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ABSTRACT. J. Elton proved that for § € (0,1] there exists K(d) < co such
that every normalized weakly null sequence in a Banach space admits a sub-
sequence (z;) with the following property: if a; € [—1,1] for all : € N and
EC{ieN: |a;| >4}, then ||, cpaizq|| < K(9)|X°; aizs||. It is unknown
if sups~ K(d) < oco. This problem turns out to be closely related to the
question whether every infinite-dimensional Banach space contains a quasi-
greedy basic sequence. The notion of a quasi-greedy basic sequence was
introduced recently by S. V. Konyagin and V. N. Temlyakov. We present
an extension of Elton’s result which includes Schreier unconditionality. The
proof involves a basic framework which we show can be also employed to
prove other partial unconditionality results including that of convex uncon-
ditionality due to Argyros, Mercourakis and Tsarpalias. Various constants
of partial unconditionality are defined and we investigate the relationships
between them. We also explore the combinatorial problem underlying the
Sups~g K (d) <oo problem and show that sups o K () >5/4.
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1. INTRODUCTION

Given a weakly null, normalized sequence in a Banach space, can we pass to
a subsequence that is a basic sequence and is in some sense close to being un-
conditional? There are various ways in which one can make this vague question
precise, and in many situations one has a positive answer. There are important
cases, however, for which the corresponding question is still open. In this paper
we will study such questions and provide some partial answers. We will also re-
visit known results and discuss the relationship (e.g. duality) between the various
notions of partial unconditionality.

As usual, we denote by cgg the space of scalar sequences that are eventually
zero. Given a basic sequence (z;) in a Banach space and 6 € (0, 1], we say (x;) is
d-near-unconditional with constant C' if its basis constant is at most C' and

(1) Hzaixi < CHiaixi
i€E i=1

for all (a;) € cop with |a;| <1 for all i€N, and for all EC{i€N: |a;|>0}. Roughly
speaking, this says that we are allowed to project vectors onto sets of co-ordinates

with “large” coeflicients. A basic sequence is called d-near-unconditional if for
some C' it is d-near-unconditional with constant C; it is called near-unconditional
if it is d-near-unconditional for all € (0, 1]. The following result is due to J. Elton.

Theorem 1.1 (Elton [9]). For each ¢ € (0,1], every normalized, weakly null
sequence has a 0-near-unconditional subsequence. In particular, every normalized,
weakly null sequence has a near-unconditional subsequence.

For each ¢ € (0,1] let K(9) be the infimum of the set of real numbers K such that
every normalized, weakly null sequence has a J-near-unconditional subsequence
with constant K. An upper bound of order log (1/8) for K(6) follows from the
proof of Theorem 1.1 presented in [20]. This was first pointed out by Dilworth,
Kalton and Kutzarova [10]. Tt is unknown whether there is in fact a uniform
upper bound.

Problem 1.2. Let K be the function defined above. Is supgs, K (0) <oo?
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Additional motivation for this problem comes from approximation theory. A
positive answer to Problem 1.2 would imply the existence of a quasi-greedy basic
sequence in every infinite-dimensional Banach space. A basic sequence (z;) in
a Banach space is called quasi-greedy if there exists a constant C' such that for
all 6 >0 and for all (a;) € cgo, (1) above holds with E={i €N : |a;| >d}. In
other words, we can project with a uniform constant onto sets consisting of all
co-ordinates with “large” coefficients. This concept was introduced by Konyagin
and Temlyakov [16]. One of the main results in this paper, Theorem 2.1, gives a
positive answer to Problem 1.2 under some additional assumptions on the sets of
co-ordinates onto which we can project.

We will now place the above notions in a wider context. We will explain
the term ‘partial unconditionality’ and discuss further examples. Let (z;) be a
sequence of non-zero vectors in a Banach space. Then (x;) is a basic sequence with
constant C' if and only if (1) holds for all (a;) € cop and whenever E={1,...,n}
for some n€N. Moreover, (z;) is an unconditional basic sequence if and only if (1)
holds for all (a;) €cgp and for all finite subsets E of N. Thus for a basic sequence
we can uniformly project onto initial segments of N, whereas for an unconditional
sequence we can uniformly project onto all finite (or indeed infinite) subsets of N.
By partial unconditionality we mean a property of a sequence of non-zero vectors
in a Banach space that lies between these two extremes. We next describe one
way in which this idea can be formalized.

Let F be a collection of finite subsets of N. Given a sequence (z;) of non-zero
vectors in a Banach space, we say that (z;) is F-unconditional with constant C
if (1) holds for all (a;) € coo and for all finite sets E such that either E€F or E
is an initial segment of N. Our opening question can now be made precise: Does
every normalized, weakly null sequence have an F-unconditional subsequence?

If =0, then (z;) is F-unconditional with constant C if and only if it is a basic
sequence with constant C. It is well known that for any € >0 every normalized,
weakly null sequence has a subsequence that is a basic sequence with constant
1+e€. On the other hand if F is the set of all finite subsets of N, then (x;) is F-
unconditional with constant C' if and only if it is an unconditional sequence with
constant C'. In this case our question has a negative answer: in 1974 Maurey and
Rosenthal constructed a Banach space with a normalized, weakly null basis which
has no unconditional subsequence. Note that by Rosenthal’s ¢;-theorem [24], if
a space contains no normalized, weakly null sequence, then it contains ¢; and, in
particular, an unconditional basic sequence. Thus, given a collection F of finite
subsets of N, a more general question would be to ask if every infinite-dimensional
Banach space contains an F-unconditional sequence. For unconditional sequences
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it was not until 1993 that the more general question was also answered in the
negative by Gowers and Maurey [14]. They constructed a Banach space that
contains no unconditional basic sequence.

Because of the Maurey-Rosenthal and Gowers-Maurey counterexamples it is an
interesting problem to search for non-trivial examples of partial unconditionality
that lead to positive answers to the questions we raised above. As it happens such
examples occur naturally in various contexts. We give two examples which are
relevant in the study of spreading models and asymptotic structures in Banach
space theory. A finite subset E of N is a Schreier set if |E| <min E. The collection
of all Schreier sets is denoted by S;. A sequence of non-zero vectors in a Banach
space is called Schreier-unconditional if it is Si-unconditional. The following
result was announced in [18], a proof is given in [21].

