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CHAPTER 1

INTRODUCTION

In this thesis we lay down a mathematical framework for the study of the Hj
molecular system. Hs denotes a system of 3 protons and 3 electrons. The protons are
treated as classical particles but the electrons must be treated quantum mechanically.
Several topics essential to the understanding of the Hjz system will be addressed in
the following chapters.

In chapter 2, we develop in parallel the mathematical formalism for classical sys-
tems and quantum systems. The former is a good preparation to understand the
latter. Quantum theory is the proper physical language to describe the phenom-
ena in the microscopic world including the Hs molecular system. We consider the

following questions.

e How do we represent the state of the quantum system, which contains all the
information the observer knows about the system at a given level of theory

and approximation?
e How does the state evolve with time?

e How do we represent the physical quantities (called observables) associated

to the system, such as position, momentum, angular momentum, energy etc.

n Hg?

e How do we predict the measurement outcome of some observable for a given

quantum state?



e The quantum system will change after observables are measured, therefore

how do we take the measured value into account to update the state?

In chapter 3, we apply the quantum formalism to several microscopic systems
from simple to complicated: the spin system, the artificially spinless H atom and H,"
ion, and the real H, and H3 molecule systems.

In chapter 4, the symmetry information of a molecular system is examined. This
information is important because it allows us to simplify the electron distribution

when the nuclear configuration is symmetric. The following questions are investigated.

e What are the symmetries of a molecule? How can they be mathematically
represented? We will show that the symmetries of a molecule form a group
called the symmetry group.

e How can the elements of the symmetry group be represented by matrices?

e When are two matrix representations of the same symmetry group equiva-
lent?

e What type of representations of a symmetry group are the simplest?

e How can more complex representations be understood in terms of the simple

ones?

Moreover, we show that the information of a symmetry group can be organized
by a table called its character table. We explain the theory through three examples:
the isosceles triangle, the equilateral triangle and the tetrahedron.

In chapter 5, we discuss the conformation (i.e. the shape) and the configuration
(i.e. the coordinates) of the Hj system. We first discuss the shapes of the Hj system in
general Euclidean coordinates: how to mathematically represent a shape and how to
classify the shapes into the three different categories: the non-collinear, the collinear,

and the one-point-coincident. And then we discuss the shape space of the H3 system



using three particular internal coordinate systems which treat the three nuclei in a
symmetrical way.

In chapter 6 we introduce the differential geometric concepts: fiber bundles, and
the special case of Hermitian vector bundles, on which we define connections, parallel
translation, and the covariant derivative. We illustrate these concepts and results in
two concrete cases: a surface in R® and the Hs system.

In chapter 7 holonomy groups and Berry phase are considered. Suppose a quantum
system undergoes an evolution so that after some time it comes back to its original
state. Such an evolution traces out a cycle in quantum mechanical state space. The
result of the evolution will be reflected in the phase of the wave function in the form
of a geometric phase factor, usually called Berry phase. This phase factor can be
measured by interfering the initial and the final states. In this chapter, we explain
the Berry phase of the Hs system using the geometric language i.e. in terms of
holonomy in a Hermitian vector bundle.

We will see in chapter 6 and chapter 7 that there are several unsolved problems

in the H3 system mentioned.

e Given a nuclear conformation, what is the dimension of the vector space of
all ground state electronic wave functions of the Hj system?

e The ground state electronic energy is a function of the conformation, so where
on the shape space is it a smooth function? Where are its singularities, if
any?

e For each conformation, the point symmetry group of that conformation has
a representation in the vector space of all ground state electronic wave func-
tions. How can this representation be understood in terms of irreducible

representations?



e Does there exist an atlas of smooth local trivializations for the Hermitian
vector bundle of the Hj system?

e Each fiber Ej should be a direct sum of eigenspaces of S? (since H,S;, 82
commute). How does this direct sum decomposition depend on the base
point b?

Our work in this thesis provides a mathematical foundation for this future study.



CHAPTER 2

FORMALISM OF CLASSICAL AND QUANTUM MECHANICS

2.1. PRELIMINARIES: TENSOR PRODUCTS

2.1.1. Tensor Product of Two Vector Spaces.

DEFINITION. The tensor product of two F-vector spaces V and W, denoted VW,
is a vector space spanned by elements of the form v ® w, where v € V,w € W, and

such that the following rules are satisfied, for any scalar o € T,

(1) <U1+U2)®U):U1®w+vg®w,
(2) v® (wy +wz) =v @ wy + v ® wa,
(3) a(vew) =(w) @w =1 (qw)

The definition is the same no matter which scalar field F is used.

Here is another equivalent definition of tensor product using the language of the

Universal Property:

DEFINITION. ( Tensor Product by Universal Property) If Vj,V, are C-vector
spaces, then V; ® V5 is another C-vector space, and ® : Vi x Vo — V1 ® V5
(v1,v9) — v ® vy is a C-bilinear mapping with property that if W is an arbitrary
C-vector space and b : V) x V5 — W is an arbitrary C-bilinear mapping, then there
exists one and only one C-linear mapping b: V; @ Vo — W s.t. b(vy,vg) = B(vl ® vg)

for all v; € V; and vy € V5.



EXAMPLE. Let V; = V5, = C?. We can define the tensor product in two ways:
definition 1: (§)® (g) = (‘gﬁ), and V; ® Vo = C*.
bd
definition 2: (§)®(§) = (33), and V@V, = C*.
bd
Both definitions have the desired properties. Also V; ® V4 is obviously isomorphic

to Vi@V, by the rule o : (ﬂ) — (2)
d

DEFINITION. Let V' be a vector space. The vector space symmetric tensor product
V ®g V is defined to be a vector space together with a symmetric bilinear mapping
®s: VXV =V ®sV such that if b: V x V — W is any bilinear and symmetric
mapping, then there is a unique linear mapping b : V®gV — W such that b(vy,v9) =

b(v; ®g vg), for all vy, vy € V.

ExXAMPLE. For any ($),(5) € C?, we define

(3) ®s (d) r=%[(%)®(§)+(2)®(%)] =51(@) () +(5) (@) =(3) ®s(3).

DEFINITION. Let V' be a vector space. The vector space wedge product ( or vector
space antisymmetric tensor product) VAV is defined to be a vector space together with
a antisymmetric bilinear mapping A : VXV — VAV such thatifb: V xV — W is any
bilinear and alternating mapping, then there is a unique linear mapping b: VAV = W

such that b(vy, vy) = B(vl A vg) for all vy, vy € V.

EXAMPLE. For any (%), (§) € C?, we define
(5)A (&) =518 e @) —(DeE)]=-301) %) - (5)e (@] =-(2)A ).
If we define (¢)® (§) = <gj> then

H
=
@D
=
@D
o8
=
@D
a
[\
>
a
[\
i
—~—
VR
[N« Jen)
N——
o
+
(@)
I
o
——
N
a
[\
®
a
.l\D
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We can see that vector space symmetric tensor product and wedge products are
vector space tensor products having addition structures: symmetry and antisymmetry

respectively.
2.1.2. Tensor Product of Two Linear Maps.

DEFINITION. Let 1211 Vi — WA, 1212 : Vo — W5 be two linear maps between vector

spaces, then the tensor product of Ay and A, is
1211@1212 Vi@V =W @Ws v @ vy — (1211111)@(12121)2)
extended uniquely by the universal property.

EXAMPLE. Define (§)®(§) := (Zggg) = (%g) For i = 1,2, define linear maps

M; : R? — R?, where M; := (‘;z fZ ). The tensor product of these two linear maps is

defined to be

Vet = (3 4) e (2 )

c1 dp
az b
._ (al(CZ d2) b
- as bo
61(02 d2> d
aiaz aibs bias bibo
_ [ aice aidz bice bida
- ciaz c1by dias dibs N
cico cids dicy dids

We need to check that it is well-defined. Let ( ) € R% On one hand, we

o Q
SN—
—~
[SHe}

have

(& &) (D] e [(% &) @)

= (Gatai) ® (Getiza)
(a1a+b1b)(agc+b2d)

_ ((a1a+b1b)(cgc+d2d ) .

)
(61 a+dq b) (a20+b2d)
(Cl a+dq b) (CQC+d2d)



On the other hand, we have

(& ) e (G &) e @)

araz aibs biaz bibs ac
o aica aidz bica bida ad
- c1a2 Clbz d1a2 d1b2 be

cica cidy dicy dids

(a1a+b1b)(azc+bad)
o (ar1a+b1b)(cac+dad)
- (Cl a+di b) (a20+b2d)
(cl a+dq b) (Czc+d2d)

Done.

2.1.3. Tensor Product of Two Hilbert Spaces. For the purpose of this thesis
a Hilbert space is a complete inner product space over the complex field, and is always
separable, i.e. there is a countable maximal orthogonal set (see [19]).

Tensor products of topological vector spaces are not unique and the topic is non-
trivial; see [41] for a detailed account. Even tensor products of Banach spaces are
not unique. There are two main ones used: the projective and the injective tensor
products, see [21]. If we have two Hilbert spaces then neither of the two main Banach
space tensor products are in fact Hilbert spaces. But there is a natural way to define

a Hilbert space tensor product; see [24] for more details about the following.

DEFINITION. Suppose H;i, Hs, VW are Hilbert spaces. A C-bilinear mapping b :
Hi X Hay — W is said to be bounded if there is a positive real number C' such that
for all ¢; € Hy, P2 € Hy we have that ||b(é1, @2)|lw < C|lo1]lm, ||d2]l1,- A C-bilinear
bounded mapping b : Hi xHy — W is said to be a Hilbert-Schmidt mapping if for every

1 € W and for some orthonormal bases {e1,}22 ;, {e2, 22, of Hj, Hs respectively we

have that Y 0" >~ |(b(e1n, e2m), Y)w]* < o0.

DEFINITION. ( Tensor Product of Two Hilbert Spaces by Universal Property)
Assume that H;, Hs are Hilbert spaces. Let H; ® Hs be a Hilbert space, and ®: H; x
Ho — Hi @ Ha: (01, 02) — ¢1 @ @9 be a C-bilinear Hilbert-Schmidt mapping. The

8



pair (H; ® Ha, ®) is called the Hilbert space tensor product of Hy, Ho if whenever W
is an arbitrary Hilbert space and b : H; X Hy — W is an arbitrary C-bilinear Hilbert-
Schmidt mapping, then there exist one and only one C-linear continuous mapping

b: Hy ® Hy — W such that b(¢y, ¢2) = b(d1 @ ¢s) for all ¢; € Hy and ¢y € Ho.

Hilbert space tensor products exist and are unique up to inner product preserving

linear isomorphism; furthermore the inner product in H; ® H, satisfies

(1 @ P2, Y1 @ Va2)ryems = (D1, Y1) w, (D2, ¥2)m, -

In fact, one construction of H; ® Hs is as the completion of the vector space tensor
product equipped with this inner product.

Here is one construction of H; ® H, followed by Reed and Simon [36]. Let H; and
‘H> be Hilbert spaces. For each ¢, € Hy, ¢po € Ha, let ¢1 ® @2 denote the conjugate

bilinear form which acts on H; x Hs by

(1 @ d2)(V1,02) = (Y1, $1) 1, (Y2, P2) 1,

where (-, )z, and (-, )z, are the inner products defined on H; and Hy respectively.
Let 'H be the set of all finite linear combinations of such bilinear forms; we define

an inner product (-,-)z; on H by defining

(0@ 1h,n @ )y = (1) py (Vs 1)1,

and extending by linearity to H.
FAcT. (-, )y is well-defined and positive definite.[36]

DEFINITION. We define ‘H; ® H, to be the completion of H under the inner
product (-, ) defined above, which is a subspace of the space of all conjugate bilinear

continuous functionals on H; X Hy. Hi ® Hs is called the tensor product of H; and

Ho.



Here we give an alternative construction of the Hilbert space tensor product (see

§2.2.2 and §2.2.4 for definitions of o-algebra and measures)
L2(X1,51, 1, C) ® L2( X, g, pia, C),

where for ¢ = 1,2, X, are sets, X; are the sigma algebras defined on X, u; are
measures defined on ¥;, £2(X;, 3, s, C) are the sets of equivalence classes of square
integrable complex valued functions defined on X;. ¥; ® ¥, is the smallest sigma
algebra generated by measurable rectangles in X; x Xo [38]; p1 X g is the product
measure of p; and ps (see [38] p. 304).

We define the bilinear mapping
® : ‘Cz(Xla El?ﬂla(c) X £2<X27 ZQ,M%C) - £2(X1 X X2721 ® ZQa,ul X M?a(c)

by the rule ®(1)1,12) = 11 ® 1, where (Y1 ® 12)(x1, x2) = V1 (21)1h2(x2). It is not at

all difficult to see that this mapping is bilinear, bounded, and even Hilbert-Schmidt.
Then for any given bilinear Hilbert-Schmidt mapping b : £2(X1, 31, p1, C)

X L2(X5, Y, 12, C) — W, and for any Hilbert space W, we define the mapping

Biﬁz(Xl X XQ,E:[ ®22,,u1 X ,LLQ,C) — W

by the rule b(1y @ 1s) = b(ty, 1hs).

We must check that b is well-defined and linear. To see b is linear in the range of

®, note that

b(th @ vy + a] ® o) = b((¢1 + a))) @ 1)
= b(¢1 + by, 1y)
= b1, ¥2) + ab(ihy, 1)
= b(1h1 ® 12) + ab(y] @ 1by).

10



To see that b is well-defined on the range of ®, we need to show that ¥ ® 1y =
U1 @ g = b(W1, P2) = (i, n).

We will show that one of the following three conditions holds:

(1) ¢1(x1) =0 and 1;1(371) =0 for pi-a.e. x; € Xy;

(2) ¥a(x2) = 0 and hy(x2) = 0 for pp-a.e. 5 € Xo;

(3) There is a constant ¢ such that 1y = 0122 fio-a.e. on Xo, and I [i1-a.e.
on Xj.

Each of these three conditions imply that b(i1, 1) = b(z/;l, 122)

Define S = {(z1,23) € X1 X Xo|thy(21)1hs(x2) = U (x1)¥a(22)}. Then (pg x
112)(S€) = 0, where S¢ = (X; x Xo)\S. [y, x, Xse dndps = [ ([x, Xse dp2)dps = 0.

Define Sy = {x1 € Xi| [y, Xse(21,22) dpa(w2) = 0}. Then py (X, \ S1) = 0. For
all 21 € 51, xse(x1,22) = 0 for pg-a.e. o € Xo; xs(x1,20) = 1 iff Yy (21)he(z2) =
bi (1) (@s) for po-ace. x3 € Xo. Sp(1) = {2 € Xo|tn(1)tha(2) = W1 (21)s(22)}
is meaningful for all z; € S, and pe(Xs \ Sa(x1)) = 0.

If Vz; € Sy both ¢y(z1) = 0 and 91 (z1) = 0 then (g, 1) = 0 = b(thy, 1)
regardless of 1)y and t); if not then 3z* € Sy such that either ¢y (%) # 0 or ¢y (%) # 0.
Interchanging 1, and v, as necessary we have ¢ (%) # 0. We know that s(X, \
So(xq)) = 0 for all z; € Sy. If Jx} € S; such that 11 (x]) # 0 then define ¢; := Zi&;

Define Sy := {22 € Xof [y, Xsc(21,22) dpa(z1) = 0}. Then (X5 \ S2) = 0 and

Sa(t) = {wa € Xoft(a})¢n(w2) = Un(a)n(22)} = {2 € Xoftha(2) = c19Pn(w2)}
and fip(Xz \ Sa(77)) = 0. If 25 € Sy N Sy(xy) then [y xse(w1,72) dpa(z1) = 0 i.e.

Xse(z1,22) = 0 py-ae. x1 € Xy, xs(1,22) = 1 py-a.e. xp € Xy, ie. Py(x))ha(z2) =
ﬁl(xl)z/b(xg) for pi-a.e. 11 € X7 = clwl(xl)q%(xg) = ﬁl(xl)%(@) for pi-a.e. xq €
Xy = a1 (z1) — 121(931)]@2(332) =0 for pj-a.e. r; € Xj.

If Veg € Sy N Sy(x}) 1/;2(@) = 0 then y(z3) = 0 for all such xy as well and
hence b(1y,105) = 0 = b(t)1,1)2) regardless of 11 and 1. So otherwise Jz% € S, N

11



Sy(z%) such that o(23) # 0, then Sy(x3) := {1 € Xi|eyi(z1) = i)} satisfies
,ul(Xl \ Sl(l‘;)) = (0. Hence 1#2(1'2) = 617752(%2) for all Ty € SQ(.IT), /,LQ(SQ(Q:'T)C) =0
and ?ﬁl(:vl) = c1y(x2) for all zy € Sy(zh), 11 (S1(x5)°) = 0 as desired.

b(th1,1ha) = b(thr, ctba) = cb(thy, ) and b(thy, ) = b(ctby, tha) = cb(thy, ). So b is
well-defined in the range of ®. O

The fact below shows that b is densely defined.

FAcCT.

v :{Z% ® V) € L2(X1 x Xo,51 ® B, pt1 X ip, C)

i=1

| i € L2(X1, 0, 111, C), 0 € L2(Xa, Do, 419, C),i = 1, ,n}
is dense in £?(X] x Xo,%; ® Xo, i1 ® pa, C). (See [41] for the proof.)

It is also not difficult to verify that b is continuous. Therefore the universal

property ensures that
L3(X) X X9, 31 ® X9, i1y @ pig, C) 2 L2(X1, %1, 1, C) ® L2( X3, X, g, C).

since if we take W = £2(X)®L2(X>), then the induced mapping b is an isomorphism.

EXAMPLE. As we will discuss in §3.2.1, £?(R?,C) is the Hilbert space of one
spinless electron system. C2 is the Hilbert space of one spin. The tensor product
allows us to combine the two attributes. The Hilbert space of one real electron

system (i.e. 1 electron system with spin ) is represented by:
L*(R*,C) @ C* = L*(R?,C) ® L({0,1}, P({0,1}), #,C)
= L*(R® x {0,1},C),

where P({0,1}), i.e. the power set of {0, 1}, is the sigma algebra of {0,1}, and # is

the measure of counting.

12



For ¢ € L2(R3 x {0,1},C), we have 1 (1, v, x3,0) € C, for all 21, 29,23 € R,0 €
{0,1}.

Notation: £2(R3 C)? = L%(R3,C) & L3(R?,C) = L*(R? x {0,1},C).

Given a Hilbert space H, define 7 : HQH — HQH as ) @ by — thy @ 1y

uniquely extended by the universal property. Therefore

(1) S = 11 +17), called the symmetrization operator, is the projection of H into
H . 1, the eigenspace with eigenvalue +1, because f[%(i+f)¢] = %(i—l—fz)w =
%(j + 1), te. 21+ I)1) is an eigenfunction of Z with eigenvalue +1. We
define the Hilbert space symmetric tensor product H ®g H = Hy;.

(2) A = 11— 7), called the anti-symmetrization operator, is the projection
of H into H_;, the eigenspace with eigenvalue —1, because f[%(i — I =
%(j — I = 11 - 1), ie. 11— I)¢ is an eigenfunction of Z with
eigenvalue —1. We define the Hilbert space wedge product (or Hilbert space

antisymmetric tensor product) H AH = H_;.

Therefore, H ®¢ H and H A ‘H are subspaces of H ® H.

2.2. MATHEMATICAL FORMALISM OF CLASSICAL STATISTICAL ME-

CHANICS

To understand the mathematical formalism of quantum mechanics, we will first dis-

cuss the corresponding concepts in classical mechanics.

2.2.1. Phase Space.

DEFINITION. The phase space of a classical system determines all of its con-
stituents and all their possible configurations and dynamical behaviors. The phase
space X of a classical mechanical system with n degrees of freedom is a 2n dimen-

sional manifold, with local coordinates ¢, -, ¢n, D1, , Pn, Where (q1,--- ,qn) = q

13



represent the generalized position coordinates and (pi,---,p,) = p represent the

generalized momentum coordinates.

ExXAMPLE. For a particle in R?, the phase space is R® = {(q1, ¢2, g3, P1, D2, P3)|
¢,pi € Ryi = 1,2,3}, where q = (q1,¢2,q3) is the position of the particle, p =

(p1, 2, p3) is the momentum of the particle.

2.2.2. Logic.

DEFINITION. Let X be a set. Then a o-algebra ¥ is a collection of subsets of X
such that the following hold:
(1) The empty set is in X;
(2) If Aisin X, then so is X \ A;

(3) If A, is a sequence of elements of ¥, then the union of the A4,s is in X.

If > is a o-algebra and A is a subset of X, then A is called measurable if A is a
member of X. Measurable sets are also called events. If S is any collection of subsets
of X, then we can always find a o-algebra containing S, namely the power set of X.
By taking the intersection of all o-algebras containing S, we obtain the smallest such

o-algebra, which is called the o-algebra generated by S.

DEFINITION. The Borel o-algebra B(X) is defined to be the o-algebra generated
by the collection of open sets (or equivalently, by the closed sets) of the topological

space X. A Borel set is an element of the Borel o-algebra.

DEFINITION. The logic of a classical mechanical system is ¥ = B(X), the Borel

o-algebra on the phase space X.

The events of the logic are in an idealized sense definable and testable in terms

of experimentally relevant quantities such as the coordinates ¢, -, qn,P1, " , Pn-

14



A € ¥ if there is an idealized decision algorithm for whether s € A involving only
answering questions about the values f(s) of various continuous functions f : X — R.

For A,B € ¥, we define A < B iff A C B. We define A+ := X — A. We define
AL Bif AnNB=0.

2.2.3. Observables. A physical quantity relative to this system is called an
observable, defined as a function f : X — R measurable with respect to the o-algebra
¥, ie. f7YR) € X, VR € B(R).

For instance, if the system is that of a single particle of mass m which moves in
R3 under the influence of a potential force, then n = 3, X = R% ¥ = B(R®), and an

important observable is the Hamiltonian H, which is given by

A~

1
H(q1, G2, 43, p1, P2, P3) = %(p? +p5+03) + Vg, g, q3)-

If (q,p) = (q1, 42,43, P1,p2,3) € RS, the function (q,p) — 7= (pi + p3 + p3) is the

kinetic energy observable of the particle. The function (q,p) — V (¢, q2,q3) is the

potential energy observable of the particle. These are also important observables.

DEFINITION. Let be u,v be any two smooth functions of the variables (q,p).

Then the expression

" Ou v Ou v
U, V| = —
{ } ;(api 0q; 0q; 8]%')

is called the Poisson bracket of uw and v.

Fact. The collection P of all smooth observables have the following properties,
for any A, B,C € P
1) distributive law (Leibnitz rule): {A, BC'} = {A, B}C + B{A, C};
2) antisymmetric law: {A, B} = —{B, A};
linearity: {A, 51B1 + B2Ba} = Bi{A, Bi} + B2{A, Ba};
4) Jacobi identity: {A,{B,C}} = {{A,B},C}+{B,{A,C}}.

(1)
(2)
(3)
(4)
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2.2.4. State.

DEFINITION. A measure is a map m : ¥ — R* U {0} such that m(0) = 0 and, if

A, is a countable sequence in ¥ and the A,, are pairwise disjoint, then

m(Up,A,) = Z m(A,).

If, in addition, m(X) = 1 for X a measure space, then m is said to be a probability

measure.

DEFINITION. A state in classical statistical mechanics is defined as a probability
measure on the phase space:
w3 — [0, 1].
The pure states are the extreme points of the convex set of all states, which are

1, if(qp) €S
represented by the Dirac delta measures d(q,p)(S) = :

0, otherwise.

The state represents the observer’s partial knowledge of the phase point (q, p)

and/or describes an ensemble of identically prepared systems.

DEFINITION. A measure v is absolutely continuous with respect to another mea-

sure i, denoted as v << p, if for every set £ with u(E) = 0, we have v(E) = 0.

This makes sense as long as p is a positive measure, such as Lebesgue measure,
but v can be any measure, possibly a complex measure.

By the Radon-Nikodym theorem [38], v << u implies that

I/(E):/Efd,u, VE € X

where the integral is the Lebesgue integral, for some integrable function f. The
function f, uniquely determined p a.e. on X by p and v, is like a derivative, and is

called the Radon-Nikodym derivative j—;.
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For an example of an absolutely continuous state, i.e. a state which is absolutely

continuous with respect to Lebesgue measure d"qd"p = dq; - --dg,dp, - - - dp,, we

e—BH(a,p)

Z(B)
proportional to the temperature, and Z(f5) = fm% e~PH(ap) d"qd"p is called the par-

define the density function p(q,p) = , where § > 0 is a parameter inversely
tition function. p is a nonnegative real valued function, and fRQn pd*qd"p = 1. The

state du = p(q, p) d"qd™p is usually called the canonical ensemble.

2.2.5. State Evolution. The law of evolution in time of the state of the sys-
tem is specified by a smooth function H : X — R, called the Hamiltonian. Let

(@), p(t) = (@ (1), -+ qult), (1), - ,pa(t)) be a dynamical trajectory of the sys-

tem; such a trajectory satisfies the Hamilton’s equations of motion :

d
S =Vp,H

o _ _v.H

dt

[+

e}

0 D
0q1 9p1
where Vg 1= : :

an 9pn

, Vp 1=
= (q(t), p(t)) be the solution of these classical equations of motion,

~— Q|

Let ¢+(qo, Po
where (q(0),p(0)) = (qo, po). Denote the initial state as 1, and the state after time

t as pp. Let S € B(X), then define

For a pure initial state, i.e. if 19 = d(q,p), then

11:(S) = g, (qp)(5)-

For a given absolutely continuous initial state dug = pod™qd™p, the density function

py of the state du, = p; d*qd™p at time t satisfies the Liouville’s equation [9] :

dp

di = —{]:I,p} = _(vpﬁ “Vgp— Vpp- qu[).

17



ExAMPLE. For a 1-dimensional harmonic oscillator, the Hamiltonian is given by

A o 2 1 2 2 2 o . .

H(q,p) = &+ 3kq* = W;’——m)Q + (q? = F, where m is the mass of the system, % is a
. . . 2 o

constant, g is the displacement, p is the momentum, 2 represents the kinetic energy,

1 2 . . .

7kq” represents the potential energy, F is the total energy of the system. For different

E values, the level curves of the Hamiltonian correspond to different ellipses having

the same major axis and minor axis. Then Vq]:I = ﬁq = kq, Vp]:I = ﬁp = p/m and

hence the Hamilton’s equation is

— = IA{p = p/m7
dp —]:Iq = —kq.
Given the initial state (qo,po), the state (G(¢; qo, po), P(t; Go, po)) at time ¢ can be

solved from the above equations as ¢ = C cos(wt + ¢),p = —mCwssin(wt + ¢), where

W =4/ %; C, ¢ are constants calculated as follows.

qgo = Ccos o, pp = —Cmwsin ¢ = cos$ = qo/C, sinp = — Po ;
Cmw
2 2,2, 2
~ D 1 C*mw* . 1
H(qo,p0) = ﬁ + 51{:(]3 == sin® ¢ + 51{02 cos® ¢ = kC? /2.
2H
:>C: ((.2)7290)7

¢ = arg(qo/C — ipo/(Cmw)) = arg(qo — ipo/(mw)).

