MATH 532, 7361: MODERN GEOMETRY

Final Exam (1994)
Show All Work

There are 200 total points on the Exam. The first 100 points are related to the first half of the
course, and the second 100 points to the second half of the course. The value of the problems is as

indicated below.

Name

Problem 1
Problem 2
Problem 3
Problem 4
Problem 5 (a)
Problem 5 (b)
Problem 5 (c)
Problem 5 (d)
Problem 5 (e)
Problem 6
Problem 7
Problem 8
Problem 9
Problem 10
Problem 11

14 points
10 points
18 points
18 points
6 points
8 points
6 points
8 points
12 points
16 points
16 points
18 points
16 points
18 points
16 points



(1) State the axioms for a finite projective plane of order

(2) Two points have been circled in thiex 7 array of points below. Using the model for a finite
affine plane of order discussed in class, finish circling the points that belong to the same line as
the given circled points.
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(3) Consider the1 x 41 array of points for our model of a finite affine plane of ordér The lines
y = 20z + 17 (mod 41) andy = 23z + 19 (mod 41) intersect at some poirtt, b). Determine
the values ot andb and put them in the indicated boxes below. Be#ndb should be among the
42 number$), 1,2, ...,41.
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(4) Using only the results about affine planes below and the axioms stated at the end of this test
(and referring to them whenever you use them), prove that in an affine plane ohoeesh point

has exactlyn + 1 lines passing through it. This is a proof you were to have memorized for class.
Note that each result below involves a point and a line. Whenever you use one of the results below,
be sure to clarify what point and line you are using with the result.

Result 1: If /is a line with exactlyn points on it andA is a point not orY, then there are exactly
n + 1 lines passing througl.

Result 2: If A is a point with exactly: + 1 lines passing through it andlis a line with A not on/,
then there are exacthy points on/.

(Do NOT prove Result 1 or Result 2!)



(5) The following problems (parts (a) through (e)) all deal with an axiomatic system consisting of
the axioms below.

Axiom 1.There exists at least 1 line with exactly 2 distinct points on it.

Axiom 2.There exists at least 1 line with exactly 3 distinct points on it.

Axiom 3.Given any 2 distinct points, there exists exactly one line passing through the 2 points.

Axiom 4.Given any linef and any point? not on/, there is at least one line throughthat does
not intersect.

(a) Explain why the axiomatic system is consistent.



(b) Explain why the axiomatic system is independent.

(c) Explain why the axiomatic system is NOT complete.



(d) Does the principle of duality hold? Justify your answer.



(e) Prove that there is at least one lthguch that at least 2 distinct linésand/, do not intersect
l.



(6) Let the functionf(z,y) be defined as follows. Firgtrotates each poiritz, y) about the point
(0,0) by 7/2, then it takes the result and rotates it abdud) by 7, and then it takes that result and
rotates it about the poirf0, 1) by 7/2. Determine whethef is a translation or a rotation and write
itin the form7’s or R, 4 giving specific values foB, «, andA if appropriate (i.e., iff = T, tell
me whatB is, and if f = R, 4, tell me whate and A are).



(7) On the third to the last page is a drawing consisting of 2 triangylé&C' andA A’ B’C” which

are perspective from the line passing through(), and R. Suppose we want to use Desargues’
Theorem to prove that these triangles are also perspective from a poiniX betthe point of
intersection of the line® B’ andC'C’. To show thatd A’ also passes througki, we can consider

two triangles which we know to be perspective from a point. The vertices of these two triangles
(not necessarily the edges) and the point they are perspective from are all in the drawing. Determine
the two triangles and the point they are perspective from and indicate your answers in the boxes
below. (No work necessary.)

Triangles\ \ and\ ! are perspective from poi.

(Note: You can complete the boxes to make a sentence which is true, but that will not necessarily
insure that you have a correct answer. A correct answer must correspond to establishihg/ that
passes through as discussed above.)




(8) A quadrilateral has 4 vertice$, B, C, and D oriented counter-clockwise (a picture for this
problem is on the third to the last page of the test). Supposeﬁaﬂmd}l_d are perpendicular
and thatD B andDC are perpendicular. Let/ be the midpoint oBC, and letNV be the midpoint
of AD. Using vectors, prove that N is perpendicular tolD.



(9) Let f be a rotation (by some angle about some point). Aet (0,52), B = (0,25), and
C' = (39,0). Supposef(A) = Bandf(C) = (z,0) for some numbr:. Determine with proof the
value ofz.



(10) Let P, P, ..., P, ben (not necessarily distinct) points in the plane. Leand B be two
arbitrary points. Beginning witll, = A, for j € {1,2,...,n}, defineA; as the point you get by
rotating A;_; aboutP; by =. Beginning withB, = B, for j € {1,2,...,n}, defineB; as the point

you get by rotating3;_, aboutP; by 7. Prove thatd, B, A,,, andB,, either all lie on a line or they

are the vertices of a parallelogram. Your answer should make use of Theorem 1 on the last page of
this exam. (Comment: You may want to consider even andnosieparately.)



(11) Explain how the theorem below follows from Desargues’ Theorem. The answer should be
fairly short but, at the same time, you should be sure to be very precise. A picture demonstrating
the statement of the theorem can be found on the second to the last page of this test. (Hint: Think
in terms of an infinite projective plane.)

Theorem: Let AABC be an arbitrary triangle, and le/ and V' be 2 arbitrary distinct points with
U # BandV # A. LetD be the intersection oflV and BU. Supposé) # C. Let/ be the line
CD. Suppose thatl 3 and 7V are distinct lines intersecting at a poiaf, that the line throught/
parallel to ¢ and the lineBC are distinct lines intersecting at a point, and that the line through
V parallel to ¢ and the lineAC are distinct lines intersecting at a poit¥ (with each ofK, M,
and N points NOT at infinity). Then the poink§, M, and N are collinear.



Problem 7

Problem 8






INFORMATION PAGE

Axiom Al.There exist at least 4 distinct points no 3 of which are collinear.
Axiom A2.There exists at least 1 line with exactlypoints on it.
Axiom A3.Given any 2 distinct points, there exists exactly one line passing through the 2 points.

Axiom A4.Given any line/ and any pointP not on/, there is exactly 1 line througFk that does
not intersect.

Theorem 1: Let « and  be real numbers (not necessarily distinct), andAeaind B be points
(not necessarily distinct). i + 3 is not an integer multiple dir, then there is poin€' such that
RgpRaa = Ratpo. If o+ B is an integer multiple ofr, thenRs s R, 4 is a translation.
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cos(f) —sin(0) x1(1 — cos(f)) + y; sin(6)
Ro (2141) = sino(e) cos(‘)(ﬁ) —xy sin(f) + %1(1 — cos(h))

Tiap)y = Rr (a/2,6/2)Rr 0,0)