Theorem 1.3. For each € >0, every normalized weakly null sequence in a Banach
space has a Schreier-unconditional subsequence with constant 2+e.

One could generalize Schreier-unconditionality by considering higher-order
Schreier families that were introduced by Alspach and Odell [2] and by Alspach
and Argyros [1]. For example Sy can be defined as the collection of disjoint
unions U?:l F; of Schreier sets F1, ..., F, with {min Fy,...,min F},} €S;. Unfor-
tunately, the questions corresponding to So already have negative answers: the
basis in the example of Maurey and Rosenthal has no Ss-unconditional subse-
quence, and the space of Gowers and Maurey contains no Sz-unconditional basic
sequence. However, it is worth mentioning two positive results here. Let a be a
countable ordinal and let S, denote the Schreier family of order «. It is shown
in [3] that if the normalized weakly null sequence (x;) is an (¢-spreading model,
then (x;) admits an S,-unconditional subsequence. Moreover, in [12] it is shown
that an S,-unconditional normalized weakly null sequence in C(S,) admits an
unconditional subsequence.

The next example is about projecting onto “f;-subsets”. Before giving it we
need a definition. Let X and Y be Banach spaces, and let (z;) and (y;) be
sequences in X and in Y, respectively (either both infinite, or both finite of the
same length). For C' > 0 we say that (x;) and (y;) are C-equivalent, written

(x;) £ (y;) if there exist constants A>0 and B>0 with B/A<C such that
A ’ > aixi|| < H > || < BH > aix;

for all (a;) €cgg. If only the second inequality holds, then we say (z;) B-dominates

B
(yi), and write (y;) <

~

(x;). Let (e;) be the unit vector basis of ¢1. Given a real
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number 6 > 0 and a sequence (z;) in a Banach space, set .7-'(57 (xz)) = {E €

w § . .
N (2i)icE L (ez)‘i‘l} In Section 6 we will present a result due to Argyros,

Mercourakis, Tsarpalias [5] of which the following is an immediate consequence.

Theorem 1.4. For each 6 € (0,1] there exists a constant C' such that ev-
ery normalized, weakly null sequence has a subsequence (x;) that is .7-'(57 (wz))—
unconditional with constant C. Moreover, C <16log, (1/8) for §<1/4.

As we shall later see, finding the best constant C' in the above result is closely
related to Problem 1.2. Indeed, if Problem 1.2 has a positive answer, then the
above theorem is valid with a constant C' not depending on §. Another prob-
lem of interest (although we shall not address it in this paper) is to determine
which symmetric bases could replace the unit vector basis of ¢; in the definition
of }"((5, (xl)) We note that projecting onto “cg-subsets” can always be done:
every basic sequence dominates the unit vector basis of ¢g. In fact, by Theo-
rem 3.1 below, for every € >0 every normalized, weakly null sequence has a basic
subsequence that (14¢)-dominates the unit vector basis of cg.

We now describe a different scheme for defining partial unconditionality from
the one above. We will denote by [N]=“ the set of all finite subsets of N. Let F
be a subset of coo x [N]=“. We say that the sequence (z;) is F-unconditional with
constant C' if

(2) HZaixi S CHZC&SEZ
IS i=1

holds whenever a = (a;) € cgp, and either (a, E) € F or a is arbitrary and F is
an initial segment of N. Observe that such a sequence is a basic sequence with
constant C, i.e. we can uniformly project onto initial segments with constant C.
However, in general, for a given finite set £ C N we can only project certain vectors
onto E with uniform constant; namely the vectors ), a;x; for which the pair
((ai), E) belongs to F. So this kind of partial unconditionality is of a non-linear
nature. Both §-near-unconditionality and the quasi-greedy property are examples
of this. If we let F to be the set of all pairs (a, E) such that a = (a;) € coo and
E={ieN: |a;|>¢} for some 6 >0, then (x;) is F-unconditional if and only if it
is quasi-greedy. If for a fixed 6 € (0,1) we let Fs be the set of pairs (a, E) such
that @ = (a;) € coo, |a;| <1 forall ieN, and EC {i e N : |a;] >0}, then (z;) is
Fs-unconditional if and only if it is d-near-unconditional.

Problem 1.5. Does every normalized, weakly null sequence have a quasi-greedy
subsequence, or more generally, does every infinite-dimensional Banach space con-
tain a quasi-greedy basic sequence?
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Dilworth, Kalton and Kutzarova [10, Theorem 5.4] proved that if a normalized,
weakly null sequence (z;) has a spreading model not equivalent to the unit vector
basis of cg, then for any € > 0 there is a quasi-greedy subsequence of (z;) with
constant 3+e€. This is not too surprising: if we are in some sense far from cy,
then we expect a uniform bound on the number of large coefficients in a norm-
1 vector, from which the result follows by Schreier-unconditionality. We shall
spell out this argument later which will also show (using a version of Schreier-
unconditionality, Theorem 3.1 below) that if (z;) is a normalized, weakly null
sequence with spreading model not equivalent to the unit vector basis of cg, then
for any €>0 and for any § € (0,1) there is a d-near-unconditional subsequence of
(z;) with constant 1+e.

Thus Problems 1.2 and 1.5 have positive answers if we are “far” from cg.
However, they are still open in general. What we do know is that one cannot
hope to find for any € >0 subsequences of normalized, weakly null sequences that
are d-near-unconditional or quasi-greedy with constant 1+e. We are going to
prove this in Section 8 (Example 8.7). We will also show in Section 3 that a
positive answer to Problem 1.2 implies a positive answer to Problem 1.5.