Therefore,

~

1= Ceos(ut +¢) = || 2100 20) cos<\/%t T arg(go — ipo/(m))) = At dos o).

p = —Cmwsin(wt + ¢) = —\/2H (o, po)m sin(\/gt + arg(qo — ipo/(mw)))

= ﬁ(ta q07p0)-

18



Suppose the initial density function po(q,p) = p(q,p,0) is given. The Liouville’s

equation is ‘Z‘t’ = —%g—g +kq dp We claim that the solution for the Liouville’s equation

is p(q,p,t) = p(q(=t;q,p), p(—t; ¢, p),0) = po(G(—t;q,p), P(—t; ¢, p))-

To see,

p(q(t:q,p),B(t;q,p),t) = po(q, p)

0= gpo(q p) = gt (q(t:q,p),p(t;q,p), 1)

_0p 00 0p0p  0p
T 9q Ot opot ot

dp p  Op dp
=L D32 (kg + L
aq m + dp (k)G + ot

O

2.2.6. Predicting Measurement Outcomes. Suppose the observable f : X —
R is to be measured and we wish to predict the distribution of the measured values of
this observable when the system is in the state p: ¥ — [0, 1]. If we suppose the mea-
surement is noiseless then the probability distribution of the values of f is the so-called
marginal distribution v;: B(R) — [0, 1], defined by the rule: v;(R) = u(f~*(R)) for
all R € B(R). We will use the notations dvs(y) and v¢(dy) interchangeably when

integrating with respect to this measure.

EXAMPLE. Suppose X is a product space R?, with coordinates (q,p), and the
observable is f(q,p) = ¢ for all (¢,p) € X. Let the state be given by the absolutely
continuous probability measure du(q,p) = p(q,p) dpdq, where the density function
p(q,p) > 0 satisfies [, p(¢q,p) dpdq = 1. Then for all R € B(R) we have

vp(R) = u(f~(R)) = / ) / p(q,p) dpdg = / psla) s

So vy is absolutely continuous with respect to Lebesgue measure on R with the so-

called marginal density function ps(q) = %"(q) = [ p(q,p)dp.
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Realistic measurements all have some noise, which means that instead of measur-
ing f(z) the measurement apparatus introduces small perturbations, which we model
using a normally distributed random variable with mean zero and small variance €.

Define

1 y?
acy) = (2ne)i/A eXpP@]

Then «.(y)? is the probability density function for the noise perturbations. The

predicted probability distribution of the noisy measured values is v; * 2. Thus the

probability that the noisy measured values will be in the set R € B(R) is given by
et B) = [ xale) [ ade=af oy a:

/ / r()an(z — y)? dz vy dy)

— [ G 2w vyl
In the limit as € — 07 this expression tends to v¢(R) as expected.

2.2.7. Updating the state after the measurement. First let us suppose
a noiseless measurement of the observable f has been conducted while the system
is in the state p, and the outcome of the measurement is an observed probability
distribution 7 of the measured values of f. This observed distribution 7 may be
different from the predicted distribution v, and our problem is to know how to take
this new information into account. If there is some R € B(R) such that v¢(R) = 0
and 7(R) > 0 then there is a genuine conflict between theoretical prediction and
experimental observation. Let us assume the contrary, namely that v << vy.

The experimentally obtained information o concerns the possible values y = f(x)
of the observable, if the phase point x is in X. However, the experiment yields no
information about which z € f~({y}) gives rise to a particular y value. The state u

does however provide such information by means of the fibre measures p,, which will
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altogether satisfy

*) u(s) = | " () dvs(y)

for all S € . This can be understood as follows. Suppose S € ¥ and define
vig: B(R) — [0, u(S)] by the rule vy s(R) = p(SN f71(R)) for all R € B(R). Clearly
vs.s is a positive measure and vy ¢ << vy. Therefore by the Radon-Nikodym theorem

38]

u(S) = vy.s(R) = / " dvysly) = / T s ) dus ).

— 00 0o dl/f

This suggests that p,(5) = ddylf}s (y) except for y in some v¢-null set (depending on 5).

The fact that there exists a universal vy-null set N € B(R) such that for all y € R\ N

the fibre probability measure y, exists and satisfies p1,,(5) = dgg}s (y) for all S € ¥ is
a nontrivial theorem in measure theory, proved for example in [33] (Parthasarathy).
{1ty }yer\nv is called a system of conditional probabilities. p, is concentrated on on the
set f~1({y}) in the sense that u, (X \ f~'({y})) = 0.

No experimental information gives us any reason to modify the fibre measures f,,
so we define the updated state ji by the rule:

i(S) = / " () diy)

for all S € X. This makes sense since p,(S) is defined for all y € R\ N, and
v(N) = 0. Hence we essentially replace v¢ in (*) by 7. It is not difficult to check that
a(f~Y(R)) = v(R) for all R € B(R), and fi,, = u,, for all y € R\ N. The updated state
thus encodes all the information the observer possesses about the system immediately
after the measurement.

If the measurement is noisy, this does not affect the formula for the updated state,
since in classical mechanics we do not suppose that the noise in the measurement ap-
paratus actually perturbs the system, so as to modify the fibre measures p,,. However

in a noisy measurement one would expect the observed distribution 7 to be “blurred”
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when compared to the distribution of noiselessly measured values. Thus the updated
state represents what the observer knows about the system, not what “really is”.
Because of this it is not surprising that the state might need to be updated after a

measurement.

EXAMPLE. Let us explain the process of updating the state after a measurement
in the simplest possible case, namely that of a discrete space X = {1,2,3,4} x
{1,2,3,4,5,6}. (This is not a classical phase space, but here the statistical aspects
are paramount.) Define the logic to be ¥ = P(X), the power set of X. Define
Y ={1,2,3,4,5,6} and an observable to be f : X — Y : (i,j) — j. Suppose the
state before measurement is u(S) = >2; ;e Fij, for all S € X, where the atomic
probability at (i,j) € X is P,;, 0 < Py < 1,34, Y0 | Py = 1. For R C Y, the

predicted probability of the measured values is

vi(R)=u(f"(R)= > Py= > Py=> Y Py

4

(ig)€f 1 (R) fig)ER i=1 j=1jeR
6 4 6
_ _ f
=Y X rp= Y P
j=1,j€R i=1 j=1,j€R

where ij = Zle P, ;, 7 € Y, is the marginal atomic probability. Define N =
{j eY | ij = 0}. Clearly vf(N) = 0. The conditional measures are p;(S) =
# Zf:um.)es P, forall S € ¥, and all j € Y\ N. This is because of the relations:

6 4

vis(R)=p(f ' (R)NS)= " > Py= Y ( > Py
(i,5)Ef~LH(R)NS j=1,J€R i=1;(i,j)€S
6 24 P 6
. i=1;(3,5)€S * I f f
DI S I
j=1J€R,P{>0 J j=Lj€eR

When j € N the quantity p;(S) is undefined, but we agree that ,uj(S)ij =0 in
this case. Assume that the observed probability of the measured value j € Y is

7({j}) = P;, where 0 < P; < 1,2?:1 P; = 1, and that P; = 0 whenever j € N (the

22



absolute continuity condition). Then the observed probability that the measured
values will be in R C Y is #(R) = Z? LjeR P;. The updated state is defined for any
S € ¥ by the rule:

6

6 ) 1 4 i Iy
:Z;Mj(‘s)Pj: > oF > Py P= )] Pf Z i
p

J=1,j¢N 7 i=1,(i.5)€8 (i,7)€S,jEN ,J)ES

where 15” =4 f P if j ¢ N and P j = 0 otherwise is the updated atomic probability.

EXAMPLE. Now consider again the continuous example X = R?, with coordinates
(¢,p), and observable f(q,p) = q. Let p(q,p) be the density function of the state
o prior to the measurement, and pf(q) = ffooo p(q,p)dp be the predicted density
function of the marginal distribution v;y. Let N = {¢ € R | ps(¢) = 0}. Clearly
v¢(N) = 0. First we compute the conditional measures for go € R\ N:

dl/f’,g

(a0) = lim 2B =00+ )
—0+ vi([go — €, qo + €])

OFE [ xs(q,p)p(g,p) dp dg

= lim 2=
+
0t e pr(g)dg

_ 172 xs(q0, p)p(q0, p) dp
(o) '

/’L(IO (S) = de

Let p(q) the observed density function of the observed distribution 7 of the measured
values; assume p(q) = 0 for all ¢ € N. Let p(q,p) denote the density function of the

updated state ji. Then for all Borel measurable S C X the updated state is

(S) = / 14(S)7(q) da

72 xs(a.p)plq,p) dp _
= p(q) dq
R\N Pf(Q)

/R\N/qup qpp((q))dpdq

z/R\N/RxS(q,p)ﬁ(q,p) dp dg.
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Therefore we have the relation p(q,p) = p(q,p)% for all g e R\ N and p(q,p) =0

otherwise.

2.3. MATHEMATICAL FORMALISM OF QUANTUM MECHANICS

2.3.1. Hilbert Space. Each system is associated to a seperable Hilbert space
‘H, which is not strictly analogous to the classical phase space, but plays roughly the
same role in quantum mechanics as the phase space plays in classical mechanics. It
is difficult to give a systematic theory of the Hilbert spaces for each particle type,
so we will assume that they are known and focus on deriving the Hilbert space for a
system of many particles.

Let A be the set of all particle types, such as ’electron’, "proton’, 'neutron’, "Helium
nucleus’, etc. Also assume A = Aposon U Afermion. Assume that H,, is the Hilbert space
for a single particle of type a € A. Let N be the set of all particles in the system.
Then N = UyeaNa, where N, NN, = 0 if a1 # g, where N, is the set of all
particles in A of type «.

Then we have the following rules:

(1) Suppose a € Agermion- Then the Hilbert space for the system of particles N,
1 [Na|—1

is Hy, = Hoa A--- A Hg, where A is the Hilbert space wedge product.

(2) Suppose a € Aposon, then the Hilbert space for the system of particles N, is
Hy, = Ha és e M(/}%‘s_l ‘H., where ®g is the Hilbert space symmetric tensor
product.

(3) The Hilbert space for the entire system of particles N is Hy = Hy,, ®

- ® Hyy,, , where A={aq, -+ ,a4} and ® is ordinary Hilbert space tensor
product.
2.3.2. Logic.
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DEFINITION. A bounded linear operatorT' : V — W between two Banach spaces

V, W satisfies the inequality
IT(W)lw < Clolv, Vo eV,

where C' is a constant independent of v.

Fact. For any bounded linear functional [ : H — R, where H is a Hilbert space,
there is an unique z € H such that I(y) = (z,y) for all y € H, where (z,y) is the

inner product of z and y. We write [ = 2.

For any fixed x € H, a bounded linear operator P on Hilbert space H defines a
linear functional l(y) := (z, Py),Vy € H. By the above fact, for any fixed z € H,
there is an unique z € H such that (x, Py) = l(y) = (z,y) for all y € H. We define
the Hermitian conjugate (or adjoint) of P, denoted as PT, by the rule PTx = 2. It is

also a bounded linear operator on Hilbert space.

DEFINITION. Let ‘H be a Hilbert space. We define the set of orthogonal projection
operators as £ = {P : H — H|P is linear and bounded, P = P! = P2}. The
Logic L of a quantum mechanical system is the set of all linear bounded Hermitian
projection operators on H. We say that orthogonal projection operators P and Q are
perpendicular, denoted as P1Q, if and only if range(]s) L range(@). For P,Q € L,
we define P < Q if range(P) C range(Q). We define P+ .= — P.

~

Qiff QP = P.

~
IA

Fact. For P,Q € L,
FacT. For P,Qe L, P<QLiff P L Qiff QP =0 iff PQ =
FaCT. For P,Q € £,if P L (), then P+ Q € L.

Fact. The set of orthogonal projection operators £ on H has the following prop-

erties:
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(1) The zero projection 0 : H — {0} is in £;

(2) if P € £, then P+ :=]— Pisin L;

(3) If a sequence of projectors Py, Py, -+ € L s.t. I5Z-J_13j, Vi # j, then sz% is
in L.

These properties are analogous to those of a o-algebra.

2.3.3. Observables. A physical quantity A relating to this system is called
an observable, which is represented by a Hermitian unbounded linear operator A
DomA — 'H, where DomA is the domain of A. Observables are closed and densely de-
fined in H (the following definitions of DomA, observables closed and densely defined
are found in [19]).

Thus the set of observables is U = {A : Dom(A) € H — H|Dom(A) is a dense
subspace of H, A is linear, graph(fl) is closed in 'H x 'H, and Dom(fl*) ={z €

HlsupyEDom(ﬁ),y;ﬁOl(x|[;\|y)| < OO} = DOII’I(A), and (A.T, y) = (ZE, Ay) va /S Dom(A)}

By spectral decomposition theorem [19], there is a spectral decomposition Fj :
B(R) — L s.t.
A= / ANAF;(N).
R
Moreover, F'; has the following properties:
(1) Fi(0) =0, F4(R) = 1.
(2)if U,V eBR)st. UNV =0, (i,e. U L V), then F4(U) L F4(V).
(3) If {U,}22, is a sequence of sets in B(R) and U, NU,, = 0,Yn # m, U =
UZOZIUR, then FA(U) = ZZL FA(Un)
This shows that F'; is the quantum analog of the mapping R +— f~!(R) when f is a
classical observable.

Bounded observables form a Jordan-Lie algebra (Landsman [25]) with the fol-

lowing two binary operations. If A, B are bounded observables on Hilbert space H,
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then define Ao B = %(AB + l%fl), which is analogous to fg of classical observables f

and g; also define {A, B} = i[A, B] = {(AB — BA), where i = 1.055 x 103 Js is

the Planck’s constant. {/Al, B’} is analogous to {f, g}, the Poisson bracket of classical

observables f and g. The following properties hold:
AoB=BoA, {A B} =—{B,A}
Ao (5131 + 52é2) = BiAo B, + Ao By
{A7 6131 + 5232} - ﬁl{A7 Bl} + ﬁ?{Aa BQ}
Leibnitz rule: {4, BoC} ={A,B}oC + Bo{A,C}

Jacobi identity: {A4,{B,C}} = {{A, B},C} + {B,{A,C}}

In the quantum case we have

~

(AoB)oC —Ao(Bo()= Z{{A,C’},B}
whereas in the classical case we have (fg)h — f(gh) = 0.

Facr. [42] If A and B are bounded observables, and F ‘1, I are their spectral
decompositions, then AB = BA iff Fi(U)F4(U) = F4(U)F4(U) for all U € B(R).

This fact give us a hint about how to extend the notion of commuting bounded

operators to the context of unbounded operators.

DEFINITION. Observables Ay, - - -, A, are said to be commuting if VR € B(R) and
V1 <4,j < n we have Fy (R)F; (R) = Fji (R)F;,(R). We usually write [A,B] =0

to express the commutation of Aand B , even when one of the operator products AB

or BA makes no sense.

THEOREM. (Simultaneous Diagonalization theorem [19])
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Suppose 1211, e ,AN are commuting observables. Then there exists a projection

valued measure Fi 3, . 4.y B(RY) — L such that

A1
where \ = .
AN

Moreover, if A; = [ AdFj (A) then

~

Aj:/ NdF 4 4N, j=1, N
AERN

F(A1,~~~,AN)((G’1’ bi] X -+ x (an,by]) = Fi, ((a1,01]) 0 -~ 0 Fy_((an,by])

2.3.4. State. A state of a quantum system is given by a mapping p : £ — [0, 1]
s.t. u(0) = 0,u(1) = 1, and if {P;} is a sequence of projection in £, such that
P; L Py, whenever j # k then 1>, P = > 1(P;). This concept is analogous to

the classical state i.e. a probability measure.

DEFINITION. A bounded operator D on the Hilbert space H is of trace class if,

for any orthonormal basis {e;} of H, the series
Z |(e;, Dey)| < o0;

In this case the sum

tr(D) = Z<€“ De;)

exists for any orthonormal basis {e;}, and is independent of the basis used; it is called

the trace of D. [42]

DEFINITION. A bounded operator D on the Hilbert space ‘H is non-negative if

(h, DR) > 0 for all h € H.

Gleason’s theorem [42] asserts that for every state p there is a density operator

A

D, i.e. a Hermitian, non-negative, trace class operator with unit trace, such that
w(P) = tr(DP), VP € L.
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1 is identified with D, so we usually write u as up. Moreover, Dis analogous to the
classical density function for an absolutely continuous state. The trace is analogous
to integration with respect to Lebesgue measure d"pd"q.

A pure state is an extreme point of the convex set of all states. Gleason’s Theorem
also identifies all the pure states to be exactly those of the form D = fff, f ¢
H, |f] =1, where fT: H — C: g— (f,g). Let us check that D = ffT is a density

operator:

(1) Dg = ffi(g) = f(f,g) is a linear function of ¢ with values in H;

(2) 1Dgl = 111, 9)l < 1F11F gl = gl so D is bounded;
(3) (Dg,h) = (f(f.9).h) = (. 9)(f:1) = (9, N)(f. h) = (g, F(f. )
= (g, Dh), so D is Hermitian;
(4) because (g, Dg) = (9, f(f,9)) = (9, /)(f,9) = (g, ) = 0, s0 D is non-
negative.
(5) tr(D) = 3202 (en, Den) = 3202 (ens [)(fren) = 302y (ens P = | I
= 1, where {¢;} is any orthonormal basis of H.
Remark: For the pure state D = i, D is not to be identified with the unit
vector in f € H. To see, if € € S, then fe(fe)! = feief1 = ffT. Thus fe'
and f determine the same pure state. For this reason, pure states are often defined

as rays in H.

2.3.5. State Evolution. The state of an isolated system with a known Hamil-

tonian operator H evolves according to the rule:

~

D(t) = U(t)D(O)U(t) ™,

where the unitary group {U(t)} is the solution of the initial value problem for the

differential equation(Schrodinger’s equation)( Reference: converse of Stone’s Theorem
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[19] for the existence of U(t)):

—{H, D(t)} (the Liouville-von Neumann equa-

It is clear that D'(t) = —%[ﬁ, D(t)] =
tion) and hence this evolution is analogous to classical density function evolution. If

D(0) = fofg, then D(t) = fif}, where f; = U(1) fo, since f{g = (fi.g) = (U(t) fo. 9) =
(fo,U()lg) = f{U(t) g for all g € H.
By spectral decomposition theorem ([19] p.270), Hf(t) = JZ AdE5(N)f(t), and

f= ffooo dFy(X\)f. The Schrodinger’s equation can be solved formally as follows.

inf'(t) = Hf(t)
i [~ ary0rw = [~ a0

o0 o0

ih % [F ()£ ()] = AR ()£ ()] =0

AN F(0)] + 2 [dF () 7(0)] = 0

d [ i
y [e ; dFHf(t)] =0
eV dFy f(t) — dFy f(0) =0
dF5(\) f(t) = e~ % dFy(N) £(0)
S0 = [ e ¥ ar0) = U@L

—00

where U(t) = [ e dFy(N).
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2.3.6. Predicting Measurement Outcomes.
Noiseless Measurement. Suppose the observable A = J75 NdF4()) is to be mea-
sured and we wish to predict the distribution of the measured values of this observ-
able when the system is in the state D. If we suppose the measurement is noise-
less then the probability that the measured values will be in the set R € B(R) is
vi(R) = tr [F4(R)D].

Suppose we wish to predict the outcome of simultaneous measurements of n com-
muting observables A;,--- , A,; denote A = (1211, e ,An) Let F; : B(R") — L be
the associated spectral measure s.t. 121]- = f/\eR" A dF(Al,-..,An)()‘)vl < j <n. The

predicted joint distribution of measured values is

for all R € B(R™).

For instance the predicted mean of the measured values of observable Aj is

<Aj>=/ A dvi (N
AeR”
— [ nplara)
AeR?
= / Atr(D dF5 ()
AER™

= tr(D A dF; ()
AER™

— tr(DA;)
Noisy Measurement. If the measurement apparatus has noise with mean zero
and variance €2 then by analogy with the classical expression we agree that the prob-
ability that the noisy measured values will be in the set R € B(R) is given by

(v a?)(R) = / T (xr* 02 (W) va(dA).

o0
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This prescription has been justified in [32]. Various equivalent expressions exist for

this probability:

/_OO(XR*Q) Jvi(dA) //XR Yae(A —y)? dytr[FA(d)\)D]
—/Rtr [/Oooze(y A)?2F;(d\) D) dy

Thus we predict that the noisily measured values will be continuously distributed on

the real y line with the density function

~ A ~

VAe(y) = tr [ae(yl — A)*D].

However, this continuous probability distribution will tend to v4;, which can have

probability atoms, in the limit as ¢ — 0.

2.3.7. Updating the state after the measurement. In quantum mechanics
one must be much more careful about the process of measurement and its theoretical
treatment than was the case in classical mechanics. Measurements of atoms, and
in particular electrons, could only be explained if one admits that the measurement
process might perturb the system in ways which may be impossible to completely
control, and this may necessitate a fundamental revision in the theoretical treatment
of physical quantities (such as position and momentum). However the insistence of
most of the founders of quantum mechanics that the state of the system represents “all

that can be known about the system” (i.e. “what really is”) as opposed to “what an
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observer knows about the system at a particular level of physical theory and approxi-
mation” has lead to much murky philosophy (i.e the Copenhagen interpretation) and
has helped give the entire subject a reputation of mystery and incomprehensibility.
Perhaps therefore it should not be surprising that in order to give an account
of how to update the state after a measurement of an arbitrary observable A =
ffooo AF;(dX) one must also admit that all real measurements have some noise. The
noiseless case represents an idealized limit which may fail to exist in some cases. In the
following we will describe how to update the state after a canonical measurement [32]
(M. Ozawa). A measurement is canonical if it can be modeled as a particularly simple
type of interaction between the system and an apparatus pointer. This interaction
is treated quantum mechanically. The Hilbert space of the apparatus pointer is
K = L*(R). If a(q) is a square-integrable complex-valued function of ¢ € R then
« € K. The pointer position observable is Q, defined by (Qa)(q) = qa(q). The pointer
momentum observable is P, defined by (Pa)(q) = —iha/(¢). We assume the system
(being measured) and the apparatus pointer interact for a time period of duration At.
During this interaction we must treat the system and the apparatus as a composite
system, with the Hilbert space H®@ K = L*(R,H). Most importantly, we assume that
during this interaction the evolution is governed by Schrodinger’s equation with the
Hamiltonian Hiy = (At)_lfl ® P. This interaction Hamiltonian is not easy to justify
on physical grounds, as might be expected since the actual measurement interaction
is between the system and a complex apparatus which contains the pointer as a
rather small part. This Hamiltonian was chosen (by von Neumann [31]) because it
yields an explicitly solvable evolution of the composite system, and it leads to results
which are consistent with experimental observations. Other choices of K and other
interaction Hamiltonians have been proposed in various cases, but the choices we have
listed above characterize canonical measurements. Canonical measurements seem to

be adequate for the realm of atoms and molecules.
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If the state of the system just prior to the beginning of the interaction between
the system and the apparatus is p(P) = tr (DP) for all P € £, where D is a density
operator, and the state of the apparatus pointer at this time is given by the density
operator a.al (where o, is defined in section §2.2.6), then the state of the composite
system is D ® (aeof). If {U(t)} is the unitary evolution group for the composite
system under the Hamiltonian H, then the state of the composite system at the end

of the interaction is (c.f. [32] M. Ozawa)
U(AH)[D @ (eal) U (AL

This state contains all the information about the correlations between the system and
the pointer which exist at the end of the measurement interaction. If we ignore all
information concerning the pointer we can obtain a state D' of the system at the end

of the measurement:
D' = tric{U(AH)[D ® (aad)|U (AL}

We may think of the partial trace tri as the operation of “averaging over the pointer
degrees of freedom”. If {e,}°°, is a complete orthonormal set in I then the partial
trace of a trace-class operator Bin H®K is an operator in ‘H, which when applied

to ¢ € 'H yields

[e.9]

[treBlY =) (1@ ef)B(Y ©ey).

n=1

It is shown in [32] (M. Ozawa) that

~ A

D = / o (¢l — A) Do (¢ — A)T dg.

A~ ~

In the above the operator a.(ql — A) is computed using the spectral theorem:

adai-A)= [ " aulg = N) Fy(dn).



Clearly, in this case we have o (¢l — A)f = a.(¢1 — A). D’ would be the state of
the system after the (canonical) measurement interaction if we were to throw away
all the measured data. (Remember, the state encodes the observer’s knowledge of
the system!) The fact that undergoing a measurement interaction causes a state
change from D to D' is a marked contrast with the classical case, and underlines the
point that in quantum mechanics we cannot ignore the effect of the measurement
interaction on the system. The transition D — D’ is often called the dynamical state
change.

Now we come to the issue of observing the pointer. Since we have treated the
pointer as a quantum system, must we hypothesize another apparatus to measure it?
To make this unnecessary we assume that the pointer is heavy enough to be accurately
treated as a classical system. (The nature and accuracy of this approximation is
discussed in [37] and in Balian [9].) Hence we hypothesize a noiseless measurement
(for the composite system) of the position of the pointer which incurs no perturbation
of the state of the composite system. The observable in the Hilbert space H ® K
corresponding to the pointer position is 1® Q. If R € B (R) then the probability that

the outcome of this noiseless measurement will lie in R is
trasc{[1 ® Fo(R){U(AL)[D @ (] JU(AL)T}}.

Using the identities presented in [32] (M. Ozawa) this probability can be reexpressed

as:

trg U oce(qi—flquf?} Z/VA,G(Q) dg.
R R

This is exactly the probability that we gave in section §2.3.6 that a noisy (variance €2)
measurement of A gives values in the set R when the system is in the state D before
the measurement. That formula we derived by analogy with the classical case, but

we see now that it also arises from the formalism of canonical measurement where
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the state of the pointer before the measurement is a.a/. This result bolsters our
confidence in the canonical measurement formalism.

