MATH 550, VECTOR ANALYSIS, EXTRA
HOMEWORK 3 AND SOLUTIONS

Problem 0. Suppose a,b,c € R3. Show that (a x b) x ¢ = —a(b-c) + b(a-c).
Solution: Let a = (aj,a2,as3),b = (by,ba,b3),c = (c1,c2,c3). Then
axb= <a2b3 — a3b2, agbl — albg, a162 — agbl>, and

(axb)xc
(agby — a1bz)cs — (arba — azbi)ca —ay(baca + bzcs) + bi(azca + ascs)
= | (a1ba — a2bi)cr — (agbs —asba)cs | = | —az(bici + bscz) + ba(arcr + asces)
(CLng — CLng)CQ — (CLgbl — albg)cl —ag(blcl + bQCQ) + b3(a1c1 + CLQCQ)

—al(blcl + boco + bgCg) + b1 (a101 + agco + CL303)
= | —aa(bici + baca + bscs) + ba(arcr + agce + ascs)
—ag(bic1 + baca + bscz) + bs(arcr + azea + ascs)

aj bl
=—1 as (blCl + bycy + 5363) + | b2 (alcl + aseo + a363)
as b3

= —a(b-c)+b(a-c).

Suppose 1 is a unit vector in the abstract vector space V', and 6 € R. For every vector
r in V define:
R(f,0)r =rcosf +u(t-r)(1—cosfh)+u X rsinb.

Suppose v,w € V.
Problem 1. Show that [R(#,a)v] - [R(A, 0)W] =V - w.
Solution: We use direct calculation:
R(6,0)v - R(6,0)w
=[vecosf+u(ta-v)(l—cosf)+ax vsinf| - [wcosf +a(a-w)(l —cosf) + 1t x wsinf]
=v-wcos?f+ (- v)(i-w)cosf(1 — cosh) + v - x wcosfsinf
+ (- w) (- v)cosf(1 — cos ) + (- v) (- w)(1 —cosh)?
+a-axw(a-v)(l—cosf)sinfd +a x v-wcosfsinb
+axv-a(t-w)(l—cos)sind + (i x v) - (1 x w)sin? 6
Because 11 is perpendicular to 1 x v and u x w, we have i-uxw=0and axv-u=0.
Also by the triple product identity v- i Xxw=uXw-v=Uu-w XVv=—0-v XWw, and

X v-w=1u-vxWw. Hence the terms involving sin # cos § cancel out. Collecting terms a
bit we get:

R0, 0)v - R(,0)w = v-wcos® 0 + (- v) (- w)sin?0 + (1 x v) - (1 x w)sin? 6



Using the triple product identity and problem 0 we get
(Axv)-(axw)=[(axv)xa - w=[-uv-a)+v(@a-a)] - w=v-w—(a-v)(a w).
Substituting this into the previous expression we get

R(#,0)v-R(#,0)w = v -w(cos’d +sin’f) =v-w.

Using problem 0 we can show the following Jacobi identity holds:
(axb)xc+(cxa)xb+(bxc)xa=0. To see this we compute:

(axb)xc=-a(b-c)+Db(a-c)
(cxa)xb=—c(a-b)+a(c-b)
(bxc)xa=—b(c-a)+c(b-a).

Adding both sides we clearly get a zero vector on the right-hand-side.

Problem 2. Show that R(f,0)(v x w) = [R(f,q)v] x [R(A, 0)w].
Solution: As before we directly calculate:
R0, 0)v x R0, 0)w
= [vcosf+u(t-v)(l—cosh)+ 0 x vsinf]x[wcosf + (- w)(l—cosf) + 0 x wsin 6]
=v xwcos?f + (v x ) (- w)cosf(1 —cosf) +v x (1 x w) cos 6 sin §
+ (a x w)(-v) cosO(1 — cos @) + @ x a(t - v) (- w)(1 — cosf)?
+uax (xw)(a - v)(l—-cosf)sinf + (0 X v) X wcosfsinf
+ (A xv) xa(i-w)(l—-cosf)sinf + (it x v) x (1 x w)sin®
=[vxw—(vxa)(ta-w)— (i xw)(i-v)]cos®d+ (1 x v) x (1 x w)sin?0
+vx(axw)—uax(axw)(a-v)+(axv)xw—(axv)xua(a w)|cosfsinb
+[(vxa)(a-w)+ (axw)(t-v)|cosb

+ax (axw)(a-v)+ (axv)xa(a-w)|sind

We must work on each of these terms. The first term is (using problem 0):

~ ~ A~ ~

viw—(vxa)(a-w)—(axw)(a-v)=vxw+[-v(w-

The second term is (using problem 0 and the triple product identity):

~ ~ A

(Axv)x(xw)=—-av-(axw)|+v[a (Axw)=1dfv:(wxa)=ua[(vxw)-q

ufa- (v x w).



The third term is (using problem 0 and the Jacobi identity):

Xxw)+(axv)xw—uax(axw)(d-v)—(axv)xa(a-w)
X)) xv+(axv)xw+{ax[-v(a-w)+w(a-v)]} xu
xa)xv+(axv)xw+{ax[(vxw)xua]} xua

X)X v+ (axv)xw—u{[(vxw)xual -a}+[vxw)xua](a-a)
X ) (4 xv)

XV+(AXVv)Xw+ (vXw)xa

=—[(vxw)xua]xua
=(vxw)(t-a)—ul(vxw)-q]
=vxw-—ulu(vxw).

The fifth term is:

~

=@ -w)—w-a)(a-v)+[-a@-v)+v(@-a)(a-w)
=-—w(u-v)+v(a -w)
=(wxv)xu

=ux(vVXw).

Plugging all these expressions in we get:

w)+{vxw—ufa-(vxw)}cosf+ux(vxw)sinb

|
)
?-3

)(V X W).