One could be forgiven for thinking that a positive answer to Problem 1.2 would
easily imply that every normalized, weakly null sequence has an unconditional
subsequence. It is certainly true that in a d-near-unconditional sequence we can
project onto any subset of the co-ordinates with ‘large’ coefficients (unlike in a
quasi-greedy sequence). However, there are two restrictions. First, there is a
normalization: |a;| <1 for all i€ N whenever (a, E) € F5 (where F;s is defined just
before the statement of Problem 1.5). Without this condition, for any pair (a, E),
there would exist a positive real number r such that (ra, E') € F5, and hence a 4-
near-unconditional sequence would indeed be unconditional. Second, even if there
is a constant K such that K(J) < K for all 6 >0, the subsequence that is J-near-
unconditional with constant K, and that we can find in a given normalized, weakly
null sequence may very well depend on . In other words there is no obvious reason
why a positive answer to Problem 1.2 would find, in every normalized weakly null
sequence, a subsequence that is d-near-unconditional with constant K for all § >0
(which again would be unconditional). Note that the standard diagonal argument
would give a subsequence that is §-near-unconditional with constant N(§)+2K
for all 6>0, where N is an integer-valued function with lims_,g N(6)=o00.

This paper will be organized as follows. In the next section we introduce the
concept of a bounded-oscillation-unconditional basic sequence, which is a new
type of partial unconditionality. We then prove our main result (Theorem 2.1)
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that states that every normalized, weakly null sequence has a bounded-oscillation-
unconditional subsequence. The combinatorial machinery that we set up in order
to prove our main result will be subsequently employed to prove other partial
unconditionality results. We will use it in Section 3 to give a new proof of Schreier
unconditionality. Here we will also deduce Elton’s theorem from our main result,
Theorem 2.1. We will then prove that a positive answer to Problem 1.2 implies
a positive answer to Problem 1.5. When we are “far” from cg, these problems do
have positive solutions as mentioned above. We present a proof of this fact at the
end of Section 3.

In Section 4 we introduce various constants similar to the constant K (§) defined
above. These will allow us to quantify the relationships between various notions
of partial unconditionality. We will also show that for solving Problem 1.2 one
can restrict attention to the Banach spaces of continuous functions on countable,
compact, Hausdorff spaces. In Section 5 we raise the question whether there is a
uniform constant C such that every sequence equivalent to the unit vector basis of
cp has an unconditional subsequence with constant C'. This turns out to be closely
related to Problem 1.2. The proof will again use our combinatorial machinery.

In the following two sections we revisit convex unconditionality of Argyros,
Mercourakis, Tsarpalias [5], and unconditionality of certain sequences in spaces
of continuous functions. Using our approach we give new proofs of known results
and establish a duality between them and near-unconditionality. One small ad-
vantage is that we obtain, in some cases, better constants (although, these can
also be obtained by very simple modifications of the original proofs). More impor-
tantly, connecting many different results by a unified approach and by establishing
equivalences between them, we increase the possibility of tackling Problem 1.2 and
hence obtain solutions to many other problems. The use of our combinatorial ma-
chinery also suggests a way of producing a counterexample in case Problem 1.2
has a negative answer. This is discussed in the last section of the paper.

In the final section we will have a closer look at our combinatorial machinery.
We give a necessary and sufficient condition for a positive answer to Problem 1.2
(c.f. Proposition 8.1). To decide if this condition can be satisfied in general
one is lead to consider certain combinatorial data attached to subsequences of
a normalized, weakly null sequence. We will study this data on its own right
as a purely combinatorial object. Our results will be used at the end to give
an example that among other things shows that sups. o K (0) is strictly greater
than 1.
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2. MAIN RESULTS

Given a sequence a=(a;) of real numbers, we define its support to be the set
supp(a)={ieN: a; #0}. If this set is finite we call a finitely supported. Recall
that cog denotes the space of finitely supported sequences of real numbers. Given
a=(a;) Ecgp and a subset E of N we define the oscillation osc(a, E) of a over
FE as
osc(a, F) = sup { ||Zz|| chL,jER, aj # 0} .

j
For subsets F and F' of N we write E<F if m<n for all me E and for all n€ F'.
We say that a sequence E1, ..., E, of subsets of N is successive if F1 <...<FE,. A
decomposition E'= U;-Lzl E; of a finite set E will be called a Schreier decomposition
if F1<...<E, is a successive sequence of non-empty sets such that n <min E,
i.e. the set {min E; ...min E,} belongs to S;.

We now come to the main definition. Let C, D,d€[1,00). We say that a basic
sequence (z;) in a Banach space X is (D, d)-bounded-oscillation-unconditional
with constant C' if for every a = (a;) € cgp, and for every finite set £ C N with
osc(a, E)< D, we have

(oo}
H E a;T; SCH E Q; T;
ieE i=1

provided E has a Schreier decomposition E = U;-Lzl E; such that osc(a, E;) <d
for each j = 1,...,n. Note that without this proviso the sequence (z;) would be
a 1/D-near-unconditional sequence.

Our main theorem is the following.

Theorem 2.1. For all d € [1,00), there is a constant C < 8d such that for
all D € [1,00) and for any € > 0 every normalized, weakly null sequence has a
subsequence that is a (D, d)-bounded-oscillation-unconditional basic sequence with
constant C'+e.

Note that if a=(a;) €coo, F€[N]~* and osc(a, E) < D, then we can write E as
the disjoint union of n < Llogg (D)J—l—l sets B, ..., Fy, such that osc(a, E;) <2 for
each j=1,...,n. So without the assumption that the sets in a Schreier decompo-
sition are successive the above result would be a positive answer to Problem 1.2.

A key ingredient in the proof of Theorem 2.1 is a purely combinatorial result
which we call the Matching Lemma (Theorem 2.2). In its proof and in much
of this paper we will be making heavy use of infinite Ramsey theory. For this
reason we now recall some notation and results from the subject. For a subset
M of N we denote by [M]<“ the set of all finite subsets of M and by [M]*
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the set of all infinite subsets of M. The power-set 2V of N is equipped with the
product topology, and all subspaces will carry the subspace topology. A collection
U C [N]” is said to be Ramsey if for all L € [N]” there exists M € [L]” such that
either [M]* cU or [M]* cU®, where U® = [N]*\U denotes the complement of U.
One example of an infinite Ramsey theorem, due to Galvin and Prikry [11], states
that every Borel subset U of [N]* is Ramsey. More generally, whenever [N]“ is
partitioned into finitely many Borel sets, every infinite subset L of N has an infinite
subset M such that [M]“ is contained in one of the Borel sets of the partition.
The strongest result of this type was proved by Ellentuck [8]; his result concerns
topological characterizations of Ramsey sets. In all our applications (and indeed
in most applications to Banach space theory) it will suffice to know that open sets
(and hence closed sets) are Ramsey. This was first proved by Nash-Williams [19].
Following tradition we will often talk about colourings instead of partitions. This
and other pieces of terminology will be introduced as we go along. For a very good
introduction to infinite Ramsey theory see [7]. An extensive account is presented
in [13].