Now suppose that the measured values are observed to be distributed according
to the density function 7(gq) instead of according to the predicted density function
vi.(q). How should the state of the system be updated to take this new information
into account? By analogy with the classical case we note that the state D’ of the

system after the measurement can be written

Ny o0 aeqi—Aﬁaeqi—AT
po [C el DA

" ) tr alql — A)Dac(ql — A)]

The quotient
Py oze(qi — A)Dae(qi — A)T
" tr [ae(ql — A)Dac(ql — A)f]

we interpret as a conditional density operator, analogous to the fibre measure in the
classical case. We have assumed that the process of observing the pointer does not
perturb the composite system at all, hence we have every reason to believe that
the conditional density operators lA)(’I should be unaffected by the observation of the

pointer. Hence, as in the classical case, we define the updated state to be:
X o0 AL
D = /; qu(Q) dg:

and ji(P) = tr (DP) for all P € £. The transition D’ — D is often called state
reduction.
In the very special case where A = Yo NA;, where A; = Fi({\;}), we can make

sense of the noiseless limit € — 0% of these results. In this case D’ becomes
D=Y"3 [ ada-Nada-x)dediDa;

When € is small when compared to min;,;|A; — A;| the off-diagonal (i # j) coefficient

i OOOO a.(q — N\i)ac(g — Aj) dg is very small, and hence the noiseless limit of D' is given
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by:

m

Dy, = > ADA;

i=1
“NL” stands for Neumann-Liders, since von Neumann (and later Liiders) derived this
formula for the dynamical state change from various auxiliary postulates about the
measurement process, such as its repeatability. If p; = tr [AiﬁAi] then then noiseless
limit of vy xaZis vy = > o0 pidy,. If 7 << v then we must have o =" | p;dy,, for
some nonnegative numbers p;, where > 7" p; = 1. Also if for some i we have p; = 0

then we must also have p; = 0. Thus the noiseless limit of the reduced state lg) should

be:

In order to show that this is indeed the limit as ¢ — 0T of our general formula for
the reduced state we must hypothesize that the observed distribution (q) dgq varies
with € (the noise level of the apparatus), and tends to 7 =) " | p;0), as € — 0T. For

example it is reasonable to suppose that
v(q) = Zﬁi&s(q - )%
i=1

Then the reduced state becomes

Y e — Madda — M) ADA,
b= / N 2 > Brala — M) dg,
—o0 Zz ac(q — Ni)*pi -

The quotient in the above integral is the conditional density operator 15;, and it is
not difficult to see that lim,_ o+ ﬁ; is a piecewise constant function of ¢:

. A;DA,
Iim D

/ —_—
e—ot Di

: if [¢ — N\i| < |g— ;| for all 5 # .

Thus the desired convergence is now clear.
Suppose the state D before the measurement is arbitrary and for some 1 <¢ <m
we have that A; is a projection onto a one-dimensional subspace of H spanned by the

unit vector ¢;, and p; = (¢, le) > (. If the system is a large ensemble of “identical”
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subsystems, and the apparatus is designed to select only those subsystems with the
measured value )\;, discarding the other subsystems, then we have p, = 1 for the
selected subensemble. The result of the measurement is that the state of the selected
subensemble has been changed to l:)NL = wiwj . Thus the (noiseless) measurement
process (of a family of commuting observables) can be used to prepare a system in a
specific pure state.

If A=Y MFi({\}), where the eigenvalues \; have an accumulation point
then the noiseless limit is more delicate. Examples of this case, as well as that of

observables with continuous spectrum, will only be briefly discussed at §3.2.9.
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CHAPTER 3

EXAMPLES OF QUANTUM SYSTEMS

In this chapter, we apply the quantum formalism to several microscopic systems
from simple to complicated: the spin system, the artificially spinless H atom and H,

ion, and the real Hy and H3 molecule systems.

3.1. SPIN SYSTEMS

Comments on the Idea of Spin If a system is composed of multiple subsystems
capable of relative motion and if those subsystems rotate around one another then the
system gains angular momentum. Spin is the name for angular momentum possessed
by a system without any attempt to attribute it to a rotary motion of subsystems
about an axis. In the case of an electron there are no detectable subsystems, and
yet there is a detectable angular momentum. If the subsystems were charged then
their rotary motion would create a magnetic field. Spin angular momentum is also
associated with a magnetic field created by the system, and experimental detection
of spin is usually related to how this field affects overall motion of the system.
(Adapted from [48]) In 1921, Otto Stern and Walter Gerlach performed an ex-
periment which showed the quantization of electron spin into two orientations. This
made a major contribution to the development of the quantum theory of the atom.
The actual experiment was carried out with a beam of silver atoms from a hot

oven because they could be readily detected using a photographic emulsion. The
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silver atoms allowed Stern and Gerlach to study the magnetic properties of a single
electron because these atoms have a single outer electron which moves in the Coulomb
potential caused by the 47 protons of the nucleus shielded by the 46 inner electrons.
Since this electron has zero orbital angular momentum (orbital quantum number
[ =0), one would expect there to be no interaction with an external magnetic field.

Stern and Gerlach directed the beam of silver atoms into a region of nonuniform
magnetic field. A magnetic dipole moment will experience a force proportional to the
field gradient since the two “poles” will be subject to different fields. Classically one
would expect all possible orientations of the dipoles so that a continuous smear would
be produced on the photographic plate, but they found that the field separated the
beam into two distinct parts, indicating just two possible orientations of the magnetic
moment of the electron.

But how does the electron obtain a magnetic moment if it has zero orbital angular
momentum and therefore produces no “current loop” to produce a magnetic moment?
In 1925, Samuel A. Goudsmit and George E. Uhlenbeck postulated that the electron
had an intrinsic angular momentum, independent of its orbital characteristics. In
classical terms, a ball of charge could have a magnetic moment if it were spinning
such that the charge at the edges produced an effective current loop. This kind of

reasoning led to the use of “electron spin” to describe the intrinsic angular momentum.

3.1.1. Hilbert Space. The internal angular momentum of a particle is called its
spin. For a system of n spins i.e. n-particles with spin and with unknown positions

n 1 n—1
and momenta, the Hilbert space is H =C*" 2 C?*® --- @ C2.

3.1.2. Logic. Logicis £ = {P € C¥"*?"| Pt = P = P?}, where P is the complex

conjugate transpose of P.

3.1.3. Observables. The set of observables is U = {A € C"**" | AT = A},
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By spectral decomposition theorem [19], for A € U, we have AX = XA, where
X = (X1, -+ ,Xy) is unitary, A = diag(A\,--- ,Ay), N = 2" and \; € R is the eigen-
value of A with corresponding eigenvector x; € CV. We define o(A ) {A, AN}

to be the spectrum of A, and F "1 to be the atomic measure supported on J(A) defined

as follows.
Fi(R) = F;({\}), where R € B(R),
AeR
Fi{ah = > xx/AeR
1<i<N A=A
Therefore
A= Fi({\}) = Z AiX;X
Aeo(A)
0 1 0 —1 1 0
Recall that the Pauli matrices are 61 = ,09 = ,03 =
10 0 0 -1

DEFINITION. For a n-spin system consisting n electrons, let S](z) be the jth
component of the spin of the ith electron, where j =1, 2, 3,

N i-1 h i n—1

1
Si(i) =I® - ® -6, ® I

S’j = Z S ;(7), which is the jth component of the spin of the n-spin system.
+ 52

+ S 2 is the total squared spin of the n spin system.

Here we will work out the explicit formulae for the joint spectral decompositions

of S2 and S for the cases of n = 1,2, 3 respectively. See [34] for general n.

ExAMPLE. For a single spin, n = 1, the members of the Hilbert space are spin
functions s : {0,1} — C, which we can identify with vectors <zg;> in C?.

E/\

(1) The x-component of the spin is Sy = 501;
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(2) The y-component of the spin is Sy = B6s;
h
2

(3) The z-component of the spin is S5 =
Then
$ = ST+ S5+ = PN+ G+ DI =F (D).

1

I and their corresponding eigenvectors are 7 (1)

h
5 and —2,

S1 has two eigenvalues

and % (1) respectively. Then the spectral decomposition of Sy is

S1=5Fs,({5}) — §Fs,({=5})

Sy has two eigenvalues g and —g, and their corresponding eigenvectors are % (H

—1

and % ( L) respectively. Then the spectral decomposition of S, is

S2 = 3Fs,({5}) — §Fs,({=5})

5’3 has two eigenvalues g and —g, and their corresponding eigenvectors are oy =
($) and oy = () respectively. Quantum chemists mostly use the notation «, 5 for
our ag, ;. Our notation is justifiable if we think of «; as a function on {0, 1} since
a;(j) = 6;; (the Kronnecker delta) for 7,5 € {0,1}. The spectral decomposition of Ss
is

A

Sy = 3Fg,({3}) — 3F,({F*})



S? has only one elgenvalue , there are two corresponding eigenvectors oy = ()

and a; = ({). Then the spectral decomposition of S? is
1

§* = % Fe (%))

4

It is easy to check that 5,82 = 8283, so we can find the joint spectral decompo-

sition of S5 and S%. For X = (1 9) we have
S’X =X - diag(%, %)
S3X = X - diag(2, 1)

Therefore, the joint spectral decomposition of Sy and S? is

EXAMPLE. For n = 2, the members of the Hilbert space are spin functions: s :
5(0,0)
{0,1}* — C, which we can identify with vectors <ZE?3> in C*. So the components
s(1,1)
of vectors in C* are numbered 0, 1,2, 3 in binary. This is because

51(0)s2(0) (51®s2)(0,0)
51(0) ® 52(0) 51(0)s2(1) | _ [ (s1®s2)(0,1)
s1(1) s2(1) s1(1)s2(0) | — | (s1®s2)(1,0) | °

s1(1)s2(1) (s1®s2)(1,1)

The z-component of the first spin is

(@)
flr
—~
—
N~—
Il
NS
Q>
iy
&
~
Il
NI
VR
OoO—OO
—OoOOO

[elelelg

OO
N———

The z-component of the second spin is

~

$1(2) = I ® 26y =

oo—O
[elelel
—OOoO
o—OO
N——

NI
VR
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Then the x-component of the 2-spin system is

. . . L0110
s-sm+s -2 (1),
0110
Therefore
o (1ABTY (T4A0) e (3000
51:Z 1001 1001 )] —7=2\o110 )-
0110 0110 1001
The y-component of the first spin is
. . L (000
S =tewr=4 (17 5).
0i 0 0
The y-component of the second spin is
) L (0700
@ =10t -1(3115).
0040

0-1-10
& 4 A _Hmf{10 0 -1
Sy = Sy(1) +52(2) = 5 <1 0 0 1)-
01 1 0
Therefore
R 0-1-10 0-1-10 1 00-1
§2 - (10 0 -1 10 0 —-1)_R[ 0110
2= 74 10 0 —1 10 0 -1 =7 0110 |-
01 1 0 01 1 0 -100 1

5 h R(0% 0 0
53(1)=§U3®]:§(00—10)-
000 —1
The z-component of the second spin is
5 he _nf0-10 0
000-1

The z-component of the 2-spin system is

Therefore



Finally

~ ~ N N 20
SZ:Sf+S§+S§:h2(g%
00

It is easy to check that S38% = S25;. We can find X

I
VR

s — e (308) (808 e (3339
S X =h 0110 —-1010 =h 0020
0002 0001 0002
1070 (09002 _ ¢ 2 0r2 o2
=\ -1010 0590 | I° =X -diag(0,2h%, 2%, 217)
0001 0002
ST AT
3X =h{ 000 0 “1010 ) =h{ 000 0
000 -1 0001 000 —1
Pa08Y) (81885 s
=1 1010 000 0 h:X-dlag(O,h,O, h)
0001 000 —1

S2’s eigenvalues can be parameterized by h2S (S+1), where S € {0, 1}, and when
restricted to the eigenspace of S? with eigenvalue h2S (S + 1) the eigenvalues of S;
can be parameterized by hmg, where mg € {—=S,-5+1,...,5 —1,5}.

If we normalize the column vectors of X we obtain the unitary matrix X. The

column vectors of X, i.e. joint normalized eigenvectors of S2 and S are:
(1) S =0,mg =0.

a(e)=s ()= (

= %[040@@1 — a1 ® apl;

oO—OO

)=%[<5>®<9>—<9>®<5>]

oco—O

@ s=1ms=1 (§) =)o) -awsa

)= (1)~

T5la0 ® an + a1 @ ag);

oo O

)=%[<5>®<9>+<9>®<5>]

(4) S=1,mg = —1. (g) =)o) =01 ®a.
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A

Therefore, the joint spectral decomposition for S? and S is

A

Q2

Given the eigenvalue and corresponding eigenvector(s), we construct S3 and S

A

by spectral decomposition theorem as follows.

oo oo

—

[e) | — O
—

O _0

o oo

Fe({0}) = } () ()L (

VRS

o o -
OO
OO
— o O O

N——

I
AN

OO
[e]erlelen)
[ejenlelen)
SOoOoO

N———

+
7/ N

[e]eslen]en)
O—H—=HO
O—H—HO
[e>]es]en]en]

—y

SoOoOo
SOoOoO
[ejelel)
—O000O

7N

SO O -
OO
Oo—=NHIND
—Oo O O

~_—
[a\]
g
N
Il
N

o O -
O —HlN—HINO
O —=HlN—HINO
— O O O

Fy,(R) o F4,(5)

Now we are able to illustrate the relationship F| 4 4,/ (R x S)

as follows.
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z AN
F(SQ,S’S)({(QFL ah)}) = 8888 =1
0
9 1 0000

Fasotterom = (1118 -
1
2 3088 _ (0
F(S2,S'3)({(2h 7_h)}) = 888(1) =1
0

ONFNIFO O O O ONRNIFO

ONNIRO ONIFENIFO ONRNIRO

= O OO0 oOnkRNRFO = O OO

N~
VR

[elelelen)

VR

(el

= O OO S—

N—
7N\

[e]elele]
[e]elalo]
[e]elale]

N—

[esleslenlen)
oco—O

[elelelw]

[elelelw]

—OoOOoO

oO—OO
[=]elelo)

Feo ({2h°}) Fg, ({h}),

)=%M%m%ﬁ%%

)=%M%%%M4M-

ExXAMPLE. For n = 3, the members of the Hilbert space are spin functions: s :

{0,1}3 — C, which we can identify with vectors

of vectors in C® are numbered 0, 1,2, ...

s1(0
s1(0
51(0
s1(0
s1(1
s1(1
s1(1
s1(1

—— — —

)s2(0)s3(
)s2(0)s3(
)s2(1)s3(
)s2(1)s3(
s2(0)s3
s2(0)s3
s2(1)s3
s2(1)s3

(
(
(
(

s(1,1,1)
, 7 in binary. This is because

0)
1)
0)
1)
0)
1)
0)
1)

in C®. So the components

(51®s2®s3)(0,0,0)
(51®52®83)(0,0,1)
(51®s2®s3)(0,1,0)
(81®82®83)(0,1,1)
(51®82®83)(1,0,0)
(51®52®s3)(
(51®52®s3)(
(51®52®s3)(

1,0,1)
1,1,0)
1,1,1)

Through a similar process as in the previous example, we can construct

(1) the x-component of the first spin is

Sy =t 0lel="

2

(2) the z-component of the second spin is

2

Si2)=Ielshel="

(3) the z-component of the third spin is

SiB3)=Ielxls="
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Then the total z-component of the three spin system is

~
coo—HO——HO
cCo~oO—oO—
o—rocOo—~oO—
—O00O0—H—HO
oHHOOOOH
—OOHOO—HO
—OO—HO—HOO
O—A—HO—OOO

(1) the y-component of the first spin is

~

coo Joooco
oo Jooooco
o'Joococococo

Toocococooco
cocoocooo
cocococoowo
cococoowoo
cooowoo0o

N—

<

byl =

Sy(1) =

(2) the y-component of the second spin is

=~

coococo oo

coocoTooco

OO O
SO0 O =0

o Joococococo

Jooocococoo

OO0 OO0
OO =000 OO

(3) the y-component of the third spin is

—
coocococo o
cococococoo
coocoJooo
cocococowoo
coJoocococo
cocowocooo
Toococococoo
o~ocoococoo

Then the total y-component of the three spin system is

o e
coojojJo
- e
cojojoos

S S
ojoco oo
S
SI=I=X=ECIEYC)
s
o] Joococo:s
S
oo s00o =0
S
oo o s00
O cOo 000

N——

[

(1) the z-component of the first spin is

—

ccoocooo

—
cooococoTo
ccococo (oo

—
[e]elele) | [e>jeNen)

OO —HO O OO
OO—HOO O OO
O—HOOO O OO
ipleleleles e ten}

N—

e

Bzl =

Ss(1) =

~

(2) the z-component of the second spin is

—

ccoococoo

—
SO O OO | o]

OO O OoO—HO O
SO0 OHOO O

—
oo | [ejejeen]

i
[efen) | [sieleleje)

O—HOOOOO O
—OO O OoOO0Oo O
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S mg Unnormalized Simultaneous Eigenvector
3 3 (1,0,0,0,0,0,0,0)T

2 -3 (0,0,0,0,0,0,0,1)T

3 1 (0,1,1,0,1,0,0,0)T

3 -1 (0,0,0,1,0,1,1,0)T

1 1 (0,1,-1,0,0,0,0,0)T

1 i (0,1,1,0,-2,0,0,0)T

1 -1 (0,0,0,1,0,—1,0,0)T

: -1 (0,0,0,1,0,1,—2,0)T

FiGURE 1. Simultaneous Transposed Eigenvectors of S? and S5 of a
3-spin electron system.

(3) the z-component of the third spin is

10000000
0-1000000
; s _n[383088 808
S35(3)=1®@1®3563=5 00001000 |;
00000-100
00000010
000000 0-1
Then the total z-component of the three spin system is
300000 0 0
010000 0 0
A4 A A 000100 0 0
_ _h =
S3=S3(1) +53(2) +53(3) =5 | 000010 0 0
0000 0-10 0
000000 —10
000000 0 —3
Also
15000000 0
0740400 0
a2 _é2 2 g2_»| 000704940
ST=57+5+5 =T 0440700 0
0004074 0
0004047 0
000000015

The eigenvalues of S? are again parameterized by the formula S(S + 1)A2, where
S € {3,1}. Restricting attention to the eigenspace of S? with eigenvalue S(S + 1)h?
we again find that the eigenvalues of S, are parameterized by the formula mgh where

msé{—S,—S—l—l,...,S—l,S}.
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0 0o\ T 0 0 T
8 ; ; 8
FAA({(E_E)})_L U U I +L L]
e AL Al WU Il WU B I Ch
0 0 -2 -2
0 0 0 0
000 0 0O 0 OO 000 00O OO
000 0 0O O OO 000 0 0 O 0O
000 0O 0O O 0O 000 000 0O
1 000 1 0-100 +1 000 1 01 =20
2 000 0O 0O O 0O 6 000 00O OO
000—-10 1 00 000 1 01 —-20
000 0 0O 0 OO 000-20-2 40
000 OO0 OOO 000 00O OO
000 0 OO OO
000 0 OO0 OO
000 00O OO
_1]00020-1-10
- 3 000 00O OO
000—-10 2 —10
000-10-1 2 0
000 0O OO OO

3.1.4. State. The set of states is S = {D € C¥*?"|Dl = D 4Dy > 0,Vy €
H,tr(D) = 1}. The condition y'Dy > 0,¥y € H can be rephrased for Hermitian
matrices to say that all eigenvalues of D are greater than or equal to 0.

Pure states can be represented by D = yy', where y € C*", |y| = 1.

We call the pure state yy' of the two spin system, where y = % [ @ 1 — g @ )
the singlet state, because for the vector y we have S = 0 and hence there is only
one allowed value of mg, namely 0 (see section 3.1.3). We will see that this state
is energetically preferred when the two spins are required to be near one another in
space. We call the pure states yy', with vectors y = ay®ayg, y = %[ag R+ o @),
or y = a1 ® ay, all with S = 1, triplet states because there are three allowed values
of mg, namely 1,0, —1 respectively. These states can all be interpreted according to
the pattern of probabilities of different measurement outcomes that they induce; see
3.1.6 and 3.1.7 for more discussion.

The range of F(327g3)({(%, 5)}) in the three spin system is a two dimensional
subspace of C® and in our discussion in section 3.1.3 we utilized a particular orthogonal

basis of this subspace. This joint eigenspace actually contains each of the following
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three vectors:

0
0
o[}
v =| % | =(@w®a; — a1 ®ap) @ ap
0
0
0
0
i
0 0
Vig= | 1 | = ®ay®@a; — a1 ® ag ® ag
0
0
0
0
i
. ~1
Vo3 = | § | =0 ® (g ® 1 — a1 ® o).
0
0
0

We used (in section 3.1.3) the orthogonal basis {vd;, v% + v%}. Each of these three

vectors corresponds to S = % and mg = %, and the pure states formed from them

are called doublets, because for S = % there are two allowed values of mg, namely

. In %vgz,)(vgg)T spins 2 and 3 are in a singlet state whereas the other spin,

spin 1, is in the state apa). In F(v)y + o05) (v)y + vY5)" we have an example of a

and —

N =

1
2

resonance or quantum superposition between the situation fv%(v%)7, where spins

2
1 and 2 are in a singlet state and spin 3 is in 040048, and the situation %v%(v%)h
where spins 1 and 3 are in a singlet state and spin 2 is in 040045. The pure resonant
state é(v% + 095) (v9y + v%)T cannot be a convex combination of other states, such as
S0 (v)y)T and S0y (vl5)T; there are cross terms whose presence affects the correlation

of the different observables.

3.1.5. State Evolution. = 0,U(t) = I so D(t) = D(0) unless the system is
measured. This is because in most atoms and molecules (except in strong magnetic

fields) spins do not interact except very weakly.

3.1.6. Predicting Measurement Outcomes.

ExAMPLE. When n = 1, assume that we intend to noiselessly measure the z-

component of the spin for a single spin in the pure state D= aoag =(49), where
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ap = () as in section 3.1.3. We want to predict the distribution of the measured

03 on D as follows.

values of S = ’—; 5

The probabilities that the outcome of the measurement of Sy are %L and —g re-

spectively are

v({—3}) = r(DFg,({-3}) =tx((58) (§9)) = 0.
For this reason the pure state D= aoozg) is often called “spin up”.

ExAMPLE. When n = 2, consider the pure state D yy', where y corresponds

0
to the singlet state, i.e. y = %[&m@al —a; ® ap| = % (11>, and hence
0
00 00
~ 0l -1og
D:ny: <021 120> .
00 00

Suppose we intend to noiselessly measure the z-component of the spin of the first of
the two spins. The probabilities that the outcomes of the measurement of S5(1) are

h h .
5 and —g respectively are

It turns out that if we measure §3(2), i.e. the z-component of the spin of the second
of the two spins for the same state D of the two spin system there is also a 50 — 50

split. But if we measure S5 = S3(1) + S5(2) then the probability of the outcome 0 is

({0} = (D Fg, ({0)) = tr((ﬁ 3 8) t



Thus the singlet state is interpreted as the state where the z-component of each spin
is completely unknown but these two spins are perfectly correlated so that their z-
components cancel out when added. Two spins in the singlet state are thus said to

be “spin paired” or “singlet coupled”.

3.1.7. Updating the state after the measurement. As before, we assume
the measurement is noiseless. We define the state DNL after the measurement in the
i DL = o D\ A — Ea(ADDE; A 5
discrete case to be Dyi, = >\, 4) DAP({A}), where D} = Atr([)FA({I;})) and 7 is

the observed distribution of the measured values. First we will check that D} is a

density operator. Let Py = F;({\})) be the projection.

(1) To check D} is of unit trace,

. P\DP tr(DP?
tr(D}) = tr [ 22 | = i it VA
tI'(DP)\) tI‘(DP)\

~— | ~—
—+ |
= =]
—~ |
o &
S
~— [ ~—

provided v;({\}) = tr(DPy) > 0; otherwise D} is undefined.
(2) To check D} is Hermitian,

(B, PID'Pl  PDP, Iy

t_ — ~ D,
) tr(DF;({\})) (DR

(3) To check D) is nonnegative, note that for all z € C2" we have

tI‘(DP)\) tr(ﬁP)\)

ExAMPLE. We continue the example of a two spin system initially in the singlet

h

5 with prob-

state discussed earlier in §3.1.6. Suppose that Ss(1) is measured to be
ability 1, and we want to find the updated state right after this measurement. Thus

Dy = %, which is given by the following.
2

00 00
(i) (159)
h a h 0—-500
/r _ FS3(1)<{§}>DF53(1)({§}) _ 0000 0 02 00 _ (§g§§)
I ~ 1
2 tr(DFg3(1)({’§})) 2 0000
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Thus the updated state is actually yy', where y = ap ® ;. It is easy to check that
if a subsequent measurement of 5’3(2) is performed on the system in this state D’%
then the outcome will be —g with probability 1. This is because spins 1 and 2 were
perfectly oppositely correlated in the original singlet state.

Problem 1 Specify a quantity to be measured on a two spin system which will
allow one to distinguish between the pure states ylyi and ygy; where y; = \/Lﬁ[ao ®
a; — g ® ap) (singlet) and yp = %[ao ® ag + a1 ® ap| (triplet).

Problem 2 Design a sequence of measurements on a three spin system which

will distinguish between the pure state yy' with y = %(U?Z + v¥3) (doublet) and the

mixed state 1—12U(1]2(U?2)T + ﬁv?g(v?g)T-

3.2. SPINLESS ONE ELECTRON SYSTEMS: H AND H

Because the ratio of the mass of the proton and that of the electron is

mass of proton  1.6726 - 10~2"kg

= = 1.836 - 10°
mass of electron  9.1095 - 10—3kg

the electrons will adjust very quickly to the relatively slow changes in the positions
of the protons, and hence we will treat the protons as classical particles. We will
however model electrons by the quantum formalism. The protons will move in a
conservative force field determined by the energy of the electronic configuration. To
compute this energy we may as well assume the protons are at rest.

H and H, are systems with only one electron, and the spin of the electron does not

affect any of the other observables, so for simplicity we take the electron as spinless.

3.2.1. Hilbert Space. Consider one spinless electron in R3. This physical sys-

tem is represented by the Hilbert space

H = L*(R3,C),
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where £2(R3, C) is the set of equivalence classes of square integrable complex valued
functions w.r.t. Lebesgue measure in R3, where the equivalence relation is equality

almost everywhere.
3.2.2. Logic. £L = {P € B(H)|P' = P = P?}.

3.2.3. Observables. By the spectral theorem [19], for each A € U, there exists
a unique Fj : B(R) — L s.t. A= [, \dF;()\) where

(1) F4(0) =0,F4(R) = I;
(2) if Rl N R2 = @, then FA(RI) 1 FA(RQ);
(3) if R= U?ileaRj N Ry =10,j #k, then FA(U}?ile) = Zj; FA(RJ')-

The observables of the electron systems of H and H, are the same except for the

energy observable, they are:

(1) position observables

(5 )(y) =y f(y),

where y = (y17y27y3)T € R37 j = 172737 f € Ha

(2) momentum observables

5] (y) = -mg—;@,

where y = (ylay27y3)T S R37 ] = 172a37 f € H7

(3) angular momentum observables

A ;jl R . &aP3—d3pa
J=1( 5 =XXPp=| &p—1p3 |,
J3 Z1p2—L2p1

where x = (g;;) and p = <gzl> > We also define J% = (J;)2 4 (J5)% + (J5)2.

