MATH 728A, BIOMOLECULAR GEOMETRY, HOMEWORK #12

Problem 1 (Facts about SU(2)). Let SU(2) denote the set of all 2 x 2 matrices U with
complex entries such that UTU = UUT = I and det U = 1. Show that for all real § and real
unit vectors u the matrix H (e, u) is in SU(2). Show that any matrix U = (ZH Zl2>
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in SU(2) satisfies as; = —@12, agz = @11, and |a11|? + |a12|? = 1, and hence U = H (e u)
for some pair (e??,u) as above. (Hint: Use the relation ajjasy — asia;s = 1 and the first
row of the equation UTU = I.) Show that if Uy, U, € SU(2) then U, U, € SU(2).

Problem 2 (Axis and angle for products of rotations). Show how to find a real unit
vector u and a real angle 0 < § < 7 such that H (/2 u) = H(e®*/2,u;)H(e%2/2,uy).

Problem 3 (Active and passive rotations). Let R(e?’,u) = uu? + [I — uu®]cosf +
[u x |sin @, where

0 —Uus U2
ux]=1 us 0 —u |,
—U2 U1 0

provided u = (uy, uz, us). Show that R(e*®,u) € SO(3). Suppose B € SO(3). Show that
R(e, Bu)B = BR(e? u). If B = (b1, by, bj3) is interpreted as a right-handed orthonor-
mal basis of R® then R(e®, Bu) is considered an active rotation whereas R(e'®, u) is consid-
ered a passive rotation. The effect of these two types of rotations on the basis B is the same
(that is what you are asked to show above). If B’ = R(e®, Bu)(by, by, b3) = (b}, b}, b})
is the rotated basis, and v = (vy,vs,v3), then show that R(e", B'v)R(e*’, Bu)B =
BR(e,u)R(e™,v). Thus active and passive rotations are composed in opposite orders.

Problem 4 (Rigid Motions). If A € SO(3) and b,x € R3 then let M(b, A) and x
denote
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M(b, A) is called a rigid motion of R3. Show that M(b, A)x = (b + Ax). This is inter-
preted as the effect of the rigid motion on the point x in space. Show that M (b, A) ! =
M(—ATb, AT), and that M(bl, Al)M(bz, Az) = M(b1 + Albz, A1A2).

Problem 5 (T-matrices as rigid motions). Show that Ty(l) = M(esl, R(e'™,&;)),
Ti(cos@) = M(0, R(e?, &) R(e'™, &3)), and Ty(e!?) = M (0, R(e'®,&3)), where (&, &, &3)
denote the three columns of the identity matrix.