Because of the importance of Theorem 2.2 we shall write out the proof in detail
including the fairly technical parts that could otherwise be left as exercise. There
will also be several remarks pointing out the main ideas of the argument.

We need one final piece of notation before stating Theorem 2.2. For subsets
A, B of N we write A < B if A is an initial segment of B.

Theorem 2.2 (Matching Lemma). Let n € N. Assume that for every infinite
subset M of N we are given a successive sequence

FM<...<FM
of non-empty, finite subsets of M. Further assume that for each j =1,...,n the

function Fy: [N]* — [N]~*, M — FM s continuous. Then for all N €[N]* there
exist L, M €[N]* such that

(i) for each j=1,... ,n either FjL < FJ-M or FjM =< F].Ly and

n
(i) LoM = | J Ff nFM.
j=1
PROOF. We begin by setting up some notation. Let Fp = U?Zl FjL for each
Le|N]” . We are going to define a finite colouring c of pairs (L,1), where L is an
infinite subset of N and [ € L. In other words we are going to define a function
c on the set of all such pairs taking values in some finite set whose elements will
be referred to as colours. So fix LE[N]* and [€ L. If [€ FF for some i=1,...,n,
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then we set ¢(L,l)=i. If {¢ F,, and the minimum of {{’€ L : I">1} N F, belongs
to FL, then we set ¢(L,l) =i+. Finally, if [ > max Fy,, then we set c¢(L,l) = +.
Clearly there exists lp € L with ¢(L,ly) =+, and for such an Iy we have ¢(L,l)=+
for all I € L with [>1,.

We now prove a preliminary result.

Claim. For all pairs (F, X), where F € [N]** and X €[N]*, there exist ¥ € [X]”
and a colour X such that F<Y and ¢(F UV, min V)= for all V €[Y]”.

This result says that we can predict the colour of the next point, i.e. no matter
how we extend F' to an infinite set, the colour of the next point will always be
the same (provided the extension is inside Y').

To see the Claim define a finite colouring d of [N]* by setting d(V) = ¢(F U
V,min V) for every V € [N]”. It follows from the continuity of the maps F} that
if A is a colour other than +, the corresponding colour-class, i.e. the collection
{V€[N]”: d(V)=M\} is an open subset of [N]“. It follows that the colour-class of
+ is closed. Since open sets and closed sets are Ramsey, it follows that there is an
infinite subset Y of X all whose infinite subsets have the same colour. Replacing
Y by a smaller set if necessary we may clearly assume that F<Y.

We now turn to the proof of Theorem 2.2. Fix N € [N]“. We shall build infinite
subsets L and M of N from recursively constructed sequences [y <lp <..., m; <
mo < ... of positive integers in N. Along the way we shall also construct a
sequence Py D Py D P, D... of infinite subsets of N, and sequences (A;)7, and
(1r)52q of colours. To do this we shall repeatedly apply the Claim to predict
the colour of the next points in L and M. Depending on these colours, we either
match or disjointify (i.e. we choose the next points of L and M to be the same
or distinct, respectively) in a way to be explained.

To start the construction apply the Claim with F'={ and X =N. This yields
an infinite subset Y of X and a colour A such that ¢(V, min V)= for all V €[Y]“.
Let us set Py=Y and \g=pg=A\.

For the recursive step suppose that & > 0 and that [., m, for 1 <r <k
and P., A, p, for 0 <r <k have been chosen. We also assume that setting
Ap={l, : 1<r<k} and By = {m, : 1<r<k} the following hold.

(3) A, <P, and B < Py,
(4)  c(ArUQ,minQ)=M\g, ¢(BxUQ,minQ)=pu; foral Qec[P]”.
Note that when k& = 0 these assumptions are satisfied by the choice of Py. To

choose lx+1 and my41 we consider four cases (to be followed by an explanation
of each case).



PARTIAL UNCONDITIONALITY 11

Case 1. If A, =py =1 for some i €{1,...,n}, then we choose lp11 =my11 to be
an arbitrary element of P.

Case 2. If one of
(a) neither Ay nor py belongs to {1,...,n},
(b) { Ak, prt={i,j+} for some 1<i<j, or
(c) at least one of A, and py is +

holds, then we choose ;1 and mg41 to be distinct elements of Pj.

Case 3. If A\, =1 and either pu, =7 for some 1<j<i or up=j+ for some 1<j<i,
then we set I =1I; and choose my1 to be an arbitrary element of Pj.
Case 4. If pp =1 and either A\, =7 for some 1<j<i or A\ =j+ for some 1<j <3,

then we set my11 =my, and choose l;11 to be an arbitrary element of P.

In Case 1 the predicted colours A\x and uy are both i, i.e. the next points of L and
M belong to F' and FM | respectively. In order to satisfy (i) in the statement of
the theorem we need to match, i.e. we need to choose the next points of L and
M to be the same. In Case 3 the predicted colours, Ay and i tell us that the
next point of L will belong to F', whereas the next point of M will not be in
FM but there will be later points of M that do belong to F. So to satisfy (i)
we put the construction of L on hold (we don’t choose the next point of L yet).
Case 4 is similar. Finally, Case 2 covers the remaining possibilities, when in order
to satisty (ii) we disjointify, i.e. choose the next points of L and M to be distinct.