T3 D3
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(4) Energy observable of H-like atom (fixed nucleus approximation)

Assume that the coordinates of the nucleus are (0,0,0). Then

~ h2
H =——A — KZe?
(H)y) = —5-Lf(y) e TR

f(y),

where f € H,y € R?, A := (59—;2 + 59—;2 + g—;) and —%A is the operator of
1 2 3

L is the operator of potential
(vi+v3+v3)?

energy of the electron due to its attraction to the nucleus; Ze is the charge

kinetic energy of the electron, — K Ze?

on the nucleus; K = 2, and gy = 8.854 -+ x 10712F /m.

4reg?

Energy observable of H, ion (fixed nucleus approximation) For
the H; system, we assume that the two protons are at the positions (0, 0, %R)
and (0,0, —3R), where R is the distance between the two protons.

~ h? Ke?
H)y) =—5-Af(y) -1
2m (3 + 43 + (ys — R/2)%)3
Ke? Ke?
T f(y) + —-f(y),
(7 + 93 + (3 + R/2))> R

+

where f € H, y € R3, —%A is the operator of kinetic energy of the electron;

Ke? Ke? . :
— + is the operator of potential ener
(yf+y§+(ysz/2)2)% (y%+y§+(y3+R/2)2)% P P &Y

of the electron due to its attraction to both protons;

Ke?
R

is due to proton-

proton repulsion.

ExAMPLE. We want to check the spectral decomposition theorem for the position
observables. Suppose: A= z;, for some j = 1,2,3. We claim that for all R € B(R),
we have [I5,(R)f](y) = Xr(y;) f(y), where y = (y1,2,y3) € R® and f € H.

To see that this is correct:

K/OO WAW) f ] ®= [ M)W

[e.9] (e 9]

= lim Z A F, (Nim, Ad]) fH(Y)

i=—00
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= lim Z )\z'X(Ai,l,/\i](yj)f(Y)

1=—00

=y f(y)
= (2;/)(y),

where {\;};cz determines a partition of R, s.t. A\; < A;jyq; lim is performed in the
sense that max;(A;11 — A;) — 07; i(y;) is the index of the interval (\;_1, A;] which

contains y;.

ExaMPLE. For another example of the spectral decomposition, consider the mo-

mentum observable p; = —iha%_. We need the Fourier transform F : H — H defined
J

(FN09= | fy)e ™ dy

where k € R?, d®y = dy,; dy, dys.
We are going to use the three facts about the Fourier transform [35] listed as

below.
(1) (Ff)(k) exists for almost every k € R* and Ff € H;

(2) F(p;f)(k) = hk;(F[)(k);
(3) it (F'9)(y) = s Jos 9(K)e™¥ &’k = F~'{g(y)}, then F~'F is the iden-

tity mapping on H.
DEFINITION. The spectral decomposition of the momentum observable is
55, (R)f] = FH{xr(hk;)(F ) (k)},
where R € B(R), f € H. In different notation
F1F5, (R) f1(k) := xr(hk;)(F f) (k).
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To check that the above definition is correct, we need to show that

b= [

o0

On one hand, (p;f)(y) = —ihag—y) by the definition of momentum operator; on
J

the other hand, by the property of Fourier transform on p;, we have:
[F (i fI(Kk) = hk;(F f)(k)

= lim Z AiX (a1 n (RE; ) (F ) (k)

1=—00

= lim Z N FA{F, (Nie1, M) (k)

1=—00

= F{lim Y NFp (A1, M) fH(K)

- F UiAZFﬁJ(A)f} (k),

where {\;}icz determines a partition of R, s.t. \; < A\;;1, and lim is performed in the

sense that max;(Ai41 — ;) — 07. So we have p,f = ffooo AdF (M) f.

3.2.4. Joint Spectral Decomposition of H,J2, J; for H Atom. In spherical

coordinates (r, ¢, 8) [6], for the Hydrogen-like atom,

N 0

Jg——Zh%

- 1 0 0 1 02

2 32 o _

J - h’ [Sin¢a¢(S1n¢a¢)+Sin2¢a¢2]

. 107 1 . K Ze?

F—_" 29 3y
2m(7’8r2r rth) r

Clearly we have
[Js, H =0, [JLH] =0, [JJ]=0.

By the simultaneous diagonalization theorem, there is Fij 5. 7, : B (R3) — L such

that
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(1) H = Jxems MAF 1 32 5,0 (N);
(2) J2 = fAeRB /\2dF(H,52,j3)(>‘>§
(3) Js = [yers NAF i1 52 ) (N);

A1
where A = </\2>.

A3

e

According to [6] p.355, the following three quantum numbers index the the triples

A
<:\\;) on which F( 1,32,0s) is concentrated:
3 9 b

principle quantum number n =1,2,3,--- ;
angular momentum quantum number [ =0,1,--- ,n —1

magnetic quantum number m; = -, -+ 1,--- ,0,--- , [ — 1,1

The energy eigenvalue is related to n by

— 7262

=
8n2mega

2
where a = %

is the Born radius; Ze is the charge on nucleus.
The eigenvalue of the squared orbital angular momentum operator J2 is (I + 1)h2
and the eigenvalue of Js is myh.

The wavefunctions are products of radial and angular components:

¢n,l,ml - Rn,l (T)n,ml (‘97 ¢)

Assume that |¢,1m,| = 1; the spectral measure is

Fiat, 2 ({ (B, L1+ 1R, muh)}) = U ¥F

The angular wavefunctions Y are the spherical harmonics (see table 1) and the

radial wavefunctions R are the associated Laguerre functions (see table 2).
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l my )/l,ml

00 | (1)}

10 (%)%COSQ

1] +1 ] F(2)2 sin et
2/0 [(:2)2(3cos20 — 1)
2| 1] F(22)7 cos O sin he*
2| £2 | (L2)3 sin? g2

orbital | n |l | Ry,

1s 1]0]2(£)ze

2s 20| 525(£)2(2—p)e2*
3 T

2p 2| 1| 5=(Z)2pe 2"

3s 3]0 525(2£)2(6—6p+p*)e 2
3 _I

3p 311 ﬁ(%):(‘l—pl)pe 2

3d 32| 5m(2)ip’e2”

TABLE 2. Hydrogenic Radial Wavefunctions

3.2.5. Joint Spectral Decomposition of H,J; for H Ton. We define the
prolate spheroidal coordinates of the electron (see [1], page 752) (¢, A, u) as follows.
Suppose that coordinates of the protons of Hy are (0,0, %) and (0,0, —£) respectively,
and those of the electron are (x,y, z). Let ¢ be the angle between the x > 0 half of

the xz plane and the half-plane containing the electron and bounded by the z-axis.

Define r := \/x2 + 42 + (2 + §)?, i.e. the distance between the electron and the

proton at (0,0, —%); define ry := \/x2 +y?+ (2 — %)2, i.e. the distance between the

electron and the proton at (0,0, £). Define

N R R e e
R a R )

e \/x2+y2+(z+§)2—\/x2+y2+(z—§)2

R
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then A >1and -1 < pu < 1.

It can be shown that

v =5V =11 = p?)cosy,
R .
y=§\/(k2—1)(1—u2)sm¢,
R
Z—E)\,u,
a=-r e n g
2m R2(\2 — p2) L0 O\
%} 0. a,. 1 1 .0 Ke? 4N
— (1= p)=—] + — — — 1
+8,LL[( “)au]+a¢[<v—1+1—u2>a¢]}+ 7t N 12
d
Jg——Zha—gb.

It is clear that HJ; = J;H. Thus we have the joint spectral decomposition of

(H, jg) in the bound state sector, which is supported on the set {(E(n, [, m; R), mh) €

R%|n,l,m € Z,n > 1 > |m|}. E(n,l,m;R) are well-studied and tabulated functions,
see Bates et.al.[10]. For each (n,l,m) € Z3, s.t. n > [ > |m|, there are functions
v(n,l,m, Ry\, 1, ¢) € L2(R3,C) of the form ¢ = A(n,l,m, Ry \)M (n,l,m, R; u)e™™?,
s.t. |#|* = 1 and where the functions A and M are also well-studied and tabulated.

We have

F(H,fg) ({(E7mh)}> = Z w(nahm; R)w(n,l,m;R)T

n>1>|m|,E(n,l,m;R)=F

3.2.6. State. (The theory is the same as that in section 2.3.4)
3.2.7. State Evolution. (The theory is the same as that in section 2.3.5.)

3.2.8. Predicting Measurement Outcomes.
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EXAMPLE. Suppose the system is in the pure state D = ffT, Il = 1 and we
noiselessly measure position ;, j = 1,2,3. Then the predicted probability that the

measured values will be in the interval (a, b] is

s, ((a,5]) = prob(i; € (a,b]|D)

tr(DFy,((a, b))

= (en, DF;((a,b))en)

2
:Z en, f / FO)X (@ (W))enly) B’y
>

n=1 yj€(a,b]
= d? S €n, €1 —en dy,
. f) /yje(ajb]ﬂy)f(y) v+ (e / ey

where we set e; = f.

= Ty,

where {e, }°, is any orthonormal basis of the Hilbert space L*(R) with e; = f.
Using similar technique as above, we find the joint probability of simultaneous

measurement

pl"Ob(i‘l S (al,bl],:i“g S (ag,bgLii'?, S (ag, bg”D)

= tr [Dle da.i3) (a1, 01] X (ag, ba] x (as, 53])]

/ / / y)I? dys dys dyy
y1€(a1,b1] Jy26(az,b2] Jysz€(as,bs]
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This expresses the Born interpretation of Schrodinger’s wave function: If the
normalized wavefunction of a particle is 1, then the probability of finding the particle

in an infinitesimal volume dr = dxdydz at the point r is [¢(r)[* dr.

EXAMPLE. Suppose the system is in the pure state D= ffT and we noiselessly
measure p;j, j = 1,2,3. Then the predicted probability that the measured values will

be in the interval (a,b] is:

vy, ((a,b]) = prob(p; € (a,b]|D)

-3 (ew, f)Q%)Buff, F{Ey (@, )en})

n=1

1 TT (L) 3
= NG [ FDE ) (F 1K) 'k

~—~

_ ﬁ / ED X0 () K,

where {e, }°, is an orthonormal basis of the Hilbert space L?(R) with e; = f.

Similarly

prob(pr € (a1, b1], P2 € (az,bs],ps € (a3,b3]|D)

( ;{) hk1 E(al,bl] }ik2€(a2752] }ik3€(ll3,b3]
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0 ﬁ]}“ f(k)|*dks dkq dk; can be interpreted as the probability that the mea-
sured value of the momentum P will be such that % will be in a small region around

k of size dkg dk‘g dkl

ExAMPLE. Consider a hydrogen atom whose electron is in a pure state D = ¢!
where ¥(r, ¢,0) = ce™ 7 c.a > 0, ||| = 1. Suppose we noiselessly measure the
total energy observable H. What is the predicted distribution of the outcomes of this
measurement?

The spectral measure in the bound state sector for H is as follows. forn =1,2, ...

-1 l
{E } :Z Z nl7mlwl,l,ml'
=0 m;=—1

Let v4({E,}) denote the predicted probability that the energy measurement yields

the value E,,, n > 1. Then

A

va({Bn}) = u(DF,({E,))
= > (es DF4({E})ey)

00 n—1 l

Z 63’ w Z Z ¢”lmlwnlml )
j=1 =0 m;=—1

=D (ej¢ Z Z (4 g (P €5).
j=1 =0 m;=—1

Since 1 depends only on r, and the spherical harmonics Y;,,, (0, ¢) are orthogonal,
and Yy 0(0,¢) = %, we have that (1, m,) = 0 unless [ = 0 and m; = 0. The
orthonormal basis {e;}52, can be chosen arbitrarily, so let e; = 1, so that (e;,?) =0

for all j > 2. Thus

v ({En}) = (¢, Yno0) n > 1.
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3.2.9. Updating the state after the measurement. The theory behind this
discussion is in section §2.2.7. Here we will illustrate that theory in the simplest

infinite dimensional case.

EXAMPLE. Here we resume the study of an example from the previous section,
namely that of an energy measurement of the electron of a hydrogen atom in the
state D = 91! prior to the measurement. Suppose as a result of the measurement
the energy is found to be F; with probability 1, i.e. ¥ = dg,. What is the updated
state of the electron?

Since the energy operator H has an infinite discrete spectrum {E, | n > 1}
accumulating at 0 and a continuous spectrum [0, 00), we must take the noiseless
limit of our formulae for the updated state after a noisy measurement. Let €? be the
variance of the noise and dp, xa? the observed distribution of noisily measured values.

The conditional density operator at energy F is

D/ _ ( ) ¢T046(E1—H)
y truEi H)pyta (E1 - H)

A

ac(E1 H)¢[ae(E1—H)¢]T
lae(B1 — H)y|2

In the above we have used the identity tr ¢po! = ||¢]|2. The vector a(E1 — H) is

computed as follows.
(B1— Zae E - E,)Fg({E} )¢ + /OOO a(E — E")Fy(dE' )
= (B = E)Y100(100,¥) + Ve,
where
= B = Bvanalton )+ [ a(E = )y (a0
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Its norm can be computed as follows.
lae(E1 = H)y|)* = iae(E — B IFg({E vl + /OOO ae(E — E')|| Fg(dE )|
n=1
= @ (E — B)*|(¥1,00,0)° + e
The updated state after the noisy measurement is:

D:/ Dia (E — E)*dE

oer—E2 ) 2 !
:/ ol = B |(Wr00, ) rootion 2

oo Oe(E — E1)?|(11,0,0, V)2 + [[1E.e]]?
N /°° a(E — Ey) (Y100, W[%,o,ol/’;t:,e + IDE,JH,O,O] + ¢E,e¢tE,e
—o Qe(E — E1)?|(¥100,0) > + [[VE|?

a(E — E))?dE.

Both of these integrals should be split over the intervals (—oo, 2 (E1+ E»)] and (3 (E1+
E,),00). If E < 3(Ey + E») then |[¢Yg | — 0 as e — 0F. If E > (E; + E») then
|YE.| remains bounded and a.(E — E;) — 0 as ¢ — 07. Thus the noiseless limit
of D is ¢1,0,0¢I,0,0~ This result agrees with the Neumann-Liider’s formulae derived in
section 2.2.7:

B _ FaUBY)DF({EY) _ Yrootloot?¥rootlon

= — T
NE tr(DFg({E1})) (1), U1.00)]? ¢1,0,0¢1,0,O'

Thus measurement of the total electronic energy followed by a selection of the sub-
systems which yield the answer E; is an effective way of preparing an ensemble of
hydrogen atoms whose electrons are in the pure state w170,0w17070, i.e. the “ground

state”.

3.3. Two ELECTRON SYSTEM: Hs

H,; contains 2 electrons. The spins of these electrons will affect their spatial distribu-

tion, so we need to consider the spins of the system.
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3.3.1. Hilbert Space. Let H, := L3(R? C)®C? be the Hilbert space of a single

electron with spin. Then the Hilbert space of the two electron system of Hs is
H="H.NH.

Elements f € H,. are (equivalence classes of) mappings f : R® x {0,1} — C such that

Zflf:o fRs |f(}’70)|2d3y < 00.

Elements f € H = H. A H. are (equivalence classes of) mappings f : R3 x

R3 x {0,1}*> — C such that 2;:0 Z;:O Jas Jes [F(y1,y2,01,09)? Py1dPys < o0

and f(}’1,}’2,<71,02) = —f(Y2,Y1,U2,<71)-
3.3.2. Logic. £L={P € B(H)|Pt = P = P?}.

3.3.3. Observables. The observables of the Hs system include:

(1) position observables

[2;(0) f1(y1,¥2,01,02) = y;f(}’1,}’2,01,02)7

where for i = 1,2, y; = (yi, 4%, v5)7 € R? is the position of the ith electron;
feH.

(2) momentum observables

L L0
i (@) f1(y1,¥2,01,02) = —Zﬁa—;i(}’h}’m(fh@)
J
(3) angular momentum observables
N J1(i) B (1)ps (1) —23(1)p2(?)
J(7) = < Ja (i) ) =x(i) x p(i) = (ig(i)ﬁl(i)—il(i)ﬁg(i)) ,

Js (i) a1 (i)p2 (4)— @2 (3)p1 (i)

where for i = 1,2, %(7) := (2,(i), 22(4), 23(0))T, p(i) := (p1(3), P2 (), p3(i))7T.



(4) Spin observables We represent f(y1,¥y2,01,02) in vector form as

f(y17y27170)
fly1,y2,1,1)

A

f(YI7Y2:070)
(f(yl”'Z’O’l)), i.e. a C'-valued function of (y1,y2) € R® x R®. All the spin

operators Sl,g2733,32 can be written as 4 X 4 matrices as in the n = 2

. 0
example of §3.1.3. For example S? = h? ( 1 )
0

ocooN
OO
NOOO

Thus S2f in vector form is

§2f(y1’y2’070) 200 0 f(y1,y2,0,0) 2f(y1,y2,0,0)

S f(y1y2,0) | _p2 (0110 Fory201) | _ g2 [ fy1y2,0 )4/ (y1.y2,1,0)
S?2f(y1,y2,1,0) 058y F(y1,y2,1,0) f(y1,y2,0,1)+f(y1,y2,1,0) |
§2f(y1,y2,1,1) fly1,y2,1,1) 2f(y1,y2,1,1)

(5) Energy observable (fixed nucleus approximation)

N 72
(Hf)(y1,y2,01,02) = —%(A1 + A9) f(¥1,¥2,01,02)
Ke?
+ —f(Y1>Y2701702)
ly:r =yl
+K62 (Y1»YQ,01702)

R R

2
1
—K€2 fy7y70707
2[Ry, Yy o)

ij=1

where Ry = ([0}, Ry = (8 ) € R and —£(A + £25) s the ki-

netic energy operator; for ¢ = 1, 2 representing the 1st and the 2nd electron,

AVIBES <a(§?)2 + 8(‘?;)2 + 8(23)2) is the Laplacian for the ith electron’s posi-
1 2 3

L 2 1 : _ s Ker B

tion; Ke R 1S due to proton-proton repulswn,7Hyry2 pis due to electron

1

. 2
lectron repulsion; —Ke?> %, —t
electron repulsion; e Zw:l v

is the potential energy operator of

the electrons due to their attraction to protons.

Fact. For the Hy system,

A~ ~ A~

[Ha J3] = 07 [‘[/_‘\[7 S2] = 07 [H7 33] - 07 [j37 S2] - 07 [j37 g3] - 07 [S27 S3] = 0.
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3.3.4. State. (The theory is the same as that in section 2.3.4.)
In numerical approximation of the electronic ground state, fix R > 0, so that H

is a fixed operator. We want to find the smallest eigenvalue E of H.

The minimum is attained at some eigenfunction v associated with E.

We use the idea of ansatz to do the approximation. An ansatz for 1) in ‘H is a subset
S C 'H where elements of S' can be more explicitly described than the general element
in H. Computationally S should be parameterized by finitely many coordinates, so
that S is a finite dimensional manifold in the infinite dimensional space H. Given an

ansatz S C H, the approximate ground state energy is

ES = minweswgéo,((ﬁ’i]—f;/)}) .

The approximate ground state eigenfunction ¢g is an element of S where the minimum
is attained. If S is a “big enough” subset of H, then Fg ~ FE and vg ~ 1.

For instance, we define the generalized (or spin coupled) valence bond ansatz as

Save = {¥ € He NHe | ¥ = Alp1(x1)p2(x2)E(01, 02)],

where o1, 0y € V, % € C*},

where V is a finite dimensional subspace of L2(R3, C); ¢, is the spatial orbital for the
first electron; ¢, is the spatial orbital for the second electron space; 01,09 € {0,1};
> can be expanded in joint eigenfunction of S2 and S5 and represents the spin state
as a resonance of the four possible joint eigenstates; A is the anti-symmetrization
operator discussed in section 2.1.3.

Another example of an ansatz is the Hartree-Fock ansatz, denoted Sy, where 1

can be explicitly represented as

_ p(x1)a(on) p(x)a(e2) | _ a(o1) a(o2)
Y1, 01, Xa, 02) = det (wxi)ﬁ(cﬁ) w(x;ﬂ(oz)) = p(x1)p(x2) det (ﬂ(é) ﬂ<a§)>
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1, ifo=0 0, ifo=0
where a(0) = ap(0) = ,and B(0) = ay(0) =

0, ife=1 1, ifo=1

3.3.5. State Evolution. (The theory is the same as that in section 2.3.5.)

3.3.6. Predicting Measurement Outcomes. (The theory is the same as that

in section 2.3.6.)

3.3.7. Updating the state after the measurement. (The theory is the same

as that in section 2.3.7.)

3.4. THREE ELECTRON SYSTEM Hj

3.4.1. Hilbert Space. Hj contains 3 electrons. The electron system is repre-

sented by Hilbert space

H=H.NHeANH.
Elements f € H = H. A He A H. are (equivalence classes of) mappings [ :
R3 x R x R? x {0,1}* — C such that
111
SN ye o) dyidyadys < oo
r3 JR3 JRS

01=002=003=0

and

f(¥1,¥2,¥3,01,02,03) = f(¥3,¥1,¥2,03,01,02) = f(¥2,¥3,¥1,02,03,01)

= - f(Y2aY1,Y37U2;01,03) = —f(Y1,Y3,Y2701,03702) = —f(Y3,Y27}’1;03,U2’01)-

3.4.2. Logic. £L={P € B(H)|P' = P = P?}.

71



3.4.3. Observables. The observable of the Hjz system includes:

(1) position observables

[25(0) f1(y1, Y2, ¥3,01,09,03) = y;f(Y1aY2,Y3,U17U2,U3),

where for i = 1,2,3, y; = (v, 95, y5)T € R? is the position of the ith electron;
feH.
(2) momentum observables
L L of
[p]<Z)f](y17 Y2,¥3,01,009, O'3> = _Zha—yi(yb Y2,¥3,01, 09, 03)'
J
(3) angular momentum observables

N Jl( ) #2(1)p3 (i) —23(1)p2(4)
J(i) = ( Jali ) x(7) x p(i) = (ia(i)ﬁl(i)—il(i)m(i))

Ja (i) 21 (3)p2 (1) —22(2)p1(4)

~

where for i = 1,2,3, %(i) := (#1(1), #2(3), 23(0))7, p(i) := (p1(3), p2(0), pa(i))"

(4) Spin observables We represent f(y1,¥y2,¥3,01,02,03) in vector form as
f(y1,y2,y3,0,0,0)
f(y1,¥2,¥3,0,0,1)
f(y1,¥2,¥3,0,1,0)

0,1,1 . )

;gixzzlooi , i.e. a CP-valued function of (y1,ys,y3) € R* x R3 x R3.
f(y1,y2,¥3,1,0,1)
f(y1,y2,¥3,1,1,0)
f(Y1aY27YS117111)

All the spin operators S, S, S5, S? can be written as 8 x 8 matrices as in the
15000000 0
0740400 0
5o 0470400 0
n = 3 example of §3.1.3. For example S* = 929794888
0004074 0
0004047 0
000000015

Thus S2f in vector form is

¥1,¥2,¥3,0,0,0)
¥1,¥2,¥3,0,0,1)
¥1,¥2,¥3,0,1,0)
¥1,¥2,y3,0,1,1)
¥1,¥2,¥3,1,0,0)
y1,¥2,¥3,1,0,1)
y1,¥2,¥3,1,1,0)
y1,¥2,¥3,1,1,1)

= ="========<
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f(y1,¥2,¥3,0,0,0)

15000000 0 f(y1,¥2,¥3,0,0,1)

72 8 7 ‘% 8 1 8 8 8 F(y1,y2,¥3,0,1,0)
_" 1 00070440 f(y1,y2,y3,0,1,1)
= 0440700 0 ¥2,y3,1,0,0
4\ 00040740 f(y1,y2.55.1,0.0)
0004047 0 f(y1,y2,y3,1,0,1)
000000015 f(y1,¥2,¥3,1,1,0)
f(y1,y2,¥3,1,1,1)

15f(y1,y2,¥3,0,0,0)
7f(y1,¥2,¥3,0,0,1)+4f(y1,y2,¥3,0,1,0)+4f (y1,y2,¥3,1,0,0)
72 4f(y1,y2,¥3,0,0,1)+7f(y1,y2,¥3,0,1,0)+4f(y1,y2,¥3,1,0,0)
7f(yl 7Y2,Y370,171)+4f(YI ’y27y3»170’1)+4f(y1 7y2’y371a170)
4f(y1 7Y2,YB70,071)+4f(}’1 1y27y3)07110)+7f(y1 7y2’y371a070)
4f(y1,y2,¥3,0,1,1)+7f(y1,y2,¥3,1,0,1)+4f (y1,y2,y3,1,1,0)
4f(y17y27y3707171)+4f(y17y27yi3717071)+7f(y17y27y3717170)
15f(y1,y2,¥3,1,1,1)

(5) Energy observable(fixed nucleus approximation)

(ﬁf)(}’1u}’27§’3,01,02703)
h2
=75 (A1 + Do+ A3) f(Y1,Y2,Y3,01,02,03)

m

3
1
— Keé? - -
Z IR — j||f(}’17}’2,3’3701,02,03)

7,7=1
1 1 1
—I—K62 ‘I‘ + 9 9 ,O',O',O'
ST o il T o Bl T - AR CRELAN )
1 1 1
+ Ke*( Vf(¥1,¥2,¥3,01,02,03),

+ +
lyi =y2l - ly2—vsl  lys — il
where —%(Al + Ao+ A3) are the kinetic energy operator; for ¢ = 1,2, 3 rep-

:)

resenting the 1st, the 2nd and the 3rd electrons, A; := (6(33)2 + 8(33)2 + a(?/?)
1 2 3
1

are the Laplacian for the ith electron’s position; —Ke? Z?j:l TS 18
5. i—Y; 2

the potential energy operator of the electrons due to attraction to pro-

) 2 1 1 1 : o
tons; Ke (HRI_RQH + Reem T \|R3—R1||) is due to proton-proton repulsion;

Ke? L 1 L is due to electron-electron repulsion.
(vl + oval T ool p

FacT.

~ A

[H,S% =0,[H,8) =0

3.4.4. State. (The theory is the same as that in section 2.3.4.)
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3.4.5. State Evolution. (The theory is the same as that in section 2.3.5.)

3.4.6. Predicting Measurement Outcomes. (The theory is the same as that

in section 2.3.6.)

3.4.7. Updating the state after the measurement. (The theory is the same

as that in section 2.3.7.)
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CHAPTER 4

SYMMETRY (GROUPS OF MOLECULAR SYSTEMS

4.1. PREPARATION: ROTATION AND REFLECTION MATRICES

We develop two lemmas in this section, which show that any rotation matrix A can

be identified with a 3 x 3 matrix R(e?,u), for some # € R, some unit vector u € R3,

DEFINITION. We define
SO(3) := {A is a 3 x 3 real matrix |ATA = I,detA = 1}
where I is the 3 x 3 identity matrix. We call A € SO(3) a rotation matriz.

LEMMA. If A € SO(3) then there exists a matrix U € SO(3) such that AU = UR,
cosf) —sinf 0

where R = <s189 coge (1)> , 0 <0 < . The third column of the matrix U is the axis

of the right-handed rotation through the angle 6 performed by A in R3.

