MATH 532, 7361: MODERN GEOMETRY

Test 2, Spring 2012 Name
Show All Work

Instructions: This test consists of 4 pages (one is an information page). Put your name at the top
of this page and at the top of the first page of the packet of blank paper given to you. Work each
problem in the packet of paper unless it is indicated that you can or are to do the work below. Fill
in the boxes below with your answers. Show ALL of your work. Do NOT use a calculator.

(1) If you are told that A, B and C' are points with ZABC' a right angle, how would you express
this information using the notation we have been using in class? (For example, a wrong
answer would be (C' — A)(B + C) = 1, but a correct answer would look somewhat similar.)

Answer:

(2) Let A = (2,8) and B = (—2012,2012). If f is a rotation by 7 about the point C' and
f(A) = B, then what is the value of C'? Simplify your answer. (It’s a point, so I am looking
for an answer of the form (zy, yo) where xy and y, are specific numbers.)

Answer:

(3) Let A, B, and C' be 3 noncollinear points. Let M4
be the midpoint of BC, and let Mp be the midpoint
of AC. Let D be the intersection of the (extended)
altitudes of AABC. Let N = (A+ B+ C + D)/A4.
Prove that the distance from N to M4 is the same as
the distance from N to Mp. This is part of the 9-point
circle theorem, so you should not make use of the 9-
point circle theorem in doing this problem. Instead
you want to prove this part of the theorem. B M4 3 P C

(4) Let A, B, and C be 3 noncollinear points, and let A’, B, M C’(’_b§ 3 nor&ollinear points
with A £ A", B # B’, and C' # C’. Suppose that the lines AA’, BB’, and C'C" are parallel.
Suppose there are points P, () and R in the (finite) plane such that AL and }W intersect at

“—> — “— —

some point P, that BC' and B’C" intersect at some point (), and that AC' and A’C" intersect at
some point 12. See the last page for a picture. The next page contains a proof that P, (), and
R are collinear except there are some boxes which need to be filled. Complete the proof by
filling in the boxes. There may be more than one correct way to fill in a box. The goal is to
end up with a correct proof that P, (), and R are collinear.



Proof: Since AA’, BB’', and C'C" are parallel, there are real numbers k; and ko such that
A'— A=k(B' — B) =k(C'"-0C).

We get that
A - l{le = A, - le/.

We first explain why k; #

Give explanation here:

Hence,

1 s 1 —ky
A B= A B
(1—k:1) +(1—k1> (1—k1) +(1—k:1)

By Theorem 1 (from the last page of this exam) with ¢ = , we see that the

—
expression on the left above is a point on line AB and that the expression on the right above
—
is a point on line A’ B’. Therefore, we get that

(1) (1— k)P =A—kB.

Similarly, from k1 B — koC' = k1B’ — kyC’, we deduce that

2)

(Your answer should contain (), B, and C'.)

Also, from koC' — A = kyC' — A’, we deduce that

3)

(Your answer should contain R, A, and C'.)

Therefore, from (1), (2), and (3),

(1= k)P + (ky —k)Q+ (ks —1)R= 0.

The result follows from Theorem given on the last page of this test (use the numbering

of the theorems given there).



(5) The function f(z,y) is defined as follows. First f rotates (x,y) about the point (2, —3) by
/2, then it takes the result and translates it by (20, 12), and then it takes that result and rotates
it about the point (—1,6) by 7/2. Decide whether f is a translation or a rotation. If f is a
translation, express f in the form 7}, ;) where a and b are explicit numbers. If f is a rotation,
express f in the form Ry (, ) where ¢, a, and b are explicit numbers. Be sure to show work.

f= (either T{4 ) or Ry (4, but with specific numbers for a, b, and possibly ¢)

(6) Let Mp be the midpoint of side AC of a _triangle
ANABC, and let M be the midpoint of side AB. Let

D, E and F be as shown in the picture with each of
the triangles ADAMpg, ABEC and AMgF' E equi-
lateral. The purpose of this problem is to prove the
points F', M and D are collinear and M is the mid-
point of F'D.

(a) Let f = Rx ypRr/s,p R v, What is the value
of f(A)?

f(A) = E

(b) With f as in part (a), we know from an important theorem in class that f = R, /3 p for
some point P. What is the point P? (It is one of the points in the picture.)

P=

(c) Using part (b), what is the value of f(Mp)?

f(MB> =

(d) What is the value of R./3 5 (R, (Mp))? (In other words, what do the first two
rotations in the definition of f do to the point Mp ?)

RTI'/S,E (RT(,MB (MB)) ==

(e) Using parts (c) and (d), what is R, r, (F') ? Explain how you are using parts (c) and (d)
to get your answer to this part in the blank paper provided with the test. This explanation
is the main part of the problem.

Ry (F) = (Don’t forget to justify your answer on the blank paper.)

(f) On the blank paper provided with the test, explain why the points /', Mc¢ and D are
collinear and M is the midpoint of F'D. (This can be brief, just one or two sentences.)



INFORMATION PAGE

Theorem 1: Let A and B be distinct points. Then C'is a point on line AB if and only if there is a
real number t such that

C=(1-t)A+1tB.

Theorem 2: If A, B and C are points and there are real numbers x, y, and z not all 0 such that

r+y+2=0 and xA—iryB—l—zC:E),

then A, B and C are collinear.

Theorem 3: If A, B and C' are collinear, then there are real numbers x, y and z not all 0 such that

r+y+2=0 and J;A—l—yB—i-zC':E).

Theorem 4: If A, B and C' are not collinear and if there are real numbers x, y and z such that
r+y+2=0 and a:A+yB+zC:6>,

thenx =y =2=0.

Theorem 5: Let o, ..., «, be real numbers (not necessarily distinct), and let Ay, ..., A, and

By, ..., By, be points (not necessarily distinct). Let [ be a product of the n rotations R, 4, and

the k translations T, with each of the n rotations and k translations occurring exactly once in the
product. If oy + - - - + «, is not an integer multiple of 2w, then there is point C' such that

f = Ra1+a2+'"+an,c'
If oy + -+ - + «, is an integer multiple of 27, then f is a translation.

1
T(a,b) - 0
0

o = O

a
b, Tap) = R (a/2,6/2) B 0,0
1

cos(f) —sin(0) x1(1 — cos(h)) + y; sin(6)
Ro 21y = | sin(0) cos(d) —w1sin(d) + y1(1 — cos(0))
0 0 1

Picture for Problem 4: A
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