Note that when £=0 only Cases 1 and 2 can arise, since A\g=pg. When k>1
we have [ <li41 and my < mygyq in all the cases, as required. Let us at this
point set g = my = 0 in order to avoid having to consider the first step of the
construction separately from the recursive steps. Observe that for any k>0, if
lk+1> 1k, then lp 1 € Py. Similarly, if mg1 >my, then myyq € Pr.

To complete the recursive step we need to choose Py41, Agy1 and pgy1. First
set Agt1 = Ak U {lk+1} and Byy1 = Br U {mgy1}. Then apply the Claim with
F = Agyy and X = P, to obtain an infinite subset P of Pr, and a colour Apyq
such that Apy1 < P and (A1 UQ,minQ) = Apqq for all Q € [Is}w Now apply
the Claim again with F'= Bj41 and X = P to obtain an infinite subset Pyyq of
P and a colour ju4; such that Byy; < Ppyy and ¢(Byi1 U Q, min Q) = fug41 for
all Q € [Py41]”. With these choices it is clear that the assumptions for the next
recursive step (i.e. (3) and (4) with k replaced by k+1) are satisfied. Observe
that if [p11 =1k, then A\gy1 =M, and if my 1 =my, then pgr1=pg.

Having completed the recursive construction let us put L={l, : » € N} and
M = {m, : r € N}. Notice that for any k > 0, if lxy; > lg, then Ly = {l,. :
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r >k} is a subset of Py. Indeed, for r > k we have [, = 541 > l; for some s
with & < s < r, and hence [, € P, C P,. So if in addition L is infinite, then
¢(L,lg4+1) =c(Ar U Lg, min Ly ) = A,. Similarly, for any k>0 if my41 > my, then
My ={m, : r>k} is a subset of P, and if in addition M is infinite, then we have
C(M, mk+1) :C(Bk U My, min Mk) = k-

We will now verify that L and M are indeed infinite sets. We argue by con-
tradiction. Assume, for example, that L is finite. Then for some ky € N we
have l;41 =1 for all k> ky. It follows that for every k > ky we applied Case 3
in the k'™ step of the recursion. Hence for every k > ko we have myy1 > my
and ¢(M, mg11) = pr # +. This contradiction shows that L is infinite. Similar
reasoning gives that M must also be infinite.

Next let us fix i € {1,...,n}. We need to show that either Ff < FM or
FM < FL. We argue by contradiction. Suppose that there exist | € F¥ and
mé€ FM such that

(5) I#m and {I' € FF:U'<l}={m' € FM . m' <m)}.

For some k >0 and k' > 0 we have | = lxy1 >l and m = my 1 > my,. Then
A =c(L,1) =1 and pp =c(M, m)=1i. From now on assume that k <k’ (the case
k> k' is similar). There exists k" with k<k"” <k’ such that my =mg» <mypgmy1,
and so pi = pr =c(M, myr41). From myr 1 <m and ¢(M, m)=1 we deduce that
the colour s, is either j or j+ for some j with 1< j <i. Hence in the k" recursive
step we applied either Case 1 or Case 3. Case 1 leads to | =l =mg41 € FZ-M
and ! <m which contradicts (5), whereas Case 3 gives l;11 =1} contradicting the
choice of k.

We are left to show that LN M CJ;_, F¥ N EM (the reverse inclusion being
obvious). Let [ belong to L N M. There exist k>0 and k' >0 such that =111 =
mg/4q and lk+1 > lk7 Mpr 41 > M. Then [ € Pk\Pk+1 and [ € Pk/\Pkl+1, from
which we get k=4k". So we have | =lp 1 =mpgy1 and lp1 > g, mpe1 >mg. It
follows immediately that in the k™ step of the recursion we must have been in
Case 1. Hence for some i=1,...,n we have ¢(L,l) =\, =1 and c¢(M,[) = pur =1,
i.e. e FI'n FM | as required. This completes the proof of Theorem 2.2. O

Some minor modifications of the proof and a simple diagonalization procedure
yields a corollary that we shall refer to as the Schreier version of the Matching
Lemma. The diagonalization process will be used later on, so we state it sepa-
rately as an abstract principle. A family A of finite subsets of N is thin if no
element of A is the proper initial segment of another element of A. The following
result was proved by Nash-Williams [19]: if a thin family A is finitely coloured,
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then for all L € [N]” there exists M € [L]“ such that [M]~“ N A is monochro-
matic. To see this, simply give an infinite set L the colour of its unique initial
segment in A (introducing a new colour for infinite sets with no initial segment
in A). Clearly, each colour-class is either open or closed, so the result follows. An
easy diagonalization argument then gives the following result. (A much stronger
statement is given by Pudldk and Rédl [23].)

Proposition 2.3. Let A C [N|< be a thin family. For each k € N let Sy be a
finite set, and let ¢: A — |Jp—, Sk be a colouring of A so that for all F € A we
have ¢(F) € Sk, where k=min F. Then for all L& [N|* there exists M € L] such
that if A, BE[M]~“ N A and min A=min B, then c(A)=c(B). O

We are now ready to state and prove the promised corollary to (the proof of)
Theorem 2.2.

Corollary 2.4 (Schreier version of the Matching Lemma). Assume that for each
M € [N]” we have a positive integer nyr and non-empty finite subsets Ay, FM <
.. <FM of M such that

nm

v,

UFjM C Ay and na gminFleminAM.

j=1
Further assume that the function M — Ay [N] — [N]= is continuous, that
the family A={Ap; : M €[N]*} is thin, and that for all L, M € [N]* if A=A,
then ny =mny and FjL :FjM for each j=1,...,ny. Then for all N € [N]” there
exists L, M €[N|* with np, =nys such that

(i) for each j=1,...,ny either FjL =< FJM, or FJM =< FjL, and

nr
(i) LOM = | JF} nFM.

j=1
PROOF. We first define a colouring of A by giving each Ay, M € [N]“, the colour
npr- This is well-defined by the assumptions. By Proposition 2.3 there exists
N; €[N]¥ such that for all L, M € [N7]” if min Ff =min FM, then np =ny;.