PROOF. If x,y € R? then (Ax)T Ay = xT AT Ay = x"y, so in particular || Ax|| =
|x|| and the angle between Ax and Ay is the same as the angle between x and
y. The cubic polynomial det(Al — A) has real coefficients, so A has at least one
real eigenvalue, and any nonreal eigenvalues must form a complex conjugate pair.
If X is any eigenvalue of A with eigenvector x, then ||Ax|| = ||x|| implies |A| = 1.
Thus the real eigenvalues are from the set {1, —1}. If —1 is the only real eigenvalue,
it cannot occur with algebraic multiplicity two, since the other eigenvalue would

have to be real, and yet could not be 1 or —1. Since det(A) is the product of the
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eigenvalues, we see that the product of the eigenvalues is 1. If —1 has multiplicity
one, then there must be a nonreal complex conjugate pair ¥, e=% of eigenvalues. But
since the product of € and its complex conjugate is 1, we obtain the contradiction
that (—1)e?e~® = 1. If —1 has multiplicity three then we obtain the contradiction
(—=1)> = 1. Thus 1 must be an eigenvalue. Let ti3 be a normalized eigenvector
of A belonging to the eigenvalue 1, and let u;,uy be an orthonormal basis of the
plane perpendicular to ui3, so that 01y, iz, ti3) forms a positively oriented frame of R3.
(ay, g, u3) ul Au, >0,
Define (uy,uy, u3) = Clearly (uj,us, u3) is a positively
(0, 1y, —u3) ulAua; < 0.
oriented orthonormal basis. In the first case above we clearly have ul Au; > 0. In the
second case we claim that ul Au; > 0. To see this, let P = span{u;,us}. A maps P
into itself. The ordered pairs (uj, us) and (Auy, Auy) determine the same orientation
of P, i.e. they are related by a 2 x 2 matrix with positive determinant. (To see
this note that A(uy,ug,uz) = (Auy, Auy, Auz) = (uy, us, u3) (Zéé Zgé §> . Now take
the determinant of both sides of this equation.) Let the plane P be coordinatized
by the components with respect to the vectors (i, 1z). Then the second case is
characterized by the inequality ul An; < 0, which means that Au, = Aq, is in
the third or fourth quadrant. Hence Au; = Au, is in the first or fourth quadrant,
and hence the angle between uy and Au; is less than 7/2, as claimed. Now define

0 < 6 < 7 such that cosf = uf Au;. It follows that Au; = u; cos@ + uysinf and

Auy = uy(—sinf) + uy cos . Setting U = (uy, uy, ug) we get the result. O
DEFINITION. We define

R(e” u) = uu” + [I —uu’]cosf + [ux]sind,

. uq . . 0 —u3 U9
where 6 is real, u = (@) € R3? is a unit vector and [ux] = < uz 0 —31> . For
—us Ul

0 € (—m, 7], we simplify the notation R(e??,u) as R(0,u).
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LEMMA. If A € SO(3), then there exists a pair (e, u), uniquely determined
(when A # I) up to reflection (e, —u), where 6 is real and u € R? is a unit vector,

such that

A = R(e" u)

and hence for all x € R? we have Ax = u(u-x) + [x — u(u-x)]cosf + (u x x) sin 6.

Proor. We define u to be the third column vector us of the matrix U in the

above lemma. Now let x € R? be given. Since U € SO(3) we have U~! = U”. Thus

T

T cosf —sinf 0 u; x
AX:URU X:(ul ugu) (sig@ 0059 0 us X
x

1

cos Gu?xfsin Gugx

= ( up uz u) (sin Gu'{x%»cos Gugx)

uTx

= uy (cos ful x — sin fuj x) + uy(sin ful x + cos fuj x) + uu’ x

=uu’x + (wul x + wyul x) cos § + (—uyul x + wyui x) sin 6.

Since [ = UUT = uju?l + upul + uu’ we have that uju? + upul = 7 — uu’ and
therefore ujul x + upul'x = x —uu’x. Also u x x = ux (wu?x+ wulx +uu’x) =
(u x wp)ufx + (u x up)ul'x = wyul'x — ujulx. This demonstrates the existence of
the pair (e, u) with the desired properties.

Clearly if the pair (¢, u) works then so does (e=% —u). The vector u must be
an eigenvector of A associated to the eigenvalue 1, and this eigenvalue cannot have
algebraic or geometric multiplicity two, since then the other eigenvalue would have to
be —1, contradicting the fact that detA = 1. (The geometric multiplicity is equal to
the algebraic multiplicity since A is clearly diagonalizable.) If the multiplicity is 3 then
A = 1. If A # I then the multiplicity is 1, and hence the eigenspace of 1 contains only
two real unit eigenvectors u and —u. Suppose X is a unit vector perpendicular to u.

Then Ax = xcosf+u x xsinf is an expansion in an orthonormal basis {u, x, u x x},
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and hence cosf = x - Ax and sinf = (u x x) - Ax. If A = R(e",u) = R(e"?,u), then

Ax = xcosf +u X xsinf) = xcos# +u x xsinf’ = cosf = cost,sinf = sinf’ =

e = ¢ The same values of cos 6 and sin § are obtained independently of the choice

of x. Thus both cosf and sinf are determined by u. This proves the uniqueness

claim. O

DEFINITION. Consider a plane which is perpendicular to the axis u and passes
through 0. The matrix of reflection through this plane is R, = I — 2uu’, where I
is the identify matrix. (if it does not cause confusion, later we will not mention that

the plan passes through 0.)

4.2. REPRESENTATIONS OF MOLECULAR SYMMETRY GROUPS
4.2.1. Point symmetries and Conjugacy.

DEFINITION. Let V' be a finite dimensional complex vector space. We define
GL(V):={A:V — V]|A is linear and invertible };
GL(C") := the set of all n x n complex invertible matrices ;

GL(R™) := the set of all n x n real invertible matrices ;

O(3) == {A e R¥3|ATA = T}.
Fact. GL(V) is a group under composition of linear transformations.

DEFINITION. An n dimensional complex representation of a group G is a group

homomorphism p : G — GL(V), where V is n-dimensional complex vector space.

According to [6], a distance preserving transformation of space that leaves an
object looking the same after it has been applied is called a symmetry operation of the

object. There is a corresponding symmetry element for each symmetry operation; this
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is the point, line, or plane with respect to which the symmetry operation is performed.
If a particular point is chosen as the center of symmetry then the symmetry operations
which fix this point are called point symmetries. The identity I means doing nothing;
the corresponding symmetry element is the entire space. An n-fold rotation C,, (the
operation) about an n-fold axis of symmetry (the corresponding symmetry element) is
arotation through 27 /n. The principal azis of a molecule is an n-fold axis of symmetry
where n is as large as possible. A reflection o (the operation) in a plane of symmetry
or a mirror plane (the symmetry element) may be either parallel or perpendicular
to a principle axis of a molecule. If the plane is parallel to the principal axis, it is
called vertical and denoted o,. When the plane of symmetry is perpendicular to the
principal axis it is called horizontal and denoted o,. A vertical mirror plane that
bisects the angle between two C'y axes is called a dihedral plane and denoted g,. In an
inversion ¢ (the operation) through the center of symmetry (the symmetry element)
we imagine taking each point in a molecule, moving it to its center, and then moving
it out the same distance on the other side. An improper rotation or rotary-reflection
Sy, (the operation) about an azis of improper rotation or a rotary-reflection axis (the
symmetry element) consists of rotation through 27/n about an n-fold rotation axis

followed by a horizontal reflection.

DEFINITION. Let G be a group, ¢1,92 € G. If there is x € G such that g; =
x 1gox, then we say that ¢, is conjugate to go, denoted as g; ~ ga. ~ is an equivalence

relation in G. A ~ equivalence class in G is called a conjugacy class.

For the purpose of point symmetries we may identify space with a 3-dimensional R-

inner product space X where the zero vector 0 € X represents the center of symmetry.

Define

O(X) :={g: X — X is R-linear and inner product preserving i.e. isometric}.
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R3 PecP X

T €0(3) 9 €0(X)

PeP

R3 X

F1GURE 2. Given P € P, there exists a group isomorphism between
O(X) and O(3) defined as pp(g) :== P~togo P.

There is a natural left action of O(X) on X.

Let M C X be a finite set of vectors. Define the point symmetry group G(M) as
GM) :={g€ O(X)|lg-m e M,Ym € M}.

It is clear that G(M) is a subgroup of O(X).
Define

P :={P:R> — X|P is a R-linear isomorphism which is inner product preserving}.

P is called the set of poses. P € P can be identified with the ordered 3-tuple
(P(&,), P(&y), P(é3)), where {€;,&,,é3} is the canonical orthonormal basis of R3.

O(X) acts on P on the left by the rule
gP = (gP(&), gP(&y), gP(&3)),ie. go P: R* 5 X 4 X where g € O(X).
O(3) acts on P on the right by the rule
PT=PoT :R*LR* L X, where T € O(3).

Given P € P, define a mapping pp : O(X) — O(3) as pp(g) := P~' ogo P. This

mapping is clearly a group isomorphism (see Figure 2). When we restrict the domain
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Y
Y

(A) (B)

FIGURE 3. (A). The isosceles triangle group is Cy, = {E, Cy,0,,0.}.

v
(B). The equilateral triangle group is D3, = {E, oy, 2C5,2S3,3C%, 30, }.
Note that in these figures a definite pose P € P is given and fixed, so
we can identify symmetry operations with matrices in O(3).

of pp from O(X) to G(M), the above isomorphism gives a mapping pp : G(M) —
0(3).

Facr. If G(M) is a group of point symmetries of a molecule, then we have an

injective (faithful) 3-dimensional real orthogonal representation: pp : G(M) — O(3).

Suppose P; € P,i = 1,2 are poses and T; = (P;)"togo P, then PioT;o(P) ' =g
and Ty = Pyt ogo P =P o(PoTho(P) HoP,=(PytoP) toTyo(Py o).
Note that Py, 'o P € O(3), and thus T} ~ T, are conjugate in O(3) and correspond to
the same symmetry operation g with respect to two different poses P, and P,. This

is the geometric meaning of conjugacy.

4.2.2. Examples. From now on we will use the standard chemical nomenclature

[6] for symmetry groups, operations and elements: Cs,, Dsp, Ty, E, and o, etc..
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ExAMPLE. We consider the symmetry group Cs, = {E, Cy, 0,, 0.} of the isosceles
triangle AABC, where A = (0,0,1),B = (0,—1,0),C = (0,1,0) (see Figure 3 (A)).
Recall that the rotation matrix R(¢,u) represents the rotation of a vector about the
axis u through an angle of § € (—x, 7], and the reflection matrix R, represents the
reflection of a vector through the plane which is orthogonal to u and passes though
the origin of the coordinates.

We denote the matrix representation of a group element g € G as p(g). By

the meaning of conjugacy, we classify the symmetry group elements for the isosceles

).

) is represented by

triangle by conjugacy classes as follows.

(1) The identity F is represented by p(E) = (é g

—OoO

(2) The 180° rotation about the axis u = (

[ =J=]

p(Cs) = R(180°, u)
=uu’ + (I — uu”) cos(180°%) + [ux]sin(180°)
—(§) (0o )+ (1= (8) (00 1)(-1)
~(§ ).

(3) The reflection through the plane perpendicular to the axis u = ( ) is rep-

(=Xl g

resented by

p(o,) =1 —2uu’

<71 0 0)
= 0o 10].
0 01

The reflection through the plane perpendicular to the axis u = (

oo

) is

represented by

p(al) =1 —2uu’

com
olo
—
— oo
~—~—
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ExaMPLE. We consider the symmetry group Dsj, of the particular equilateral

triangle ADEF, where D = (0,0,1), E = (0, —@, -3, F = (0, @, —1) (see Figure

3 (B)). Then the elements of the group classified by conjugacy classes are as follows.

1 0.
01

(1) The identity E is represented by p/(E) = (é ! 0)
(2) The 180° rotation about the axis u; = <§> is represented by
P/ (Co(D,0)) = R(180°, wy)
uf + (I —wul) cos(180°) + [uy x| sin(180°)
1

= ( ).

The 180° rotation about the axis uy = <—

1

col
colo
i)

5%

) is represented by

(SIS

P (Co(E,0)) = R(180°, uy)

= upus + (I — upu) cos(180%) + [uyx] sin(180°)
-1

B _
0

The 180° rotation about the axis ug = <

w‘a =)

[ V] D=
[ o
D=

e

2 ) is represented by

D=

P (Co(F,0)) = R(180°, u3)

= ugus + (I —ugzul)cos(180°) + [uzx]sin(180°)

-1 0 0
(oo —4).
(3) The 120° rotation around the axis u = (é) is represented by
J(Cy(+1)) = R(120°, u)

=uu’ + (I — uu’) cos(120°) + [ux]sin(120")
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S O =
|
=3
l o
S

o

Wl
|

D= N

The 240° rotation around the axis u = (é) is represented by

#(Co(~1)) = R(240°, u)

= uu’ + (I —uu”) cos(240°) + [ux]sin(240°)

(24 9)

(4) The reflection through the plane perpendicular to u = (

w& ol
m|§o

[NIES

QOO

) , 1.e. “horizontal”

reflection, is represented by

(5) The reflection through the plane perpendicular to u = (g) is represented

by
P (0p) =1 —2uu”

0 0
= -1 0 ).
0 1

The reflection through the plane perpendicular to u = (

1
0
0

0

=

> is repre-

“Se

sented by



) is repre-

w‘awp—o

The reflection through the plane perpendicular to u = (

sented by

P (03) =1 —2uu’

1 0
— (ot 2],
0o —F -}

(6) The 120° rotation around the x axis followed by a horizontal reflection is

o @
w

represented by :

—~
-
—_
SN—
N—

p'(Sz1) = p'(an)p'(Cs
=(¥11)

The 240° rotation around the x axis followed by a horizontal reflection is

o O
oS ol ©
| |
ol m|§o
N—

00
10
01

© /N

=

[

“fSe
[SIE ]

represented by :

ExaMpPLE. We want to construct a faithful 3 dimensional orthogonal represen-
tation of the symmetry group T, of the Tetrahedron, and we will also classify the
following 24 elements of Ty into conjugacy classes according to their geometric mean-
ings:

{E;
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F1GURE 4. The T, group on the molecule C' H,.

Cs(1,+1),C5(1, 1), C5(2,+1), C3(2, —1),
C3(3,+1),C3(3,+1),C5(4, —1),C5(4, —1);
C5(1,2) = C5(3,4),C2(1,3) = Cy(2,4), Ca(1,4) = Cy(2, 3);
04(1,2),04(1,3),04(1,4),04(2,3),0a(2,4),04(3,4);
S4(1,2),54(1,3),54(1,4),54(2,3),54(2,4), S4(3,4) }.
To simplify the notation, we will consider T; on a model of the molecule CH, (see
Figure 4).

The 24 elements of Ty classified by conjugacy classes by the geometric viewpoint
are as follows.
(1) The identity E.
(2) The 120° rotations about the axis C'— H;,i = 1,2, 3, 4, denoted as Cs(i, +1)
and the —120° rotations about the axis C — H;,i = 1,2,3,4, denoted as
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C5(i, —1). They are {C5(1,+1),Cs(1,—1),C5(2,+1),C3(2,—1),
C3(3,4+1),C5(3,—1),C5(4,+1),C3(4, —1) }.
(3) The 180° rotations about the axis bisecting the H; — C' — H; angle, denoted
as Cq(i, j). They are {Cs(1,2) = C2(3,4), Ca(1,3) = Cy(2,4),
Co(1,4) = C1(2,3)}.
(4) The reflections through the plane of H; — C' — H;, denoted as o4(7, j). They
are {04(1,2),04(1,3),04(1,4),04(2,3),04(2,4),04(3,4) }.
(5) The rotations of 90° about the axis bisecting H; — C' — H;, followed by the
reflection through the plane perpendicular to this axis, denoted as S4(i, ).
They are {S4(1,2), S4(1,3),S4(1,4), 54(2,3), 54(2,4), S4(3,4) }.
Suppose the positions of the atoms in C'Hy are : H1(0,0,0), H»(2,0,2), H3(2,2,0),
H4(0,2,2),C(1,1,1), which is the center of the symmetry. We will show how to
compute p”’(C5(2,+1)) —the matrix of the rotation around the axis C' — Hy by 120°.

The axis C' — Hj is represented by unit vector u = %(((1)) + (8) — (?)) =

0 1 0
1 1

T _
ThenwehaveuuT:%<31) (h) :%(31 ! }1>.
L1 -1 100 1/ 1 -1 1 0
_5( 14 ?)”( 00 ?) —§<? B 31)}008120

In similar way we can compute the matrices representation of the other tetrahedral

)

group members as follows.

({1, +1)) = (

1
2

[N NI
D=

O NI

1
2
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pv(g) € GL(V)

! ]
pw(g) € GL(W)

w w

FIGURE 5. py is isomorphic with py .

A S N|=
—

#(Ca(2,+1)) = (
p(C2-1) = (18 7)== )"

The six matrices above belong to one conjugacy class, the elements of which

as computed above)

0o 3 -}
MKML4D=—<%(1%>=ﬂW%@+M?

0

0

0

1

0

1

elements represent the +120° rotations about the axis C' — H;,i = 1,2, 3, 4.

PC12) = () 5 ) = (Cal3.0)
P = (] 5) =ree),

PG ) = (83 5 ) =r(Ca(2.3)).

-1

The six matrices above belong to one conjugacy class, the elements of which

represent the 180" rotations about the axis bisecting the H; — C'— H; angle.

et 2) = (§ 1) oot =(1§1])
et ) = (B E). ey = (3 5 ).
o= (5§ sesn=(8 1Y)

The six matrices above belong to one conjugacy class, the elements of which

represent the reflections through the plane of H; — C' — H;.

s = (8 38, wsnan=(3§ )

). e =(

s =( 8 8). sse=(1a7)

The six matrices above belong to one conjugacy class, the elements of which

PS4 = (o

0

OO OO

represent the rotations of 90° about the axis bisecting H; — C' — H;, followed by the

reflection through the plane perpendicular to this axis.
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T

FIGURE 6. The group D3, for the molecule PCl5

4.2.3. Isomorphic Representations.

DEFINITION. Let py : G — GL(V), pw : G — GL(W) be two group repre-
sentations of group G, we say that py is isomorphic with py if there is a C-linear
isomorphism ¢ : V' — W such that for any given g € G, [¢pv(9)](v) = [pw(g)d](v)
or py(9)(v) = [~ pw(g)9](v) for all v € V (as illustrated at Figure 5). Particularly,
if V=W =C", then ¢ € GL(C").

EXAMPLE. A molecule having the symmetries of Dgj, is PCl5 (Phosphorus Pen-
tachloride) , we will first use it as our model to compute a group representation p"”

/11

of D3,. And then, we will show that this representation p"” for PCly is isomorphic to

the earlier representation p’ of Dsj, for the equilateral triangle ADEF.
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Suppose the positions for the atoms of PCly are as follows. P(0,0,0),Cl;(0,0,1),
Cly(0,0,—1), Cls(L, —¥2,0), Cly(~1,—22,0), Cl5(0,1,0) (see Figure 6). Dy, =
{E,0p,2C3,255,3C%,30,}. To distinguish the matrix representation for PCl5 from

the previous one for equilateral triangle, we denote the matrix representation for PCl;

)

of g € Dy, as p"(g).
(1) The identity E is represented by p”(E) = (é
(2) For oy, u= (?),

oo
OO

p"(op) = I —2uu”

100 000
= (010)——2(000)
001 001
<1o o)
=(o0o10 ).
00 -1
(3) For Cy(+1),u = (§) .0 =120,

p"(C3(41)) = uu’ + (I — uu’) cos 120° + [ux]sin 120°

b\
®
|
=
I
s
o

S
+
—~
~
|
s
o
Z
Q
]
9]
—_
DO
o

o
+
3
RaY
&.
=
—_
DO
o
o



(6) For S5 and S,

rolm “|§
o o

1 =3
2 2
V3 1
2 2
0 0

—_



Now we introduce ¢ : R® — R? such that ¢(z, vy, 2) = (2, z,y). Then ¢ corresponds

to a rotation matrix R(—120°, = G)) = <§ é §>’ and hence ¢! corresponds to

V3
01 0\t 001 , 1w
<(1J 0 (1)) = <(1] 0 8). We need to check as follows that pi,(g) = ¢~ 'p{/(g)¢, Vg €

Dsy,, where py,, p}/ denote the previous and the present Ds, matrix representation

respectively:

(1) For the identity E,

1y {010\ t/1o00) /010
o= (35 (I )
<100)
=(o010
001
— "(E)
(2) For oy,
1 _fo10\t/-100)\ /010
oene=(141) (338 (H41)
<100)
=(010
00 -1
= "o
(3) For 2C%5,
1 o1\ (o % % 010
—1 7 _ 0 -1 _¥8
¢ P(C3(+1))¢—((1)8(1]> V- (?86)
— o
0 01
= p"(C3(+1)),
o1 o\t % 0 010
—1 B _ 0 _1 3
oroe-ve=(848) (0L 1) (i)



(4) For 255,

N
oo

—O0O

OO
N——

VRS
- ﬂ_z 1"2

oO—HO
—O0O

OO
N———

~

SN
=) ™ ﬁ_z
|

I

—
_00

N————

Y

—
00_

e Mo
|
|
1_2 Yao
N———
Il

5)-

p/l/(

(5) For 302,

oO—HO
—OO
SO

SO

—
00_
O —HO

—
_00

pm(CQ(?’v 4))7

OoO—HO
—00O

OO
N————

VN

S

O~ ﬁ_né
i
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|
OM|SN‘H

@

o |

[SIES
Lo o
N———

(6) For the 30,,

¢_lp/(0v1>¢ =

= p"(0u(1,4)).

Therefore p’ and p” are isomorphic representations.

4.2.4. Characters.

DEFINITION. If p : G — GL(V) is a representation of G, its character x, is the

complex-valued function on the group defined by

Xo(9) = tr(p(9)),

i.e. the trace of g on V. We sometimes write yy instead of x, if there is no possible

confusion.
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In particular, for any g, h € G, we have

Xp(hgh™) = x,(9),

so that x, is constant on a conjugacy classes of G; a complex-valued function on G
which is constant on each conjugacy class of G is called a class function. Denote

Celass(G) = {class functions on G}. Note that x,(e) = dimV’, where e is the identity

element in G.

ExAMPLE. Consider the character of the matrix representation of the point-

symmetry group Cs, = {E,Cy, 0,,0.} of the particular isosceles triangle AABC

(see Figure 3).

2) p(Cg):<8 g §) Then Xp(CQ)—tr p(Cy)) = —1.
(3) plon) = (9 1 §). Then x (o) = tr(p(cr)) =
plol) = (é 4 §) Then x,(0")) = tr(p(c)) = 1

ExAMPLE. Consider the character of the matrix representation p’ of Dsj, by the
model of equilateral triangle ADEF (see Figure 3).
Then x (1) = tr(p'(E)) = 3.

). Then v, (on) = tr(p/ (o)) = 1.

) Then x,(Cs5(+1)) = tr(p/(C5(+1))) = 0.

ISO

[SIE N

(Cy(-1) = (g k! “) Then x/(Cy(~1) = tx((Cy(~1))) = 0.
(4) p'(S31) <_8 ;\é _7? ) Then x,/(S31) = tr(p'(S31)) = —2.
(832) ( g _72 _2\/i> Then Xp' (532) = tI‘( /(832)) = —2.
(5) p(Cy(D,0)) :<_8 %1% Then
Xp (C2(D,0)) = tr(p'(Co(D, 0))) = —1.

95



0 0
P(Cy(F,O) =10 3 —@) Then
X (Ca(F, 0)) = tr(p/(Co(F, 0))) = —1.
(6) plow) = (8 1 8). Then xy(ow) = tr(p/ (1)) = 1

10 0

p'(0n) = (0 é *# |. Then Xp (0p2) = tr(p'(oy2)) =1
0%
Lo 0

pows) = (0 : _T> Then x,(0v3) = tr(p/(op3)) =1
0 -4 -

ExAMPLE. Consider the character of the matrix representation p” of Dsp,

{E,on,2C3,2855,3C%, 30,} for PCls.

(1) p"(E) = (§38). Then x,n(1) = tr(p"(E)) = 3.
(2) p"(o) = (83 8 ). Then xp(0n) = tr(p" (on)) = 1.

(3) p"(Cs(+1)) = (35 i g - Then x,m (C3(+1)) = tr(p"(C3(+1))) = 0.

G
e (i - ) Then xp(C3(~1)) = tr(p"(Cy(~1))) = 0.
0 0 1
(4) p///(S ) = (_@ “1g > Then Xp”’(S?,) — tI‘(,Om(S )) - _9
0 0 —1
1 _ V3

>. Then x,»(S5) = tr(p"(5%)) = —2.
). Then y,m(Ca(3,4)) = tr(p"(Cy(3,4))) = —1.
V3

P"(Co(4,5)) = (f 1o ) Then y,(Ca(4,5)) = tr(p"(Ca(4,5))) =
( ) Then v, (Ca(5,3)) = tr(p"(Ca(5,3))) =

(6) p"(0u(1.5) = (g 13). Then xp(0(1,5)) = tx(p"(0,(1,5))) = 1.
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3) Then X, (o(1,4)) = tr(p" (0, (1,4))) = 1.

p"(00(1,3)) = (é -1 g) Then X, (04(1,3)) = tr(p"(00(1,3))) = 1.

Remark: These characters of Cy, and Dsy, are seen to be class functions. Through

o
[e=]

the example of D3, we see an illustration of the fact that the isomorphic representa-

tions have the same character.

DEFINITION. A representation p : G — GL(V) is called irreducible if whenever
W C V is a vector subspace such that p(g)W C W,Vg € G, then either W = {0} or

W =V. pis reducible if it is not irreducible.

DEFINITION. Define the Hermitian inner product of a and 3 in Cas(G) by:

1 —_ 1 -
(@8 =1 > alg)Blg) = 1 > cla(c)B(c).

geG c is a conjugacy class

THEOREM. Consider the set Z¢ of all equivalence classes [V] of irreducible finite
dimensional representations V of a finite group G, with the equivalence relation being
isomorphism of representations. Then |Zg| equals the number of conjugacy classes of
G. Furthermore if Zg = {[Vi], -+, [V4]}, then {xv,, -+, xv, } is an orthonormal basis

of the vector space C.p,ss(G) of class functions.

4.2.5. Character Tables. We follow [46] [6] to develop this subsection. A finite
group G has a finite number of conjugacy classes and the same finite number of non-
isomorphic irreducible representations. The character of a group representation is
constant on each conjugacy class. Hence, the values of the characters can be written
as an array, known as a character table. Typically, the rows are given by the irreducible
non-isomorphic representations and the columns are given by the conjugacy classes.

