) Given�ABC, let D be the midpoint ofBC, let E be the midpoint ofAC, let F be the
midpoint ofAB, and letG be the midpoint ofDE. Using vectors, prove thatC, F , andG are
collinear and thatG is the midpoint ofCF .



(2) Let the functionf(x; y) be defined as follows. Firstf rotates each point(x; y) about the
point (0; 0) by �=2, then it takes the result and rotates it about(1; 0) by �, and then it takes that
result and rotates it about the point(1; 1) by�=2. Determine whetherf is a translation or a rotation
and write it in the formTB or R�;A giving specific values forB, �, andA if appropriate (i.e., if
f = TB, tell me whatB is, and iff = R�;A, tell me what� andA are).



(3) Let P1, P2, P3, andP4 be 4 (not necessarily distinct) points. LetA andB be arbitrary
points. Beginning withA0 = A, for j 2 f1; 2; 3; 4g, defineAj as the point you get by rotating
Aj�1 aboutPj by �. SetQ1 = P3, Q2 = P4, Q3 = P1, andQ4 = P2. Beginning withB0 = B, for
j 2 f1; 2; 3; 4g, defineBj as the point you get by rotatingBj�1 aboutQj by �. Prove thatA, B,
A4, andB4 either all lie on a line or they are the vertices of a parallelogram.



(4) Suppose that� and� are angles with� + � = �. Let A andB be distinct points. By a
theorem from class, we know that there is a pointC such thatR�;BR�;A = R�;C . Explain whyC

must be on the circle centered at
1

2
(A+B) passing throughA andB. (Hint: You may want to use

a geometrical interpretation ofR�;BR�;A rather than matrices.)



Part I, Problem 3



INFORMATION PAGE

Theorem 1: LetA andB be distinct points. ThenC is a point on line
 !
AB if and only if there is a

real numbert such that
C = (1� t)A + tB:

Theorem 2: If A, B, andC are points and there are real numbersx, y, andz not all 0 such that

x+ y + z = 0 and xA + yB + zC = 0;

thenA, B, andC are collinear.

Theorem 3: If A, B, andC are collinear, then there are real numbersx, y, andz not all 0 such
that

x+ y + z = 0 and xA + yB + zC = 0:

Theorem 4: If A, B, andC arenot collinear and if there are real numbersx, y, andz such that

x+ y + z = 0 and xA + yB + zC = 0;

thenx = y = z = 0.

T(a;b) =

0
@
1 0 a

0 1 b

0 0 1

1
A

R�;(x1;y1) =

0
@
cos(�) � sin(�) x1(1� cos(�)) + y1 sin(�)

sin(�) cos(�) �x1 sin(�) + y1(1� cos(�))
0 0 1

1
A

T(a;b) = R�;(a=2;b=2)R�;(0;0)