We now follow the proof of Theorem 2.2. We define the colouring ¢ on pairs
(L,1) as before. Although this time ¢ is a possibly infinite colouring, the colour-
ing d used in the proof of the Claim is finite, so the Claim remains valid. We
then carry out the recursive construction that produces the sets L and M. The
only changes we need is to work inside N; (rather than N), and to replace in
Cases 1-4 each occurence of {1,...,n} by N. The verification that L and M are
infinite is the same as before.
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At this point we need to insert the observation that min F{* =min FM. To see
this choose k>0 and k' >0 such that minFlL =lg41 >0, and minFlM =M1 >
my so that Ay = upy =1. Assume that k <k’ (the case k' <k is similar). Then
my <mp <my 41, and so juy is either 1 or 14. It follows that in the £ step of
the recursion we were either in Case 1, in which case we have my41 =1[;4+1 (and
k=Fk'), as required, or we were in Case 3, in which case we obtain Iy =111, which
contradicts the choice of k.

We now have ny =nj; by our initial application of Proposition 2.3. To finish
the proof we verify properties (i) and (ii) exactly as in the proof Theorem 2.2
(letting m in the proof stand for ny,). O

Applications of the Matching Lemma and of its Schreier version will require two
further lemmas. To motivate the first one of these we now give a preview of the
type of argument that will follow. Consider the general problem of starting with
a normalized, weakly null sequence (z;) and seeking a subsequence with a certain
desired property. Arguing by contradiction, we assume that for all M € [N]*
we have a witness wy; to the lack of the desired property in the subsequence
(zi)iem. The witness wys will then give rise in a very natural way to finitely
many subsets F{¥ < FM < ... of M. Lemma 2.5 below will allow us to choose
wys from the set of all possible witnesses for M in a “continuous” way so that
among other things the assumptions of the Matching Lemma or its corollary
are satisfied. In typical examples a witness wy; has as a constituent part some
functional z},. A priori we will not be able to assume that the support of z3,,
i.e. the set supp(a},;)={ieN: x%,(z;) #0} is contained in M, precisely because
we lack unconditionality. In Lemma 2.6 we show that we can stabilize, i.e. we can
pass to some infinite set with respect to which the property supp(z},;) C M can
be assumed (provided the choice of 2%, had already been made in a “continuous”
manner).

Lemma 2.5. Let Q = Jo,Q, be an arbitrary set written as the union of a
countably infinite collection of its subsets. Let

®: [N]” — 22\ {0}

be a function into the set of non-empty subsets of Q. Assume that for all r €N
and for all L, M € [N]* we have

Ln{l,....r}=Mn{l,...,r} = @L)NQ =d(M)NQ,.

Then there is a function
¢: [N]Y - Q
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such that

(i) ¢(M)e®(M) for all M € |N]*, and

(ii) ¢ is continuous if Q is given the discrete topology.
PROOF. Fix a well-ordering of Q. For M € [N]“ let
r(M)=min{r e N: &(M)NQ, #0}.

Define ¢(M) to be the least element of ®(M )N, (pp) in our chosen well-ordering.
We claim that ¢: [N]* — Q has the required properties.

Clearly ¢(M) € ®(M) for all infinite subsets M of N. To verify continuity fix
M €|N]* and set r=7r(M). Let [r]={1,...,r}. If L€[N]* satisfies LN[r]=MnN][r],
then for each 1 <7’ <r we have ®(L) N Q,r = P(M) N Q,, which is the empty
set for 7" < r and is not empty for v’ =r. It follows that r(L) = r(M), which
in turn implies that ¢(L) = ¢(M). This shows that ¢ maps the neighbourhood
{Le[N]*: LN[r]=M N [r]} of M onto ¢(M). O

Lemma 2.6. Let ¢y be equipped with the topology of pointwise convergence on N.
Let f: [N]Y — co, M +— far, be a continuous function such that every sequence
in the image of f has a cluster point in cy. Then for every e >0 and for every
M €N]” there exists N € [M]“ such that for all P€[N]|* we have

S )] <
IEN\P
i.e. the support supp(fp) = {i € N : fp(i) # 0} of fp relative to the set N is
contained in P up to a small perturbation.

PRrOOF. For L€|N]” let us write L' as a temporary notation for L\{min L}. For
F €[N and § > 0 let U be the collection of all infinite subsets L of N for
which we have

|fFUL’ (min L)| < 6.

As a preliminary step we first prove the following claim. Given F € [N]** and
L € [N]“, there exists L € [L]* such that [L]” C Ups. Indeed, the continuity of
f implies that Urs is an open set, and hence it is Ramsey. Thus there exists
L € [L]* such that either [L] C Ups or [L]° C Z/{%é. So to prove the claim
we need to exclude the second alternative. We argue by contradiction. Assume
that [L]” C L[Eﬂﬁ. Let I} <ly < ... be an enumeration of L, and for n € N let
L,={l;: i>n}. Then L, U {li}eug’(;, and hence

|frur, (I;)] > ¢ whenever 1 < i <mn.
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Let x €cg be a cluster point of the sequence (frur, )5%;. From the above we have
|z(l;)| > ¢ for all i € N contradicting that z is an element of cg. This completes
the proof of the claim.

To prove Lemma 2.6 let us fix € > 0 and M € [N]*. Choose real numbers
€ >0, 1=1,2,..., such that Zfil €; < €. We shall now recursively construct a
sequence ni < ng < ... of positive integers, and a sequence Lo D Ly DLy D ...
of infinite subsets of N as follows. To start with, set Lo = M. Assume that
for some k > 1 we have chosen n; for 1 < i < k and L; for 0 < i < k. Let
Fi,...,Fk be an enumeration of the power-set of {ny,...,nx_1}. Then choose
a chain Lp_q :[N/O DI~4 D... DI~,K of infinite sets such that for each j=1,..., K
we have [ij]w C UF; ¢,- This can be done by our preliminary claim. Now set
ni=min Lx and Ly :flK\{nk}. Note that ny € Ly_1, Ly CLi_1, ng <L and

(6) |frug(ne)| < ek for all F C {ny,...,nx_1}, and Q € [Lg]”.