A character table often contains enough information to identify a given abstract

group and distinguish it from others. However, there exist non-isomorphic groups
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(1)

S
Coy E Co oy 0'; h=4
A 1 1 1 1 2,22, 12, y?
Ag 1 1 -1 —1 Ty R,
(3)
By 1 -1 1 -1 T, T2 Ry
Ba 1 -1 -1 1 Y, Yz R,
4 4
4) (5) (6)
FIGURE 7. The Character Table of C,
Dsp E on 205 255 3¢, 30, h=12
Al 1 1 1 1 1 1 22,22 + 92
Al 1 1 1 1 -1 -1 R.
Al 1 -1 1 -1 1 -1
Al 1 ~1 1 ~1 ~1 1 z
(z,y),
E' 2 2 -1 -1 0 0 (zy, 22 — y?)
E” 2 -2 -1 1 0 0 (z2,y2) (Rz, Ry)

F1GURE 8. The Character Table of D5,

which nevertheless have the same character table, for example Dg (the symmetry

group of the square) and Ag (the quaternion group)[6].

EXAMPLE. [46] Chemists and physicists use a special convention for representing

character tables which is applied especially to the so-called point groups, which are
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the 32 finite symmetry groups possible in a lattice. In the table 7, the numbered

regions contain the following contents ([20] pp. 90 — 92).

(1) The symbol used to represent the group in question (in this case Cs,).

(2) The conjugacy classes, indicated by number and symbol, where the sum of
the coefficients gives the order h of the group.

(3) Mulliken symbols one for each irreducible representation.

(4) An array of the group characters of the non-isomorphic irreducible represen-
tations of the group, with one column for each conjugacy class, and one row
for each irreducible representation.

(5) and (6) are not going to be used in this thesis, so we do not discuss them.

ExAMPLE. We know by the above theorem that two rows in a character table
are orthogonal with respect to the inner product defined above. For instance, in the

character table of D3, (see Figure 8), the two rows A and E” satisfy:

1
(XA'I’7 XE”) = |D3h| Z |C|XA/1/(C)XE”(C)

c is a conjugacy class

1
:E[1><1><2+1><(—1)><(—2)+2x1x(—1)+2x(—1)x1
+3x1x0+4+3x(—1)x0]

=0.

4.2.6. Decomposition of Representations.
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DEFINITION. Let py : G — GL(V), pw : G — GL(W) be two representations of

the same group G, then the direct sum of these two representations is defined as:

pv©pw:G—GLVOW): g py(g) ®pw(9g).

Let V = C", W = C™, then py(g) € C" pw(g) € C™™ and (py ® pw)(g) €

n+m)x(n+m N
Crtm)x(ndm) (50 @ pi)(g) = ( "y pw<g>>'

LEMMA. Let py : G — GL(V) and pw : G — GL(W) be representations of G.

Then xvew = X, + xw.

1 -1
DEFINITION. Let V be a vector space. Define V% = V ¢ ... aEB V', where

a€Nja>2

THEOREM. Suppose Zg = {[Vi],---,[Va]}, where G is a finite group. Suppose
V' is an arbitrary finite dimensional representation of G. If xv = > ", a;xy; where

a; = (Xv,, Xv), then a; > 0 is an integer and V 2 V" @ ... @ V%,

ExXAMPLE. We continue the the last example in §4.2.4 where Ds;, for PCls is

discussed. For the representation p"” for the character is x,» = (3,1,0,—2,—1,1)7.

Then
(Xar Xprrr)
a1 (Xt X
a
a?, — (XA’I”X,J///)
as (Xag X,
6 (Xgr X prr)
(XE X 1)
r1r 1 1 1 1 100000 3
1 111 -1 -1 010000 1
_ I -1 1 -1 1 -1 002000 0
1D 1 -1 1 -1 -1 1 000200 -2
Dspl \ 2 2 21 21 0 o 000030 —1
2 229211 0 0 000003 1
11 1 1 1 1 3
1 11 1 1 Z1 -1 it
_ 1 -1 1 -1 1 -1 0
=5 |l1r-1 1 -1 211 —4
1212 2 -1 -1 0 o -3
2 -2 -1 1 0 0 3

|
VR
orooo
N———
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Thus x,m = xg + Xay, and hence Vi = Vi @ Vay. We show the details as follows.

/1 2 70 %1 %
P (Cs(+1)) = =5 1o | =\ - (1),
0 01 2 2
/1 %177\/50 %%ﬁ
p"(Cs(—1)) = B 1o =\ 1 @ (1),
0 0 1 2 2
" 7% @ 0 _% 73
pPrSs) =1 -2 10 | = _k " )®(1),
0 0 -1 22
_1_ V3 1 _ 3
CEN B 0>:<\/§ f)eaw,
0 0 -1 2 2
1

b\

—~

)

<

—~

\‘H

w

~—

~—

I

Y
ON|§ [NIES

where the 2 x 2 matrices are the irreducible representation E’ of D3, and the 1 x 1

matrices are the irreducible representation Aj of Ds.
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CHAPTER 5

CONFORMATION AND CONFIGURATION OF THE Hj
SYSTEM

In this chapter we first discuss the shapes (conformations) of the Hj system in
general coordinates: how to mathematically represent a shape and how to mathe-
matically classify the shapes into the three different categories: the non-collinear, the
collinear, and the one-point-coincident, and then we build up three particular internal

coordinate systems which treat the three hydrogen nuclei in a symmetrical way.

5.1. THE SHAPE SPACE OF THE Hj3 SYSTEM

In this section, we will discuss the mathematical representation of the conformations
of the Hj system. After rigid motion, the conformation (or shape) of a particular
molecule does not change. To identify the mathematical representation of the con-
formation of a molecule, we introduce the concept of orbit. We also investigate the
categories within the set of all orbits of configurations of H3 according to the orbit’s
dimensionality.

Let R = (Ry,R2,R3) € (R?)3 be the position vectors of the three nuclei of the
Hj system. R is called a configuration. Let b € R® be a translation vector. Let

A € SO(3) be a rotation matrix. We define G, := R3 x SO(3), which is the group of
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rigid motions of R3. The group law for G, is, for any by, by € R3 and A, A, € SO(3),
(b1, Ay)(bg, Ay) = (by + A1by, A1 Ay)
(b, A) € G, acts on the left of (R?)3 by the rule
(b, A)(R1,Ry,R3) = (b + ARy, b+ AR», b + ARjy),

which represents the configuration R of the molecular system after the rigid motion
(b, A) is applied.
Let’s check that this is a left action:
[(b1, A1)(ba, A2)](R1, R, R3)
= (by; + A1by, A1 45) (R4, R2, R3)
= (b + Aiby + A1 AsRy, by + A1by + A1 AsRo, by + A1by + A1 ASRy),
(bla Al)[(b27 A2)<R17 R27 R3)]
= (by, A1)(ba + ARy, by + AsRs, by + AsR3)

= (b1 + Aiby + A1 AsRy, by + Ajby + A ARy, by + Ajby + A ARy). O

To identify the conformation of a molecule, we introduce the concept of orbit as

follows.

DEFINITION. The orbit of a three-atom molecule configuration R = (Ry, R,
Rj3) is defined as
G.R :={(b,AR c (R*)®|(b,A) € G,}

R is called a representative of the orbit.

DEFINITION. The Shape space of the three-atom molecule is the set of all its orbits

in (R?)3, denoted by G,\\(R3)?,
G.\(R?)* := {G.RIR € (R*)*}.
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With the notations defined above, we now start to investigate the classifications
of the orbits of the H3 molecule. We claim that there are three categories of orbits

in shape space:

6, if R is a non-collinear configuration;

dim G,R = {3, if R; = R, = Ry;

5, if R is a collinear configuration but not Ry = Ry = Rj.

where dim G, R denotes the dimension of the obit GG, R thought of as a manifold, i.e.

the number of independent variables needed to parameterize G,R.

DEFINITION. Given a configuration R, its isotropy subgroup within the group G,

is defined as

Isog, R := {(b,A) € G, | (b, A)R = R}.
Fact. Given a configuration R, the mapping of the group onto the orbit:
Gy — GuR: (b,A) — (b,A)R
is always surjective. It induces a one-to-one and onto mapping:
f:G.//Isog,R — G,R : (b, A)lsog, R +— (b, AR,
where G, //Isog, R is the quotient set of Isog, R in G.

This bijective mapping is well-defined since if (b’; A") = (b, A)g, g € Isog, R, then
(b", A)Isog, R = (b, A)lsog, R and (b, A')R = (b, A)gR = (b, A)R.
This fact tells us that we can identify the members of the class of rigid motions

(b, A)Isog, R because after acting on the configuration R they all produce the same

outcome (b, A)R.
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Now we consider the orbit classification problem of the Hs system. There are three
situations for the configuration R: non-collinear, collinear and one-point-coincident.
We will show in a theorem that the isotropy subgroups corresponding to these three
kinds of R are of different dimensions, and consequently so are the orbits. We need

the following lemma and corollary as a preparation.
LEMMA. If A € SO(?)), and €1,ey € RB, then A(e1 X eg) = Ae1 X Aeg.

PROOF. : For A € SO(3), by the lemma in the previous chapter, we assume that
A = R(e?,u) = uu? + [I — uu’]cosf + [ux]sinf, where R(e?,u) represents the
rotation along the axis u through an angle #. Then we have
Ale; X e3) =ufu-(e; x ey)]+ {e; x e; —ufu- (e; x €)]} cosf +u x (e; x ez)siné
and
(Aep) x (Aey)
={u(u-e;)+[e; —u(u-ey)|cosfd+uxesinh}
X {u(u-ez) +[e2 —u(u-ey)|cosf +u xeysinb}
=cosfle; x u(u-ez) +u x ey(u-e;)]
+sinflu x (ux ez)(u-e1)+ (uxe) xu(u-ey)]
+ (cosf)?*[e; x ey —e; x u(u-ey) —u x ey(u-ey)]
+ (sin#)?(u x e;) x (u x ey)
+sinfcosfle; X (uxey) —ux(uxey)(u-e)—(uxey) xu(u-ey)
+ (u X e1) X €]
=--- (we will show the calculation details after this equation)

=ufu- (e; X e)] +{e; x e; —ufu-(e; x e3)]}cosf +u x (e; x ez)sinb.
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Here are the calculation details: because of the identity (a x b) x ¢ = —a(b-c) +

b(a - c), the coefficient of cosf is (denoted as equ.1.)

e X u(u-es) +ux ey(u-e)
= [e1(ez - 1) — ex(e; - )] x u
—[(es x e;) x u] x u
— —(ey x ey)(u-u) +ul(e; x €;) - u
—e; x ey —ufu- (e x ey)].

The coefficient of sin 6 is (denoted as equ.2.)

ux (uxe)(u-e)+(uxe)x ulu-e)
— —[ux ey(e; - u)] x u+[uxe (e u) xu
= {u x [~ey(e; - u) +ey(es - u)]} x u
= {ux[(esx 1) x u} x u
— {[(e1 x €) x u] x u} x u
— {—er x ex(u-u) +ufu- (er x e)]} x
— —(e1x &) xu

=ux (e xey).
The coefficient of sin? # is

(uxep)x(uxey)
=ej[u-(uxey) —ule; - (uxey)]
— u[el . (62 X u)]

= uf(e; X eg) - ul.
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Combining the terms involving cos? § and sin® § we get

cos{e; x ey — (e x u)(u- ey) — (1 x ey)(u-e;)}
+ (1 — cos>O)ul(e; x e) - 1l
—cos?0{e; x e, — (e x u)(1- ey) — (u x €)(u- )
—uf(e; x ey) - u} +ul(es x ey) - u
—cos? 0fe; x ey — ul(e; x €y) - u] — (e; x u)(u- ey)
— (uxey)(u-ep)}+ul(e; x ep) - ul

=uf(e; X e3) - u]

The last step of the above equality is because the coefficient of cos? vanishes by

equ.l.

The coefficient of sin 0 cos 0 is:

e X (uxe)—ux(uxe)(u-e)—(uxe)xu(u-e)+(uxe;) xey
=e; X (uxey) + (e Xxe) xu+ (uxep) xes (by equ.2)
=—(uxey) xe —(eyxe)xu— (e xu)xey

= 0 (by Jacobi identity).

COROLLARY. If A € SO(3), and Ax; = x;, AXy = Xg, where X, X5 are orthogonal

unit vectors of R?, then A = I.

PROOF. We define x3 = x; X Xa, then X = (x3, X9, X3) is an orthonormal basis of

R3. By the lemma, AX = X, then A = A(XXT) = (AX)XT = XXT =T O
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THEOREM.

(

{(0,1)}, if R is a non-collinear
configuration.
Isog, R =
{((I = R(e?,u))Ry, R(e?,u))|0 € [0,27)}, otherwise.

\

where in the 3rd case u is a unit vector in span{Ry — R;, R3 — R4 }.

PROOF. : Suppose (b, A) € Isog, R. In the case that R is non-collinear, {Ry —

R;,R; — R,} is a linearly independent set in R3. Since

b+ AR, = Ry,
b+ AR, = Ry,
b+ AR; = Rs.

We have that

AR2 —Ri) =Ry — Ry,

AR; —Ri) =R3 — Ry,

i.e. A has the eigenvalue 1, and its eigenspace is at least 2 dimensional. Let {x1,X2}
be orthonormal basis of span{Ry; — R;,R3 — R;}, then Ax; = x;, Axy = x3. By
the corollary, we have A = I. Together with b + AR; = R, we have b = 0 and
(b, A) = (0, ). Thus, Isog, R = {(0,1)}, which is 0 dimensional.

Let’s consider the second case: Ry = Ry = R3. We have (b, A)R; = b+ AR, =
R, = b= (I - A)R,. Then Isog, R C {(({ — ARy, A), A € SO(3)}; it is quite clear
that the reverse inclusion also holds, thus Isog, R = {(({ — A)R4, A), A € SO(3)}; it

is 3 dimensional since A = R(e?,u) has 3 free variables.
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The third case is that R is collinear but it is not the case that R; = Ry = Rs.
Let u be a unit vector in span{Rs — R4, R3 — R} (the space is one dimensional). We
have Au = u. By the argument in the Lemmas developed in the previous section,
for the eigenvalue 1 of A, the corresponding eigenspace is either 3 dimensional, in
which case A = I, or 1 dimensional, in which case A = R(e, u), for some 0 € (0, 27).
Summing up these two cases, we can represent A = R(e ), for some 6 € [0,27).
So A has one free variable 6 € [0,27). (b,A)R; =b+ ARy =R; =b= (I - A)R,.
Then we have shown that Isog, (R) C {((I — R(e?,u))Ry, R(¢?,u))|0 € [0,27)}.

We are going to show the reverse inclusion. Suppose ((I — A)Ry, A) € {(({ —
R(e? u))Ry, R(e? u))|0 € [0,27)}, we claim ((I — A)Ry, A)R; = R;,i =1,2,3, and
hence {((I — R(¢?,u))Ry, R(¢?,1))|0 € [0,2m)} C Isog, (R).

To see,

(I = ARy, ARy = (I — AR, + AR,
= R;;

(I — ARy, A)Ry = (I — AR, + AR,
=R, + AR, - Ry)
=R;+ (R:—Ry)
= Ry;

(I — ARy, A)R3 = (I — ARy + ARj
=R, + ARz — Ry)
=R+ (Rs —Ry)

= Rg.

In sum, we have Isog, (R) = {((I — R(e??,u))Ry, R(e?,u))|0 € [0,27)}. O
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By the theorem above, we have
dim G,R
= dim (G, //1sog,R)
= dim G, — dim Isog, R

6 —0=6, if R is non-collinear configuration;

=436-3=3, if R =Ry =Rg;

\6 — 1 =25, otherwise.

In the next section we will see that the 6 dimensional orbits form the interior of a
cone, the 5 dimensional orbits form the surface of the cone, and the 3 dimensional

orbit form the tip of the cone.

5.2. DIFFERENT COORDINATES ON THE SHAPE SPACE OF THE Hj

SYSTEM.

In this section we discuss the shape space of the Hj system using three particular
coordinate systems. Because the conformation (or shape) of the H3 molecule only
depends on the relative positions of its nuclei, the coordinates need to be internal.
It is also desirable to define a coordinate system that treats the three nuclei in a
symmetrical way. There are three internuclear distances for three nuclei. We are going
to use them and some appropriate functions of them to define internal coordinates.

The first coordinate system on the shape space is (l12, 13, l23), where ;; = |R; —
R;|,i,5 =1,2,3,i # j (see figure 9). These are constrained by the triangle inequalities
laz < lyg + l13, iz < lig + a3, l12 < la3 + b3,

The conformation of the molecular system can be identified by the 3 internuclear

distances (12, la3,l13). We claim that these distances of the H3 molecular system do
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l23

l13 = l23,l12 =0

|
|

log = l12, 113 = 0
23 = 2,03 log = li2 + l13 '
|

l13

liz =l13,1l23 =0

FIGURE 9. (llg, llg,l23> Coordinate.

not change after any rigid motion (b, A) and hence we can identify them with an
orbit. To see this, after the rigid motion (b, A) is applied, the square of the new

internuclear distances are:

li; = IR; - RJ?
= [(b+ AR;) — (b + AR;)|?
= |AR; - Ry)J?
= [AR; - R)]"A(R; - R))
= (R; — R;)"ATA(R; — R;)
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53
s3 = 83,81 =0

s1 = 83,52 =0

52

A (s1,52,53)

S1
s1 = 82,53 =0

F1GURE 10. The Collinear configurations are on the surface of the cone
C. The intersection of the plane s;+ so+s3 = () with the three surfaces

V51 /52 = /53, /52 + /53 = /51, and /51 + /53 = /55 is a circle
centered at C' = (Q/3,Q/3,Q/3) with radius <%. Hence the cone C is

NG

bounded by the three surfaces \/si + /s2 = /53,/52 + /S3 = /51,
and /s1 + /s3 = \/s3. The axis of the cone is 51 = 59 = s3.

=R, -R)"(R; - R))
=|R; - Ri|”

_ 2
= lij,

where 7,7 = 1,2,3,1 # J.
The second coordinate system on the shape space is (I%,, 135, 13;). (See figure 10.)
In the following lemma, we will show that the collinear configurations are on the

surface of a cone in this coordinate system.
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LEMMA. We define

—J2 ]2 72
S1 1= l12, So 1= 113, S3 1= l23,

Q = {(li2, li3, l23) € R3|lig + loz > liz, iz + Loz > lig, lig + L3 > loz; lia, I3, Loz > 0},

S1 +$2 +S3)2

3
(81 -+ S92 -+ 83)2
)? < p 1

C :={(s1,59,83) € R?’\sl,sz, s3> 0;(s1 —

81+52+83
3

81+82+S3
3

+(82— )2+(83—

Then the mapping (12, 13, l23) — (s1, S2, $3) maps Q bijectively onto C.

PROOF. Because the mapping (l12, l13, la3) — (51, S2, 83) maps {(l12, l13, l23)]
l12, 113,123 > 0} bijectively onto {(s1, S, $3)|s1, 82,83 > 0}, it is enough to show, for
every point (l12,l13,le3) on the boundary of Q, its image is on the boundary of C.
Let C' be the point on the intersection of the plane s; + so + s3 = () with the line
s1 = $9 = s3; then C = (Q/3,Q/3,Q/3). Let A = (s1, S2,53) be an arbitrary point

on the intersection of the plane s; + sy 4+ s3 = ) with the surface /s; + \/So = /S3.
Note that

14112 + 14113 + (ll2 + l13)4 - 2(#112 + 1%3) + 6l%21%3 + 41:1))2l13 + 4112[?3-
For the point (s1,s2,s3) on the surface of \/s1 + /55 = /53,
Q% = (51 + 53+ s3)°
= (lfz + l%s + 533)2
= [l + i3 + (L2 + 113)°)
=l + Uiz + (ho + lig)* + 2055055 + 2085 (ha + 1i3)* + 2035 (Lo + Li3)?
= U U 4 (o + his) + 21y + 1) + 612,025 + 4135115 + 4lyol3,
=21y + 115 + (Iiz + 113)*] (by the previous equality).
0?2

:>l112 + lzllg + (l12 + l13)4 = 7

113



JACT = (51— 22 4+ (53— L) 4 (55— D2

3 3 3
Q Q Q
= (5%2 - g)Q + (l%?) - 5)2 + (@3 - 5)2
=Dt + g* + I — 2%@122 + li3® + lo3®) + 3(%)2
Q2
="+ li* 4 (e + lis)* — ER

(the above equality holds because that A is on the plane I3, + I35 + I3, = Q

and A is on the surface l15 + l13 = ls3)

Therefore |AC| = % is a constant, and hence the intersection of the plane s; + so +
s3 = () with each of the three surfaces l1o + l13 = l93, l13 + log = 12 and lo3 + l10 = l13
is a circular arc centered at C' = (Q/3,Q/3,Q/3) with radius %. So A is on the
boundary of C. In the other words, the collinear configurations are on the surface of
the cone C. O

The third coordinate system is (Q,s,0) (see figure 10) where @ € [0,4+0),s €

[0,1],8 € [0, 27], are defined as follows:

Q =1l + 135+ I35 = 51+ 52+ 83,
Qscos = 203, — [, — 13, = 253 — 5, — 59,

Qssin® = V3(1% — 12,) = V3(s2 — 51).

We will explain the meaning of this coordinate system as follows. As we showed

above, the intersection of the plane s; + so + s3 = @) with C is a circle together with

its interior. The radius of this circle is |AC| = % (see figure 10).

We define e; to be the unit vector pointing from C(%, %, %) to (0,0, Q); then

(0,0, Q) B (Q’ %7 %)
“(0707Q>_< %7%”‘

e =

wlO|eel

Y
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We define ez to be the unit vector pointing from C to O. then

(L2 2 Q1
33 30e
1 1 1

B

We define

€y =e€e3 X e;

=B TA A 6
11
. 0)

V= (51782753) - (%,%,%)
:(51—— 52_9 53_9)
3’ 3’ 37
[v] = \/(51 - %)Q—F(sz - %)2+(33_ %)2

Let 6 be the angle between v and e, then
v=-ei(e;-v)+eyey-Vv)

= e1|v] cosf + ey|v]sinb,

[v]cosf =e;-v
(112 - w259

(283 — S1 — 82),
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Qscosf = 255 — 59 — 51 = V6| v| cos b

= 5= \/6M
Q

If C' is on the bounding circle |v| = % and s = 1. A similar calculation confirms
that e; x v = ez|e;||v[sinf. In summary, in the third coordinate system (@, s, ),
Q = V3]0C|,s = V6, and 6 is the angle between e; and vector v measured as
a positive rotation around the axis e3. This coordinate system is used in the papers
2], [15], [47] and [43].

Standard Configuration. In §6.3.1, we will find it necessary to introduce
the concept of a standard configuration. Given a conformation, we want to define a
particular configuration that is a member of that conformation, and we will use that
configuration to define the Hamiltonian. Moreover, we will find that when a symmetry
operation acts on a three-atom molecule, it is desirable to have the geometric center

of the triangle to be the origin.

DEFINITION. Given the conformation b = (ly2,113,l23) of the non-collinear Hj
system, and given Ry(b) = <§> Ry(b) = <1182> ,Rs(b) = (lﬁi%ﬁ?g>, where 6 =
cos_l(w), we define a standard configuration (Rq(b), Ry(b), R3(b)) of the Hj

2l12li3
system by giving the three nuclei (Ry(b), Ry(b), Rs(b)) specific new coordinates as

_ - B 1 .
_ Ri(b)+Ra(b)+R3(b) __ 3(l112+l1% cos 0)
n 3 - zlizsind .

0

follows. The origin of the coordinates is at R(b)
Thus define

~ ~ —%(llz-f—llg COS@)
R1 (b) = R1 (b) — R(b) = —%113 sin 6 )
0

~ ~ %(2[12—l13 cos6)
Rg(b) = RQ(b) - R(b) = 7%113 sin @ )
0

%(—112+2113 cos )
R3(b) = R3<b) - R(b) = %llg sin 6 y
0



l%2+lf3—l§3 3 1%2”%3*[%3 2 i
where we understand that cosf = , and sinf = /1 — ( )2. This 0
2li2l13 2l12l13

is different from the 6 in the previous section.

Therefore (Rq(b), Ra(b), R3(b)) is completely determined by the conformation

(I12, 113, l23) of the non-collinear Hj system.
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CHAPTER 6

FIBER BUNDLES AND CONNECTIONS IN H3 SYSTEM

In this chapter we introduce the differential geometry concepts: fiber bundles, and
the special case of Hermitian vector bundles, on which we define connections, parallel
translation, and the covariant derivative. We illustrate these concepts and results in

two concrete cases: a surface in R and the Hj system.

6.1. FIBER BUNDLES AND CONNECTIONS

DEFINITION. A fiber of a map f : X — Y is the pre-image of a point y € Y :
7 ) = {z € X[f(2) = y}.

DEFINITION. Suppose M is a Hausdorff topological space and n > 1 is an integer.
Suppose {¢; }iez is a collection of homeomorphisms (a bijective map between two
topological spaces which is continuous in both directions) from open sets of M to
open sets of R™, where

(1) Vi € Z, ¢; : dom(¢;) — codom(¢;), dom(¢;) is open in M, and codom(¢;) is
open in R"™.

(2) M = Ujez dom(;).

(3) Foralli,j € Z, ¢; 0 gzﬁj_l : ¢j(dom(¢;) N dom(¢p;)) — ¢i(dom(¢;) N dom(¢;))
is C>° smooth; notice that ¢;(dom(¢;) N dom(¢,;)) is open in R, Vi, j € Z.

(4) (Maximality) If U is open in M and V is open in R” and ¢ : U — V
is a homeomorphism and if for all i € Z, ¢; o ¢! : ¢(dom(¢p;) N U) —
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¢i(dom(¢;) NU) is a diffeomorphism (a map between open subsets of R”
which is infinitely differentiable and has a infinitely differentiable inverse),

then there exists j € Z such that ¢ = ¢;.

Then (M, {¢;}ier) is called a n-dimensional smooth manifold. 1If it will not cause
confusion, we denote a n-dimensional smooth manifold as M, or just M when the

dimensionality of the manifold is not in focus.

DEFINITION. Suppose m-dimensional (M, {¢;};cz) and n-dimensional
(N,{%;}jer) are smooth manifolds and f : M,, — N, satisfies:
(1) f is continuous.
(2) Vie I,Vj € T, W0 fod; " : ¢i(dom(¢:) N f~}(dom(ey))) € R™ — R™ is
smooth.

Then f is called a smooth map between M,, and N,,.

DEeFInITION. If f: M,, — N, is a bijective smooth map between smooth mani-
folds M, and N,, and f~': N,, — M,, is a smooth map also, then f is a diffeomor-

phism. This implies that n = m.

DEFINITION. Let E, B and F be three smooth manifolds; let 7 : £ — B be
a smooth map; let U be an open subset of B. A local trivialization over U is a
diffeomorphism 7 : U x F — 7 }(U) s.t. Vb € U,Vy € F,n(7(b,y)) = b (see figure
11).

DEFINITION. Let G be a Lie group (a smooth manifold which is also a group
and which satisfies the additional condition that the group operations are smooth)
and F' be a smooth manifold. A (smooth) left action of G on F is a (smooth) map
G x F — F defined as (g,y) — ¢ -y which satisfies g- (h-y) = (gh) -y and e -y = v,
for all y € F', where e is the identity of G. A left action of G on F is faithful if for

any gi,92 € G, g1 # g2, then gy -y # go - y, for some y € F.
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FiGUuRrE 11. Local Trivialization 7 Over U .

DEFINITION. Let E be a smooth manifold, called the total space; let B be a
smooth manifold, called the base space; let m : E — B be a smooth map; let F
be a smooth manifold, called the standard fiber; let G be a Lie group, called the
structure group; assume that G x F' — F defines a smooth left action of G on F’; let
{r; : Uy x F — 771(U;) }sez be a family of local trivializations satisfy 7 (7:(b,y)) =
b,Vi € Z,b € U;, where {U;},c7 is an open covering of B; (E,B,m, F,G,{7;}ic1)

determines a fiber bundle with standard fiber F' and structure group G if there is a
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&b
>

FiGure 12. Two Overlapping trivializations and Parallel translation

family {g;; : U;NU; — G} jez2 of smooth maps such that Vb € U;NU;,Vy € F, (1, "o
7;)(b,y) = (b, gi;(b) - y). {Ti}tiez is said to be a atlas of smooth local trivializations
with the smooth cocycle {gi;} i jyerz (see figure 12). Suppose {7;}icz and {7;};cs are
atlases of local trivializations with G-valued cocycles, then we say {7;}icz < {7i}jes
iff {7;}iez U {7;}jes has a G-valued cocycle. £ is an equivalence relation on the set

of atlases of local trivializations of fiber bundles with structure group G. We say
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(E,B,n, F,G,{7;}iez) and (E, B,w, F,G,{7;};es) determine the same fiber bundle
with standard fiber F' and structure group G iff {7;};er g {7j}jeq-

In particular, if F = C* and G = U(k) := {U € CP*|UTU = [} and Gx F — F is
the usual left action of (k) on C* (matrix-vector multiplication), then a fiber bundle
(E, B,m, Ck {(k), {7i}iez) with standard fiber C* and structure group U(k) is called

a Hermitian vector bundle.

In the case of a Hermitian vector bundle, the local trivialization 7; determines
a field of “orthonormal” bases of the fibers in 7=1(U;) in that Vb € U;, 7=1(b) has
the basis {ey,--- ,er} = {7(b,€1), -+, 7i(b,éx)}, where {&;,--- , &} is the standard
basis of C*. 7=1(b) = E}, is equipped with a unique C-vector space structure and a
unique inner product such that {e;, - -- , e} is an orthonormal basis. These structures

are independent of 7; such that b € U;.

Fact. If g : (—€¢,1 +¢€) — (k) is a smooth map with ¢g(0) = I, then for all
to € [0, 1], we have ¢'(to)g(to) ™' € Trih(k), where Tr8h(k) is the tangent space of LU(k)
at I.

PROOF. Fix to € [0,1]. We define a map F : C** — C*** : h +— hg(ty)~*. Since
F is C-linear, DF(g(to)) : Tyt CF* — TyCH* = (g(to), k) v+ (I, hg(to)™"). Let F,
U(k) — U(k) be the restriction of F' to U(k), then DF,(g(to)) : Touo) (k) — TrlU(k) is
a restriction of DF(g(ty)). Since (g(t0), g'(t0)) € Tyun)t(k), we get DF,(g(to))(g(to),
g'(to)) = (1,4 (to)g(to) ") € Trtl(k). O

Remark: Formally T,4((k) consists of pairs (g, k), but we often informally write
h € T,U(k).

DEFINITION. A Lie algebrais a vector space V' equipped with a bilinear Lie bracket

[,] : V x V — V which satisfies VA, B,C € V|

(1) antisymmetry: [A, B] = —[B, A].
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(2) Jacobi identity: [A, [B,C]] + [B,[C, A]] + [C, [A, B]] = 0.

FacT. u(k) := Tih(k) = {A € CF*|AT = —A} is a vector subspace of CF**
which is also closed under the commutator: [A, B = AB — BA € u(k),VA, B € u(k).

So u(k) is a Lie algebra.

FACT. If w: (—¢,1+¢€) — u(k) is a smooth map and g : (¢,1 + ¢) — CF* is the
solution of the ODE initial value problem: ¢'(t) = w(t)g(t),t € (—¢,1+¢€),9(0) = 1,
then g(to) € U(k), Vty € [0, 1].

PRrOOF. £[g(t)Tg(t)] = ¢'(t)Tg(t) + g(t)'g'(t) = [w(t)g()]Tg(t) + g(t)'w(t)g(t) =
g w®)T + w(t)]g(t) = 0. Since g(0)Tg(0) = I we have g(tg)Tg(ty) = I,Vty € [0,1].
ie. g(tg) € U(k), Vit € [0,1]. O

DEFINITION. If U is an open subset of R", TU = U x R" is its tangent space,

W is a R-vector space, then a W-valued 1-form is a smooth map, w : TU — W s.t.
Vb e U, T, U — W : (b,v) — w(b,v) is R-linear.

In the following we will introduce the concepts of parallel translation and connec-
tion in the context of Hermitian vector bundles instead of general fiber bundles. The
reason is that we will focus on the two systems: the Hs system and the surface in R3?,
in both of which cases Hermitian vector bundles are to be defined. These concepts

for the fiber bundle can be developed in a similar way.

DEFINITION. Let 7; : U; x C* — 77 1(U;) be a local trivialization of the Hermitian
vector bundle (E, B, w, C* {(k), {7i}iez) where U; C B is open. Using coordinate
charts on B we will assume U; is open in R". Let w; : TU; — u(k) be a u(k)-valued
I-form. Let v : (—¢,1 +¢) — U; be a smooth path and let g; : (—¢,1 4+ ¢€) — U(k)
solve the ODE initial value problem g.(t) = —w;(y(t),~'(t))gi(t),9:(0) = I. Then the

parallel translation map over v for the local trivialization 7; is an isometric C-linear
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yi(t) = gi(t)y: (0)
(7(0),:(0)) " (y(1),u:(?t))

Y;(0) = g5i(7(0))yi(0) y; (t) = 95i(v(1))wi (t)

(1(0),9;(0)) @ = (v(1),y (1)

FiGUuRE 13. Parallel translation in two local trivializations

map h$ : 77 ({7(0)}) — 7 ({7(1)}) such that b (7;(7(0),y)) = 7(v(1), 6i(1) - y)
for all y € C*.

The parallel translation map above is defined on a curve that is entirely in the
open set of a local trivialization. Now we want to extend the definition of the parallel
translation map over an arbitrary smooth curve, which is independent of the covering
of the curve.

First, we must show that hgi) = h(f ) for a curve ~ lying entirely in the open set
U; NUj; of two local trivializations 7; and 7;. Thus we can write h., = hg,i ) whenever

range(vy) € U;.

FACT. Suppose i,j € Z,i # j; and U; N U; # (. Then the connection 1-forms
w; and w; determine the same parallel translation map over each smooth path 7 :
(—e,14+¢€) — U;NU; if and only if w; and w; satisfy the “transformation rule” i.e.

for all (z,v) € T(U; N Uj),

wj(x,v) = —Dgji(x)(v)gji(x) " + gji(@)w;i(x,v)gji(z) "

PROOF. (=) Let (z,v) € T(U;NU;) and v : (—e¢,14+¢€) — T'(U;NU;) be a smooth
curve such that (v(0),+(0)) = (x,v). Suppose the local connection 1-forms w; and w;
determine the same parallel translation map over . Then the two ways from y;(0)

to y;(t) pictured in figure 13 give the same y;(t).
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Way 1: y;(t) = g;i(7(t))yi(t), where y;(t) = gi(t) - %:(0). = y;(t) = g5u(v(t))gi(t) -
¥i(0), where g;(t) solves g;(t) = —wi(y(t),7'())g:(t), 9:(0) = I.

Way 2: y;(t) = g;(t) - y;(0), where g; solves g}(t) = —w;(v(t),7/())g;(t), 9;(0)
=1, y;(0) = g;i(7(0))i(0). = y;(t) = g;(t)g;:(7(0))y:(0).

Since g;i(v(t))gi(t) - yi(0) = g;(t)g;s(7(0))y:(0) holds for all y,(0) € C*, and that
the left action of (k) on C* is faithful, we have g;;(v(t))g:i(t) = g;(t)g;:(7(0)) =

g; () g5 (v(t))gi(t) = g;i(7(0)). Differentiating both sides with respect to ¢, we have:

d d

0= —9;i(v(0)) = —[9;(t) g5 (v(£)) ()]

= —g; (1) "'[g; () g; (1) "gsi (v (1)) i ()

0 [0 ou(t) + (1) g0l

= 4,(0) s (28), 7 (D) (1 (1))
07 (9(00) — 951 ((0), 7 () b

= g; (1) Hw;(v(1), 7' (1)) g5 (v (1)) + %gﬁ(v(t)) — gji(y())wi(y (1), 7' (1)) }gi(t).

Therefore w;(7(t),7'(t))g5:(7(t)) + §5(7(t)) = ga(v(£) Jwi(v(2), ' (t)) = 0.

In particular, if ¢ = 0, we have
Wi (7(0),7'(0)) = = 956 (7 (1)) le=095i (7(0) ™" + g5:(7(0))wi (7(0), 7 (0)) g (v(0)) "

(<) Suppose that the local connection 1-forms {w; };c7, satisfy the transformation
rule. Since the derivation of the above proof is invertible, it is clear that inverse claim
holds. U

Second, we claim that the parallel translation map h, satisfies a subdivision
property. To see, assume that v([0,1]) C Ui,v1 = Y|jou): 72 = Vi, Where £y
is arbitrary in (0,1). Assume that the g;(to) corresponding to h., solves gi(t) =

—wi(v(t), 7' (t)g1(t),t € [0,t0];91(0) = I; and the go(1) corresponding to h., solves
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Yo ="75071073

4 =607

F1GURE 14. Parallel translation independent of local trivialization in-
dex 1.

gh(t) = —w;i(v(t), 7' (t))92(), t € [to,1]; g2(to) = I. Let h, = h,, o h,,, then the corre-

g1(t) if t € [0, tol;
sponding ¢(t) = , 1t solves ¢'(t) = —w;((t), 7' (t))g(t),t €

g2()g1(te) if t € [to, 1]
[0,1]; 9(0) = 1. O

Here we showed that the parallel translation map h., is independent of the bi-
subdivision of the path +. The claim also holds for any finite subdivision of the path
~ by applying the proven result recursively finitely many times.

For the third step, consider an arbitrary path v : [0,1] — B. Consider two
coverings {U;}i2; and {V;}}_; of v, corresponding to two families of trivializations
{712, and {7/}}_, respectively taken from the same atlas. Assume that 0 = ¢y <
<o < ey = 1and Y|[cii1,6] CU; 0=dy < -+ < dp, =1 and v([d;-1,d;]) C V.
Assume that the local connection 1-forms {w; };er satisfy the transformation law. For
any i = 1,--- ,m, define h., to be the parallel translation map over 7; := v|[c;_1, ¢].
Define b, := h, oh, o---o0hy. Also define bl := hyyoh, o---0hu, where
hy is the parallel translation map over 7 := 7[[d;_1, d;] (see figure 14).

We claim that h = h!. To see, let {ex};_g = {¢i}i2o U {d;}}—y, and assume that
0=¢e < -+ <e =1,1ie {e}f_, is a finer subdivision of v than {¢;}7, and
{d;}}—y. By the subdivision property each h, is a composition of h,,,k € I; and
{1, p} = UL L, ;01 = 0 if i # j. Therefore b, = h,, o--- o h,. Similarly,

" o_ 1o
hi = hy,0---0h,, so hl = hl.
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Here we show how to calculate h, : 7' ({7(0)}) — 7= *({~(1)}) along ~. For
0 =1ty <t < -+ <ty =1, suppose 7|[ti—1,t;] € U; of local trivialization ;,
i =1,---,k. We denote h,[11(7(0),y)] = 7(v(1),hy1x - y),Vy € F, where h, 1y
is computed as follows: along v([t;—1,t:]) C Ui, ¢i(t) solves the ODE initial value

problem ¢}(t) = —w;(y(t),7'(t))g:(t),t € [ti—1,t:]; gi(tie1) = I. Then
hok = gu(ti) -+ (952 (7(t2)) g2 (t2)][g21 (v(t1)) 91 (£1)]-

In particular, if the curve is a smooth loop, v(0) = v(1), we define h 1 = g1x(7(0)) Ay 1k

corresponding to the parallel translation map h. in the trivialization ;.

DEFINITION. A connection is defined in the Hermitian vector bundle
(E, B,m, CF $U(k), {7 }iez) by a family {(U;, 7;,w;)} where {U;};cz is an open covering
of B, {r; : Uy x C* — 771(U;) }ier is a family of local trivializations with a smooth
u(k)-valued cocycle {gi;}jer2, and {w; : TU; — u(k)}ier is a family of smooth

u(k)-valued 1-forms, satisfying the transformation laws.

DEFINITION. Let B be the base space, F the total space and 7 : E — B is the
bundle map. A (global) section is a smooth map ¢ : B — E s.t. Vb € B,¢(b) €
71 ({b}). A local section is a smooth map ¢ : U — E s.t. Vb € U,v¢(b) € m1({b}),

where U C B is open.

Here we want to show how to take the covariant derivative of a section 1 in a given
direction. We use the connection to parallel translate ¢ (y(¢)) from 7!((t)) back to
7 1(v(0)) as follows (see figure 15): for [t| < €, y(t) € Uy, w(v(t)) = 7(v(¢), vi(t)) €
T ({2(0)}), where yi(t) = mor (U(3(2)) € C.

The covariant derivative of ¢ in the direction (v(0),~'(0)) is defined as
| parallel translation of 1 (v(t)) back to 71 (7(0))] — ¥ (7(0))

V(5(0),v0)¥ = lim

t—0 t
(0, )~ (8) — m(1(0), :(0)
t—0 t
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P.T. back to 7~ 1(v(0))

\ (Y@ |yi(2))

vt} (4(0), 3:(0)) ’

FIGURE 15. A connection is used to parallel translate 1 (y(t)) from
71 ((t)) back to 7 (+(0))

~ limr, <7<0>’ 9:(t) twi(t) — yi(O))

t—0

=, (2000, o) o))

Because g;(t)™' can be solved from g}(t) = —w;(v(t),7'(t))gi(t), g:(0) = I, where

w; is known, we have
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S (1) = 1) ) + 0i(6) S0

= i) Sl a0) )+ 0u(0) i)
= 0u0) T (0), 7 D) + (1)

) (0o = (2(0),7 0)3:(0) + (Do

= Vo op¥ = Ti (7(0)7%(7(0), 7'(0))w:(0) + [%yi(t)]lto) :

The transformation law of connection 1-forms implies this formula gives a result

independent of the local trivialization.

FAcCT.

s ON L (B)leco -+ (3(0),7/(0))34(0)]
= S (Dlico + 5 (3(0),7/(0))ys(0).
PROOF. It is known that :

y;(t) = g5:(v(£))wi(t),
w;(7(0),7'(0)) = g:(7(0))wi(+(0),7'(0))g;s(7(0)) " — [%gﬁ(v(t))]ltogji(v(o))‘l
Plug them into the right hand side of the identity to be proven, we have
—%[gji(v(t))yi(t)]lt:o +{95i(7(0))wi(7(0),7'(0)) g;s(7(0)) ™"
[ 0 im0 (7(0)) 1,0

Ll ) o 0) + 553 (0) 2l () o
d

+ 95i(7(0))wi(7(0),7'(0))y: (0) — @[gﬁ(v(t))} lt=0:(0)

=05 (1O (Ol + e(3(0),7 (0))3:(0)

R.H.S.
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6.2. HERMITIAN VECTOR BUNDLES AND CONNECTIONS ON A GRAPH

IN R3

Let’s look at the concepts introduced above in the case of a surface in R3.

6.2.1. Three Trivializations and the corresponding Cocycles.

u
v

f(w)) e R?|(u, v)" € R},
Let E = TB = UpepTpyB = Uep{(b, (§§>>|’03 = vy fu(u,v) + vofy(u,v),v1,v9 €
R where b = (f(;év))}’ the tangent space of B. Let 7 : E — B : (<f(3y)) , (%é)) —
<f(§,v))' Let F = R? G = GL(2,R?), and the left action G x ' — F of G on

EXAMPLE. Let B be the graph of f(u,v), i.e. B = {(

F' is matrix-vector multiplication. We define global trivialization 7y : B x R? —

7 YB) = E as 1o(b, (v})) = (b, vy (f ((1) )> + vy (f (il)w))), then we can define the

w(u,v

cocycle goo(b) = Irxo for all b € B.

ExAMPLE. We use the same F, B, 7, F' as the ones in the previous example. Let
G = O(2,R), the 2 x 2 orthogonal matrices. Let U; = Uy = B. By orthonormal-
izing the basis of the previous example in two ways, we can define two other global

trivializations 7; : U; x R?> — £ = TB,i = 1,2 as follows:

SES

(%) —fu];v
>+¢<1+f3><1+f3+f3>( ?f“))’

F‘O»—l

Tl((f(}f,v)) () = <(f(u7v)) ’\/%fﬁ (

SES

:’ﬂ—lo

TQ(<f<§v”>> () = <<f<u7v>> \/11]%f2 ( ) " \/(1+f3)(1)12+ 24 f2) <_1};ff))

Here we compute the cocycle goi(b), which is defined by (75! o 71)(b, <Ué >) =
boam® (). 10
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v

u

F1GURE 16. Fiber Bundles and Connections in the Case of a Surface in R?

AN v Y
ma(7 (b, (vg)» NS (f0> - VA A+ 2+ £2) ( w )

_w Whi o wep)
VIHRZ A+ A+t Ja+r Ao+t
1 V) fufo vy(1+ f2)

)X +

v} B X,
_&ﬂ+ﬁ VA+ A+ 2+ 72) VA+ A+ 2+ 72)

= V1Xy + V2Xy,

= m2(10(b; (1))
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= ma(ro(b,901 ) (2} )))

xu:<é>andxv:<
fu

) . Then

?’»—AO

o W fufs
VIR VJO+ )0+ 2+ f2)
vy(1+ f2)

VA A+ 2+ 73
(%) = 901(5) <Zi)

U1

Vg =

1 —fufv
V1+2 A Q242452

= 0 \ 1+ 2 < vh >

1+f2+12

1 —fufv
V1412 0+ 20+ 2+12)

= go(b) = Vo

0 Vv -
1+f2+12
0 \/1+£2
Similarly we can compute the cocycle goa(b) = Vs

1 —fufo
V12 A+ a+i2+52)

We compute g2 from go1, gos-

J12 (b) = 910(b)goz(b)

= 901(5)71902(17)
—fufv -1 1+f3

1
V112 Qa2 452) 0 N
J— v u v
N 0 Vit N ~futo
Vits2112 V12 arha+s2+62)

e R

Var)a+tid) A ardhassd)

\1+r2+753 ~Futo

Varatd) v ardhassd)

A simple check shows that gi2(b) € O(2). So {71, 72} determine a fiber bundle with
structure group O(2). Also {7y} “x® {71, 72}, so the two examples describe the same

vector bundle.
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6.2.2. Covariant derivative of a vector field. Let B be the graph of f(u,v),
ie. B = {(}cév)) € R3 | (u,v)T € R*}. Let E = TB = UyepT,B be the tangent

space of B, where for b = (u,v, f(u,v))T the tangent space at b is given by
T,B = {(b, (%) | v3 = vy fu(u,v) + va fy(u,v), v1,v9 € R}

Then a vector field over an open set U C B is a local section ¢ : U — T'B where

W(b) € TyB for all b € U.

DEFINITION. Let ¢ be a differentiable vector field in an open set U C B. Let
y € T,B,b € U. Consider a parametrized curve 7 : (—¢,¢) — U, with v(0) = b and
7' (0) =y, and let (v(t)),t € (—¢,€), be the restriction of the vector field ¢ to the
curve . The vector obtained by the orthogonal projection of (di/dt)(0) onto the
plane T, B is called the covariant derivative at b of the vector field ¢ in the direction

y. This covariant derivative is denoted by (Vy1)(b).

Using what we already know about the relation between the connection 1-form
and the covariant derivative we now seek an expression for the connection 1-form
associated to this sense of covariant derivative. To simplify the notation, we denote
e;(b) as e; and &;(b) as &;. Consider a general trivialization 7: U x R? — E =TB as
7(b, (%)) = (b,eu + eyv) , where E, = span{e;,es}. Let ) : B — E be an arbitrary
vector field satisfying ¢(b) € E,, Vb € B and 9(b) = eja; + exas. A parametrized
curved at b is v : (—€,€) — B such that b = ~(0) = ( ZE((B )

f(u(0),0(0))
We consider the orthonormal basis {€;,€;} spanning E, generated by the Gram-

Schmidt process starting from {e;, es}:

€ - €y — él[ér{eg]

€1

= — 62 = — — .
led| 7 les — el[elTQQ] H

Then the orthogonal projection operator from R? into FE is
P, = &,8] + &8]
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eiel  {ey— ele1 Te,) {ey — ele1 Te )T

er{el les — 6161 e [ex— 6191 €|
B ele1 {es — e}’
B elTel (e, — el e }T {e el?qTe }
2 27 e, ©2

. e1 es T Te1 es
eel {e C15Te, }{ex —e el

T
e el o Tel e o el e
1 {82 } {e2 ele o
T 2
T Tel e Tel 2 T (e7 e2)
B elelT €2 — €€ _ ee; +ele1 (Ter)?
- T T 2
T T €12 Te e ez (efe2)
€161 egel —e2elelT —ej eyt +e1e1( e 2
(e e2)? T(,T T(.T T (eTes)?
_ee) T (e3e; — “eTer ) exey(e el) — esef (efey) —ere; (ef er) + (e el)—e;el
- T 2 T
efer (eley — (0, o2) ) (e2e])(efer1) — (efe2)?
2%2 e{el

= {elelT(ezTe2) + e2ezT(e1Tel) - e2e1T(elTe2) elezT(el ey)}/det(h)

_ 1 (61 e2> elesel —eTezel
det(h) —efexef —efeie;

1 ele *er{e e{
(e17 e2) det (h) ( *21 z2 9{912 > (eg )
(61, eQ ( >

T T
where hi= (S50 4% ), det(n) = det (2 1) = (efer)(eles) — (efes)?, and
h_l . 1 8562 76?62

~ det(h) \ —efex efer /-

On one hand, Py = eja; + esas = (eq, €3) (ab); on the other hand Pyp =

T T T
—1 (€ . ejes —efep ef
(ely eQ)h (é%“) w - (e17 e2)det(h) (761 es e%“el) ) <92 ) w, so we have

(al) _ hil (ef@b) _ 1 < egez —e?eg) <ef’¢;>
a2 egw det<h> —e?eg efel egw '

Moreover
d d
S00() = SleO)a((0) + e (B)ar(1(0)
= £ei((0) a((0) + Fer(0) - (1)
+eilr(0) T (2(8)) + ex((1) Far( (1),



where %, (4(6)) = 22 (1)) (1) + D2 (1)) /1)

Finally we are ready to calculate the covariant derivative:

Py e(1(1)) = (er, e)(n™) (5 ) Sr(1)
= (e e () () (2 (0) + 2 1)

+[%:/@y+%?¢@n@}+<m,@)<2)

ela e2 < >

() (eiig: o B SO0 ()
€3

0 15 6
b L) of SRt e] 201

T Oey eT deg
€1 3u €1 Bu ( ai )
T deq T 3e2 a9

(e1, e {(

€2 u ©2 Bu

)+
( §%)<g»
) !

Fl Fl Fl 1"1
w02/0) =@ (i th) +vo (i 17)

1 0
ExaMPLE. For the trivialization 7y, e; = < 0 ) ,€y = ( 1 ) we calculate
fu(u,v) fU(u7v)

wq as follows.
det(h) = (e]e;)(ejes) — (e] es)?
=1+ £+ f) = fifs
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=1+ f2+f2

-1 _ 1 ( eles —ef{eg) _ 1 < 14 f2 —fufv)
det(h) \ —efe2 efer 1+ f24 f2 \~fulo 145
ri, il -1 e{aeul elTa—u2
(i )= (58 8
= —1 < 1+f3 7fufv> (fufuu fufuv)
1 _.I_ fz% _.I_ fg *fufv 1+f,3 fvfuu fvfuu
_ 1 (Jubun Sufun)
1 + fg + f2 fofuu  fofuv
ri, 1l -1 e{aevl elTain
<F§1 F§§> = (h )<egf’f;1 egf’zig
— 1 < 1+f3 7fuf’u> (fufuv fufv'u)
1 + fg —+ f’g —fufv 1+f3 fofuv  fofou
— 1 (f1l.fu1) fuf?]v)
1 + f’g _|_ f2 fofuv  fofou
o I ri, 1l
o =) (14 1)+ (7 1)
_ v (el ke v'(t) (ffio fobin)
1_|_f3+f3 vJuu JuJuv 1+f3_'_f3 vJuv  JuJov

ExAaMPLE. We are to calculate w; and ws which are corresponding to 71 and 7

respectively.
e = () @ : ). Becanse {e1.22)
nrT, € = € = 1+f2 ). Because {ej,es} are
b 2 \fu )0 T Oz g b
orthonormal,
0— ~T8e1 B éTael _ éTaeg _ éTaez
1 o L ov > Ou 2 o’
h_l 1 9592 é{ég — ]
deth \ —éTé& &fé& ’
alTder _ _ Tf’_ To& _ _gT0&
moreover, €, 5+ = —e; 52, and €, G+ = —e] 2.