Having completed the recursive construction, set N = {nj,no,...}. It is clear
that N €[M]*. Given any P€[N]*, if k€N with ny ¢ P, then P=F U @, where

F=Pn{ny,...,nk_1}, and Q = P\F € [Ly]”.

Hence from (6) we have |fp(ny)| <eg. It follows that

Z |fp(n)| < ZGk <¢,
k=1

neEN\P

as required. O

We are now ready to present a proof for Theorem 2.1. It will be convenient to
use the following definition of an e-net F' for a subset S of R? where ¢ >0 and
deN: for every (a;)4_; €S there exists (8;)%_, € F such that 8; <oy <+ for
each j=1,...,d.

PROOF OF THEOREM 2.1. Fix C,D,d € [1,00). Assume that (z;) is a normal-
ized, weakly null sequence no subsequence of which is (D, d)-bounded-oscillation-
unconditional basic sequence with constant C. We shall deduce that C < 8d.
Fix € € (0,1) and then choose an increasing function v: N — N such that
klingo ~v(k)=00 and

(7) v(&)+ Dk < (1+e)y(k—1) for all k > 2.

For example, we can take v(k)=k? for k> ko and v(k)=kZ for k < kg, where ko
is sufficiently large.
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After passing to a subsequence we may assume that (z;) is a basic sequence
with constant 14e. Then in particular for all a=(a;) € cop we have

0 oo
i=1 i=1

We now show that for every infinite subset M of N there exists a triple (@, 2*, F'),

(8) lalle, <2(1+¢€)

which we shall call a witness for M, with the following properties.
(9)  a=(a;)€cop, z*€Bx- and Fc[N]~;
(10) FCACM and minF=minA, where A = supp(a);

(11) F has a Schreier decomposition F = U F; such that
j=1

osc(a,F;) <d foreach j=1,...,n;
(12) 1<a; <D and z*(x;) >0 forallieF;
—||Iz|| < a;x*(x;) <~v(k)+ D, where

k=minF, and z= Z a;x;.

ieM

To see this let us fix M € [N]*. Since (z;);cps is not (D, d)-bounded-oscillation-
unconditional with constant C, there exist b= (b;) € coo with supp(b) C M, and
a finite subset £ of M with a Schreier decomposition E = U?Zl E; such that
osc(b, E) <D, osc(b, E;)<d for each j=1,...,n, and

H Z biz;
icE
where y:ZieM b;x;. We may then choose x* € Bx+ such that

> biat (i) > Clly].-

icE

> Cllyll;

Replacing b and z* by —b and —z* if necessary, we may assume that if we let
E'={ieE: b;>0, z*(x;) >0}, then we still have

) c
> bt (i) > 2yl
ielR’

By homogeneity, we may also assume that min{b; : ¢ € E’'} = 1, and hence
1<b; <D for all i€ E’. Finally, let ¥’ >min E’ be minimal so that

> bt (a) < (k).
i€E’
i>k'
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Then we have
> bt () < (1+€) Y bia*(w:).
iceE’ i€E’
P>k
Indeed, this is clear when &’ =min E’, whereas if ¥’ >min E’, then by the triangle-
inequality, by (7) and by the choice of k' we have

> biat(xi) < DK +~(K) < (1+ey(K —1)
iCE’
< (1+¢) Z bix*(z;),
i€E’
>k’
as claimed. Set F={i€ E' : i>k'}. For each i €N set a; =b; when i >min F'
and a; =0 when ¢ <min F, and let a=(a;);cps- It is now routine to verify that
(a,x*, F) is a witness for M as defined above.

The next step is to select witnesses in a continuous manner using Lemma 2.5.
Let © be the set of all witnesses of all infinite subsets of N, and for each M € [N]*
let ®(M) be the (non-empty) set of all witnesses for M. For each r € N let 2,
be the set of elements (a,z*, F) of Q that satisfy maxsupp(a) <r. It is easy to
verify that the conditions of Lemma 2.5 are satisfied. It follows that there exists
a function ¢: [N]* — € such that ¢(M)€®(M), i.e. ¢(M) is a witness for M for
all M € [N]”, and ¢ is continuous if € is given the discrete topology. For each
M € N]” let ¢(M)=(an, %, Far), and let nys be the positive integer such that
Fy has a Schreier decomposition Fiy=J;Y F} with osc(anr, F}') <d for each

j=1,...,np. We will also use the notation
ay = (@), xy= Z aMz;, and Ay = supp(an).
ieM

By the proof of Lemma 2.5 we may assume that for each M € [N]” there is an r €N
such that (M) N Q=0 if 1<s<r and ¢(M) is the least element of ®(M) NN,
with respect to some fixed well-ordering of . It follows that for L, M € [N]* if
Ay is an initial segment of A, then we must have ¢(L)=¢(M). In particular

A={Ac[N]¥: A= Ay for some M € [N]“}

is a thin family, and we are in the situation of Corollary 2.4.

We shall now select infinite subsets Ny O Ny D N3 of N stabilizing various
parameters. To select N7 we use Lemma 2.6. Let f: [N]” — co be the function
mapping M € [N]“ to (2},(z;)) € co. Note that this is the only place, where
we use the weakly null property of the sequence (z;). It follows easily from the
continuity of ¢ and from the w*-compactness of Bx~ that f is continuous with
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respect to the topology of pointwise convergence on cg, and that the image of f
has compact closure. Hence, by Lemma 2.6, there exists an infinite subset N7 of
N such that for all P& [N;]* we have

(14) S Jeple) <.

1€EN1\P

We next choose an infinite subset Ny of V7 using infinite Ramsey theory. We
colour A by giving Ay, M €[N]*, colour (r;)j2y € N™ if

1+ ' <min{aM:ic FjM} <(1+¢€)7 foreach j =1,...,np.

This colouring is well-defined, i.e. the colour of A € A does not depend on the
choice of infinite set M with A = Ap;. Note that for each k£ € N the family
{A€ A : min A=k} is finitely coloured. An application of Proposition 2.3 now
gives No €[N7]* such that for all L, M € [N3]* if min F;, =min Fy;, then nyp=ny,
and

(15) @l oL alieFEAFM 1. .n
aiL 7d(1+€) j ki y J=L...,nL.