~T ael

gy~ B R () + ﬁ(fin)]

136



—ely( i 0 1
= e, [(—fé)fu“) * <(1+f3)fuu >] (1 —+ f3)3/2
P G A TR
HF) VITTE
— fvfuu
VIF 2+ 201+ f2)
Similarly ég% - Jofuw .
v T+ 2+ 21+ [2)

Therefore

w1 (7(0),7(0))

0 P 7fuu2fv o\1/2 0 p) 5, 7201/2
_ u/ A+ A+FE+HSE) + ,U/ I+ A+HFE+E)
(I+£8)(

) (+s2+52)1/2 (+£2)(1+F2+£2)1/2

o= (1) e (). Beease fer,e)
n 7, € = €y = —fufo |- ecause i€i1,€9 are
’ Vi+2 \fo )7 VA+R+242) \ fa ’
orthonormal,
0— ael . éT 0é1 B éTaég . éT 8e2
& ou L o 2 du 2 o’
Bl 1 efer —eler) _ .
det(h) —&fe efe '
~Toer __ T Oez ~Toer __ ~T Oéa
moreover, €, 5+ = —e; 52, and &, Tt = —e] T2

~ZTé(;el =&l =1+ )2 f, fuo (;1) ) ﬁ <f8>]

T 0 0 1
= e; [ _fgfuv + < 02 )]73
=[5 fuv (14+£3) fuv /1 +f2

0 fuo
() 7577
— fufuv

VI+ R+ 20+
Similarly ég% = Jufo .
v 142+ 21+ f2)
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Therefore

w2(7(0),7/(0))

0 *fu'ufu 0 *f’uvfu
— A+ A+ F2+HH/2 + o A+ A+ F2+H/2
- fuvfu O fvvfu O

U+ A+£2+52)1/2 (2 A+£2+52)1/2

Remark: We find that w; and wy are antisymmetric while wy is not. w; and wy
are in the Lie algebra 0(2), because the corresponding trivializations 7, and 7 are
defined in such a way that they maintain the inner product from the standard fiber
R? to the total space Ej, = R? and that their structure group is the Lie group O(2, R).
While 79 does not have the properties that 7 and 75 have, and its structure group is

GL(2,R), and so wy has values in the Lie algebra gl(2).

6.3. HERMITIAN VECTOR BUNDLES, CONNECTIONS IN THE CASE OF

H; SYSTEM

6.3.1. Hermitian Vector Bundles and Structure Group in the Case of
the H3 System. For the Hj system, and for a point b = (I3,, [2,, [2;) in the interior C°
of the cone C, defined at §5.2, let (R1(b), Ra(b), R3(b)) be the standard configuration
of the conformation b. We have the the purely electronic Hamiltonian for the Hj

system

ﬁ(b):—;—Q(A1+A2+A3) ZZ”I'J—Rk +ZZ

2 2 Ty —wil rkn

where R;(b) is the position vector of the ith nucleus in the standard configuration.
This represents the total energy apart from the nuclear repulsion energy. It acts in

the Hilbert space H := H. A He A He, where H, = L*(R3,C) ® C? is the Hilbert

(W, H(b)y)
()

electronic ground state energy for the Hs system. We define

space of a single electron. Define E(b) := MiNyep pro—a—, which is the purely
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o B, := {1 € H | Hb)p = Eb)p, Ssp = By} Ey is a C-vector subspace of
H and inherits the inner product of H. Sy is the spin operator defined in
§3.1.3.

e C, :={be C°|dimcE, = k} is the base space. Choose k > 1 such that Cj, is
open in C. It is an unresolved issue if £ = 1 has this property.

e CF is the standard fiber;

o E={(b,¢) € Cty x H |1 € Ep} is the total space.

o m: E — Cy: (b)) — bis the smooth projection mapping.

o U(k):={A e CH* | ATA = I} is the structure group.

o {7,: U; x CF — 771(U;) }iez is an atlas of local trivializations, where {U; }icz
is an open covering of Ci. The existence of such {7;};c7, where 7; is smooth
in the sense that for all 1) € H the map U; x CF — C : (b,y) — (¢, 7:(b, ¥))n
is smooth with respect to %, %, d%, and % (c.f. §5.2), and for all b € Cy
the mapping y — 7i(b,y) : C* — Ej, is an inner product preserving linear

isomorphism, is an unresolved issue.

Therefore (E,Cy, 7, C* U(k), {7 }icz) is a Hermitian vector bundle for non-collinear

conformations of the Hj system.

6.3.2. Representation of the Symmetry Group in the Fiber. If b is a
scalene triangle, an isosceles triangle or an equilateral triangle, then let G(b) = {A €
O(3)[{AR4(b), ARy(b), AR3(b)} = {Ri(b),Ra(b),R3(b)}} be the symmetry group
isomorphic to Cy, Cy, or Dsy, respectively. If A € G(b) and (ry, 1y, r3; S, S2,53) —
Y (ry, T, T3; 81, S9,83) is in By, where 11,19, 13 € R? are the electron position vectors
and s1, $2, s3 € {0, 1} are the spin variables, then A induces a mapping l4 : By — Ej :

— ((rq,re, r3; 81, S2, 83) ri, A'ry, AT r3; 81, 89, 83)) Le.
Y= (( ) = h(ATry, ATry, AT )

(ZA@/J)(I‘L Iy, I3; S1, S92, 33) = lD(ATI"l, ATI"z, ATF:s; S1, S2, 83)-
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We need to show that if ¢ € E, then I,¢ € By, ie. H(b)lap = E(b)la¢ and
Salaty = B0,

(1) To show H (b)la) = E(b)l41), we apply l4 to the both sides of H(b))y = E(b)y
attaining [4H (b)) = I4E(b)Y. Because R.H.S= I4E(b)) = E(b)lat), we want to
prove that the L.H.S.=l,H (b)Y = H(b))l 0.

(1.1) We need to prove that

[(ZA © Ai)¢](r1’ Iy, I3; S1, S2, S3) = [(Al © ZAW](IH» Is, Is; S1, 52, 53)7i = 17 27 3.

By Taylor’s theorem, (141)(x+h) = (AT (x+h)) = »(ATx+ ATh) = p(ATx) +
Vip(ATx) - (ATh) + o([h]) = Y (ATx) + [A(VY)(ATx)] - h+ o([h]), so we have

V(lat)(x) = A(VY)(ATx) = A1 VY)(x).

We will use the Green’s identity: [, A(¢)pdx + [, Vip - Vodx = [, ¢g—7’ﬁds,
where 1) and ¢ are two smooth functions over a compact region 2 C R? with smooth
boundary 052, and where g—‘ﬁ is the directional derivative of ¢ along the outward
normal to the boundary of 9. In our case, we assume ¥ to be a smooth function
over R? instead of in Ej, and we will come back to consider the case ¢ € Ej later.
We let ¢ be any smooth function on R? with compact support, then we can always
find a closed ball € centered at the origin enclosing the support of ¢ and such that
¢(x)|xean = 0. Therefore [,, ¢92ds = 0 and hence [, A(¥)pdx = — [;, Vi - Vo dx.

By Green’s identity and Taylor’s theroem, [, A(la¥)pdx = — [, V(I40)-Vdx =
— Jo Ala(VY) - Vo dx.

Moreover,
[ uaevisdx = [ (@o)axol x

— [(Bu)ox) ix
Q
( by changing variables x' = ATx,x = Ax’;
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since |detA| = 1, d(Ax') = |det A| dx' = dx’; AQ = Q)
_ /Q Vi V(iard) dx’
_ /Q Vi - (AT V) dx’
_ /Q (AVY) - (Lyr V) dx’
~ = [ (AV0)6) - To(ax) i
_ /Q ALy(V) - Vb dx
( by changing variables x' = ATx, x = Ax;|detA”| = 1)

It follows fQ A(la)pdx = fQ(lAAwM dx for any ¢ € R with compact support
= ANoly =ls0/. Because A; acts on 9(ry,ry,r3;81,82,83) € Fp in a partial
derivative way (variables r;, j # ¢ and sy, sq, 53 are fixed as constants), the result we
derived above also holds for ¢ € Ej: [(—%<A1+A2+A3)OZA)¢]<I'1, Iy, I's; S1, S2,S3) =

[(ZA o (_%<Al + A2 + A3)))w}(rl7 Iz, I'3; 81, S2, 83)-
(1.2) We need to prove that

2 3 K€2 2 3 K€2
RO DD DY e ID DD DR e R

J=1 k=j+1 j=1 k=j+1
To see
2 3
Ke?
ZA(Z Z Y)(r1,12,T3; 51, 52, S3)
2o 2 Tyl
2 3
Ke?
Z Z |ATr; — ATrk”WATrl, ATry, ATrs: 51, 59, S3)
J=1 k=j+1 J
2 3
Ke
= Z Z ” _rknw(ATrhATrQaATrii;81732,83)
j=1 k=j+1 "7
2 3
Ke? '
Z Z I, — i (law)(r1,ra, 135 51, S, 53) as desired
J=1 k=j+1 "7
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(1.3) We need to prove that

o Ke? LS Ke?
ZAO(_ZZM):<_ZZW)OZA'

J=1 k=1 j=1 k=1 I
To see
e Ke?
ZZ ”r Rk;” )(rlarQ)r3781)82783)
j=1 k=1 ""J
3 3
ZZ—( r17ATT2»AT1°3;S1,82,S3)
”ATr] Rk:”
7=1 k=1
3 3 02
ZZ ||ATr _ATRku (ATrlaATP%ATl‘s;81,82,83)
7=1 k=1

(because A" permutes (R;, Ry, R3))

L Ke?
TSR] ‘ desired.
Z Z ”I'] Rk: “ A’l/}(r17 Is,r3;S1, S92, 53) as desire

In summary, we have {4 o H = H o4 and hence [ﬁ](b)lA¢](r1,r2,r3; S1,82,83) =
E(b)lA¢(r17 Iy, r3;s1,S52, 83)'
(2) To show Sslat) = glmﬂ, we apply [4 to the both sides of g3¢(r1, Iy, I3; S1, S2, S3)
= %‘d}(rl,rg, r3; 1, S2, S3). Because 5}, acts only on the sq, s9, 53 variables, we get
L.H.S = [1a(S31)](r1,Ta,T3; 51, 52, 53) = [S3(1at)](r1, To, T35 51, 59, 53)
:g3¢(ATr1, ATI‘z; ATI'3; 51, 52, 53)
h h
RHS = ZA§77/J<I'1, Ire,rs3; S1,S9, 83) :E(lAw)(I'l, re,Irs3; S1, So, 83)
h

:§¢(ATI‘1> ATI‘Z, ATI‘S; S1, 52, S3>

A h
= 53@/)(AT1“1,AT1‘27AT1"3; S1, 82,83) :§¢(ATT17ATF2,ATI'3; S1, S2, 33)

Finally, we have H(b)lay) = E(b)l4y and Sslay = 2149 and hence the following
statement holds: if ¢ € E}, then [,¢ € Ej. O
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Moreover, we claim that [4 is linear. To see, if ¢1,1%9 € Ep, a € C, then we have

[La(i1 + aho)](r1, T2, T3; 51, S2, S3)
= (11 + arhy) (ATry, ATre, ATrs; 51, 89, 83)
= ¢1(ATI‘1, ATT2, ATI“3; S1, S2, 83) + 041/)2(AT1"1, ATI‘27 ATrs; S1, S2, 83)

= (lAwl)(rl,I'mI‘S; S1, 52, 33) + O‘(ZA¢2)(I‘1>1"2,1‘3; 51, 52, 53)- O

If A,B € G(b), then lpyg =14 0lp. So we get a group homomorphism [ : G(b) —
GL(Ep). Moreover, by the theory developed at §6, we have [ = [; & - - @ [}, where
ly,---,lx are irreducible representations. If £ > 1, the decomposition might change
with the base point b. Since k is unknown to us, this decomposition remains an

unresolved issue.

6.3.3. A Natural Connection in Certain Hermitian Vector Bundles. Let
(E, B,7,C* $U(k), {7 }icr) be a Hermitian vector bundle with standard fiber C* and
structure group (k). Under certain conditions, there is a natural connection on this
Hermitian vector bundle, as studied, e.g., by Bott and Chern[16].

Assume that base space B is an n-dimensional manifold. Assume that for all
b € B, E, = 7 '({b}) a subspace of V, where V is a fixed inner product space.
Suppose {&;, - ,8&} is the standard basis of C*. Assume that Vi € Z,Vb € U; the
trivialization 7; determines the basis {e;(b), - ,ex(b)} := {7:(b,€1), -+, 7:(b, &)} of
E, = 7 '({b}) which is orthonormal in the inner product of V. To simplify the
notation, here we denote 7;(b, ;) as eg-i)(b) or just e; if the base point b € U; and the
local trivialization is understood, for j =1,--- k.

Suppose 7 : U x C* — 77 Y(U) is a smooth local trivialization of E such that
u1

: )) = (b,eru; +

Uk

{7 }iexr U {7} has a GL(k)—valued cocycle. We have that 7(b, <

-+ - +egug), where e; = 7(b, €;). Let ¢ : B — E be an arbitrary vector field satisfying
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¥(b) € Ep, Vb € B and ¥(b) = eja1(b) + - - - + erax(b). A smooth parametrized curve
at bis v : (—e¢,€) — B such that b = 7(0).

LEMMA. The orthogonal projection operator from the ambient inner product
i
€1
space V into the k—dimensional subspace Ej, is P, = (e, -+ ,ex)h ™! .|, where
T
€k

(e1,e1) (e1,ex)
h = S . (See the definition of e/ at §3.4.)

(ere1) ~— (erer)

PROOF. It is enough to show that P, is self adjoint and Pb2 = P,. To see P, is self

adjoint:
el
B ={(er, - eh™ | |}
ol
el
el
el
ot
= b,
To see B, is a projection operator:
eJ{ eJ{
PbQ:(el,--- ,ek)h* (el’... ’ek)h*1
eL ez
ol
(e1,--- ,ex)h 'hh™" | -
el
el
= (e, ,ep)h " |
el
= pb'
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We define the covariant derivative of ¢ in the direction /(¢) as the orthogonal

projection of ¢/(t) € V into 7~ *({~(¢)}). Suppose xy,--- ,x, are local coordinate on
B near b € B, y(t) = (z1(t), -+ ,x,(t)). On one hand, Py = (e, - , ex) ( : ); on
el a1 elfw
the other hand Pyp = (e1,--- ,e;)-h™' | : | 9, so we have ( : ) =h'|
eL Ak eLw
Moreover
d d
S 0(0) = —lei(v(®)ar(y(8)) + - -+ ex(y(8))ar(v(1))]
d d
= Loi((1) - ar(1(0)) + e (7)) S (1) +
L eetr 1) (1) + ex(1(0) Sau2 (1),
d oe; de.
where 2e;(1(1)) = 5L (1(1)) - (1) + -+ 5L (1) - (6), G =10k
of
Bt ((0) = (e e | - | Sv6)
bdt¢ Y = (€1, ) €k e:T di Y
|
= e et | 5 |G + o+ Gl

oey , dey “
+(a—x?ml_‘_'”—*—a—xixk)ak}—i_(ela”' ,€k) ( : )

= (eq,--- ’ek){< j) + (h7Y)-

T 9ey s T 9e1 v T 9k 4 T Oy 2!

el gy T1t o tel g, T €1 g, it g T <a1 )
T8t s T s . Tk s TO®K ;4 a
€ oz, Y1t e g, Tn € 3z, L1t 1€ 5z, Tn
T dey T Oey
al €1 3z, €1 Ba, ay
_ . —1y,./ .
= (917'" ’ek’){ : +(h )371 :
! 15} de a
a TOoe1 .. T €k k
k €k Ba; €k Ba,




Do Thy a
/ . . . .
ot - ( : )}
le Ffl ak
!

where we define the Christoffel symbols

€1

ry .. T (ehg—xi) (e1,gix’z)

ey K

% k 3
ril Flk (ek’Txi) (ekvaixi

w(v(t),v’(t))zaf’l(t)< - ?k>+---+x

i i
iy o I

A more readable formula for w is

T ;161

€L dt

If 7 = 7; for some j € Z then h = I, and the above formula for w = w; simplifies.

In that case it is clear that w;(y(t),7'(t)) € u(k).

6.3.4. Berry-Simon Connection in Hs. Like in the previous section, now
we define a natural connection on (E,Cy,m, C* U(k), {7i}icz), the Hermitian vector

bundle for the non-collinear Hs system. This connection is called the Berry-Simon

connection.

To see in more details, we have an ambient inner product space H = H. AH.A\H,
such that Vb € U; we have E, = 7~ !({b}) C H. Suppose v : (—¢,€) — B is a smooth
curve such that y(0) = b € U;. ¥ : (—€,¢) — FE a smooth vector field over 7 i.e.
t—=Y(t) € By =7 ' ({7(t)}) is smooth. We define the covariant derivative of ¢ at

the direction +/(t) as the orthogonal projection of ¢'(¢) € V into m ' ({(t)}).
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Suppose (&, - - , &) is the standard basis of C¥. Then Vi € Z,Vb € U; the trivi-
alization 7; determines an orthonormal set in the inner product space H: {e;(b),-- -,
ex(D)} := {n(x,8&1), -+ ,7i(x,&)}. Then {e1(v(t)), - ,ex(y(t))} is an orthonormal
basis of 71 ({y(¢)}).

The orthogonal projection operator from the ambient inner product space H into
i i

€1 €1
the k—dimensional subspace Ej is B, = (ey, -+ ,ep)h ™! ol =(en, o sen) | 2 ]
of ol
(e1,e1) - (er,ex)
because h := : : : =1.
(ex,e1) - (ex,ex)

Then the covariant derivative of v is

d d (ex(v(¥) (1)) (ex(v(¥), (1))
Pbai/)@(t)) = (e, - ,ey) 7 : + wi(v(t), (1)) : H
(ex(v(1),¥ (1)) (ex(v(1),¥ (1))

where we define

de ey,
(F’ll ng> ena) + (enae)
ko ok ? ) ?

i T (em%) (ek»aixlz)
- o T
/ _ a/ . . . / . . .
wi(7(), () = 7} . + + T, S
Flfl Flfk Fﬁl Fﬁk

Then the family {(U;, 7, w;) } is the Berry-Simon connection defined on the Hermitian
vector bundle of the non-collinear Hs system. Generally we do not have an explicit
formula for the trivialization 7;, so we cannot give an explicit formula to calculate the

Berry-Simon connection.

6.3.5. Remark(I): potential energy surfaces of H; at the center of the
cone. The potential energy of the Hs system is determined by the conformation,
so we can define the potential energy function over the cone C which represents all
the conformations of the system. Numerical evidence [43][2][15][47] shows that the

potential energy function has a singularity at the central axis of the cone. Moreover,
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the dimension of the fiber will jump when the conformation changes from the non-
equilateral to the equilateral. As a consequence, the Berry-Simon connection appears
to have a singularity at the central axis of the cone and its curvature would not
exist there. We will continue our discussion at §7.3 after we introduce the concept of

holonomy and Berry phase.
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CHAPTER 7

HorLoNoMY GROUPS AND BERRY PHASE

In this chapter holonomy groups and Berry phase are considered. Suppose a
quantum system undergoes an evolution so that after some time it comes back to its
original state. Such an evolution traces out a cycle in shape space. The result of the
evolution will be reflected in the phase of the wave function in the form of a geometric
phase factor, usually called Berry phase. This phase factor can be measured by
interfering the initial and the final states. Such geometric phase factors only depend
on the loop in the shape space; while they are independent of parameterization of the
path in the shape space, and therefore of the speed at which the system moves along
the cyclic path. We explain the Berry phase of the Hj system using the geometric

language i.e. in terms of holonomy in a Hermitian vector bundle.

7.1. HoLoNnoMYy GROUPS

In this section we first define holonomy group at a global view point and then go to
a local one.

Let (E, B, w, F,G,{7;}icz) be a fiber bundle with standard fiber F' and structure
group G. {7;},e7 is a atlas of smooth local trivializations with the smooth cocycle
{9ii}agyer2s ie. {95 1 UiNU; — G} ez is a family of smooth maps such that
Vb e U;NU;,Vy € F, (17" o15)(b,y) = (b,i;(b) - y), where g - y is the left action of
geEGonyeF. Letbe B, E, =n'({b}). Let v : [c1,c2] — B be a smooth loop
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such that v(¢;) = y(c2) = b. Given z € Ey, for each i € Zs.t. b € U, thereisavy; € F
s.t. 7i(b,y;) = z. In the other words, for i,j € Z,i # j, z = 7;(b,y;) = 7(b,y;) &
(b, g5i(b) - i) = (75 " o 1) (b, y;) = (b,y;) < y; = g;i(b) - i The parallel translate of y;
along 7 is h.;y; € F' (Refer to §6.1 for detailed definition).

So the parallel translation along v gives a well-defined mapping h, : £, — E :
2z = 71;(b,y;) — Ti(b, hy;y;) which is independent of i s.t. b € U;. So we can define the

global holonomy group as follows.
DEFINITION. The global holonomy group at b is
holonomy (b) :={hy : Ey — Ep|h~(7:(b,v:)) = 7:(b, by ;y;) for all y; € F,
for alli € Z s.t. b e U;}
This set of mappings is a group under composition.

Now we consider the holonomy transformations from the local view point: Let
h.; be the parallel translation along the loop (), € [0, 1], where v(0) = (1) € U;
of local trivialization 7; ( see §6.1 for details definition). Here h.; is not necessary

independent of 1.
DEFINITION. The local holonomy group at b is
holonomy (b, i) := {h. |7y is a smooth path in B from b to itself,b € U,}.

It is easy to see that holonomy(b,7) is a subgroup of G. Also holonomy(b,7) has

the property that for all i, 7 € I,
holonomy (b, j) = g;(b)'holonomy (b, 7)g;;(b)

To see, 7;(b, h;y;) is independent of i, where b € U;. Thus for i,j € Z,i # j,b €
U;nU;j,

7i(b, haiyi) = 75(b, hy 5y;5)
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Ti (b7 )
B, F

Ti (b7 )
B, F

h’y = Ti(bv ) © (h’y,i') o Ti(b7 ')71

FiGURE 17. The relation between local holonomy and global holonomy.

(b, h%jyj) = (Tj_l o 7;)(b, hw‘yi) = (b, gji(b>h7,iyi)
Shy iy = g5i(b) e

Sy ;i (b)y; = Gji (b)h%iyi

Since this will be true for all y; and the action of G on F' is faithful, we see the above

is equivalent to A ;g;i(b) = g;i(b)h,; i.e. hy; = gji(b)h:g5:(b) .

Moreover, the local holonomy is related to the global holonomy as follows. The
mapping J : holonomy(b,i) — holonomy(b) : h,,; — h, defines a surjective group
homomorphism. If the structure group acts on the standard fiber faithfully, J defines
a group isomorphism. To see (refer to figure 18), assume that h.;, hs;; € G and
hy = hs, then for all y; € F', we have h,; - y; = hy; - y;. So h,; and hs; induce the
same mapping on F. For a faithful action G x F' — F, we conclude that h,; = hs,

therefore holonomy(b,7) — holonomy(b) is one-to-one, and by the definition of the

holonomy(b), the mapping is always onto. In summary, J is an isomorphism.
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7.2. INTRODUCTION TO BERRY’S PHASE

Under the same context as §6.3.3, except that we assume the standard fiber to be

one dimensional, the Berry-Simon connection 1-form is:

where e(b) € E, and |e(b)| =1, i.e. {e(b)} is a normalized basis of Ej.

We claim that w is a purely imaginary number. To see,

With the above result, we are able to find a simple solution for the ODE initial value

problem ¢'(t) = —w(v(t),7'(t))g(t); 9(0) = 1.

=0'(t) = iw(y(t), 7' (1)) = ie(y(1))'—e(y(1))

~0(1y) — O(to) = i / “ey(t))! e (0t

to
(The following material is adapted from [4].) In 1984, M. V. Berry published his

very influential findings on the quantum phase factors arising in a cyclic adiabatic
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quantum evolution [11]. Since then this phase got the names ‘geometric’, ‘topo-
logical’, ‘non-integrable’ and ‘Berry’s phase’. Berry investigated a quantum system
governed by the Hamiltonian which depends on time through the slowly varying pa-
rameters. Then according to the adiabatic theorem, the system evolves in one of its
instantaneous eigenstates as predicted by the Schrédinger equation. After an adia-
batic evolution ends and the system completes a closed path in the parameter space,
the instantaneous eigenstate acquires a phase factor, dependent only on the path
traced out in the parametric space. This served as a reason to name the phase geo-
metric. The geometric phase, unlike the rest of the total phase, is independent of the
rate at which the system state moves along the cyclic path. The difference between
the total and geometric phases received the name of dynamical phase. It was Barry
Simon [39] who first recognized the geometrical meaning of Berry’s phase to be the
holonomy in a fiber bundle over the parameter space.

Soon after Berry’s discovery of the adiabatic phase, Y. Aharonov and J. Anandan
released geometric phase from the adiabatic constraint [3]. They defined geometric
phase for cyclic evolutions of the system state being an eigenstate of the time evolution
operator. This phase reduces to the Berry’s phase in the adiabatic limit. But contrary
to the Berry’s phase, the Aharonov-Anandan phase is defined in the projective Hilbert
space, not the parameter space. It generalizes the geometric concept of the geometric
phase.

Although there are no widely recognized practical applications of the geometric
phase, its experimental observations have been reported in many fields of science. The
largest group of experiments have been carried out on polarized light [12, 13, 18] and
polarized neutrons [7, 14, 23, 44, 45]. The geometric phase has also been observed
in magnetic resonance experiments [40], mesoscopic structures [26] and molecular
systems [29]. Analogues of GP — the Hannay angles have been shown to exist in

classical mechanical systems [22], the most famous example of which is the Foucault
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pendulum. For a more complete account on the geometric phase manifestations the

reader is referred to the Resource Letter [5].

7.3. BERRY PHASE IN H3 SYSTEM

Define two local trivializations on the Hermitian vector bundle on the Hj system as
follows. 79 : UyxC* — 77 1(Uy) and 71 : Uy xCF — 7=1(U}), where Uy and U, are open
in B =Cy. Let vy : (—¢,14+¢€) — Uy be a smooth path such that v4(0) = ¢,70(1) = p;
let 71 @ (—€,1 4+ €) — U; be a smooth path such that v,(0) = p,y1(1) = ¢. ( See
figure 18.) Then 7y 075" : (Uy NUy) x CF — (UyNUL) x C¥ = (b, y) — (b, gor(b)y),
where g1 @ Up N U; — Y(k) is a smooth cocycle. ¢(t) and g(t) are the solutions
of the initial value problems: ¢'(t) = —wi(y1(t),v1(t))g(t), g(0) = I; and §'(t) =
—wo(r0(t), 2(£)(2), §(0) = I respectively.

As shown in figure 18, v, followed by 7, gives a closed path called v at p € B.
The holonomy transformation in the trivialization 7 is given through the following

steps:

heyt = g10(p)3(1)g01(q)g(1) is the holonomy transformation in 7y, i.e. the Berry phase
on the loop 7 in 7. Generally, it is not easy to know what the dimensionality & of the
standard fiber C* is, neither are the trivializations 7y nor 7, explicitly known. Thus
we do not have the explicit formula to calculate the Berry phase of the H3 system,
but what we do above explains the computational procedure once 75, 77 and k are

known to us.
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FicUrE 18. Holonomy Transformation in Hj in trivialization 7.

Remark(II): potential energy surfaces of H; at the center of the cone
We continue now our discussion from §6.3.5. Mead et.al’s paper [43] claims that the
curvature is zero almost everywhere on the cone except at some points where the
potential energy singularities exist. By the relation between curvature, connection
and holonomy in differential geometry [27], the holonomy and hence the Berry phase
is likely to be more complex if the H3 molecule travels around a loop enclosing the

central axis of the cone.
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