For our final stabilization we choose for each k€N an €/k-net S, of [0,v(k)+D]*
(in the sense defined just before the start of this proof) together with an ordering
of its elements. Given M € [N]”, let k = min F; and let (w;)¥_, be the least
element of Sy satisfying

w; < Z aﬁwx}‘\/[(mi)gwj—i—e/k for each j =1,...,np.
ieFM

We shall refer to (wj);?:1 as the weight-colour of M. This colouring of [N]* induces
a colouring of the family A satisfying the assumptions of Proposition 2.3. Hence
there is an infinite subset N3 of Ny so that for all L, M € [N3]* if min F;, =min Fy,
then L and M have the same weight-colour.

To finish the proof we apply the Schreier version of the Matching Lemma
(Corollary 2.4). As observed earlier, the assumptions of the corollary are satisfied.
So we can find L, M € [N3]* with n, =ny, such that

(i) for each j=1,...,ny either FJ-L =< FjM7 or FjM =< FjL7 and

nr

.. o L M

(i) LnM=|JF/nFM.
=1
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Note that in particular min F;, = min Fj;, and hence L and M have the same
weight-colour, say (w;)¥_,, where k=min F,. Set

J={je{l,...,nL}: F} < FM}.
Interchanging L and M and replacing J by {1,...,np}\J if necessary, we may
assume that

(16) > w; = ng
jeJ
We now establish a number of inequalities. First we have

lxarll > 27 (xar) Za x7 (x;) > Z aMay () Z laM| |3 ()]

€M i€LNM i€EM\L
> alMai (@) - del|lzal),
i€ LNM

where the last inequality comes from (8) and from (14) applied with P=L. We
now obtain the following sequence of inequalities (the steps are justified below).

(1) ol = Y aMai(a)
i€ LNM
> g S T et
E
j= IZEFLOFM
> e T Y et
€
JEJZGFL
1 1 e
> - > - ;
= d(1+e);w]*2d(1+e)z_:le
- (355 afaista) )
2d(1 + €) 1—|—e Pyt
1 C

learll = Af|zar]l-

€
2d(1 +¢€)
The second line uses (15) and the third line uses the definition of J. For the next
two lines we use the fact that L and M both have weight-colour (w;)7%;, and
we also use (16). For the last inequality we apply (13) from the definition of a

= 2d(1+€)2(1+€)(2+¢€)
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witness, and inequality (8) (from (12) we have ||al|¢,, >1). We have thus shown
that
2¢
C <4d(1+ €22+ (1+4e+ =),
<d4d(1+e)2+e)(1+ €+d(1+e)

Since € was arbitrary it follows that C'<8d, as claimed. O

3. SCHREIER- AND NEAR-UNCONDITIONALITY

In this section we give new proofs of two results quoted in the Introduction.
We begin with Schreier-unconditionality. It is not difficult to apply Theorem 2.1
with d =1 and a diagonal process to show that for any e > 0, every normalized,
weakly null sequence has a Schreier-unconditional subsequence with constant 8+.
The better constant claimed in Theorem 1.3 follows by a straightforward diagonal
argument from the statement below. For M C N and n €N we denote by M (<™ the
collection of subsets of M of size at most n. So a sequence is N(=")-unconditional
if we can uniformly project onto sets of size at most n.

Theorem 3.1. Fiz n€N and € >0. Every normalized weakly null sequence has
a NE) _unconditional subsequence with constant 1+e.

PROOF. Let C'€[1,00) and assume that (z;) is a normalized weakly null sequence

(=n)_unconditional with constant C'. We need to show

no subsequence of which is N
that C<1.
Let M € [N]*. By our assumption there exists a triple (a, F,z*), called a

witness for M, such that
(17) a=(a;)Ecoo, FeME"  and z* € Bx«;
(18) Z a;xr; € Sx;
ieM
(19) Zaix*(ﬂci) > C.
ieF
Let © be the set of all witnesses of all infinite subsets of N equipped with the
discrete topology. By Lemma 2.5 we obtain a continuous function ¢: [N]* — Q
such that ¢(M) is a witness for M for all M € [N]“. For each M €[N]* we write

¢(M) = (anFva}k\J)a

where ay = (a), and we let xpr =", aM ;.
We will now select infinite subsets N1y D Ny D N3 of N. We first choose Ny
so that (x;);en, is a basic sequence with basis constant at most 2, say. Then in
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particular for any M €[N;]* we have

(20) suplaM| < 4H Z aMa;|| = 4.
ieM ieM

We next fix an arbitrary positive real number §. We then select Ny € [N1]“ so
that for all L, M €[N3]* we have |Fp|=|Fy| and

(21) H(aiL)iEFL - (ag\/l)iEFM|
This is done by a straightforward use of infinite Ramsey theory. Finally, using
Lemma 2.6 we obtain N3 € [N2]“ such that for all P€[N3]* we have

(22) S fepa)] <.

iEN3\P

, <.

After these stabilizations we apply Theorem 2.2 with n = 1 to obtain infinite
subsets L, M of N3 such that either Frp, < Fys or Fr, <Fy, and LN M =Fp N Fyy.
The choice of Ny implies that in fact we have F, =Fy;=LN M. We now estimate
x5 (xar) to obtain the required inequality. First, we write 7} (za) as

(23) Y aMei(w) =) afap(z)+ Y (o) —af)ai(z)

€M i€F, 1€F

We then estimate the three terms on the right-hand side of (23) as follows. Ap-
plying property (19) of a witness to L gives C as a lower bound on the first term.
Applying (21) to the second term, and (20), (22) to the third term give upper
bounds leading to

1= |lam > |2} (zam)] = C — 6 — 46.
Since 0 was arbitrary, it follows that C'<1, as claimed. O

Remark. If (z;) is a normalized basic sequence with basis constant C, then for
all (a;) €cop we have

n n—1 [e%s}
lan| = H E a;T; — E a;x;|| < QCH E a;x;
i=1 i=1 i=1

We shall often use this to assume after passing to a subsequence (z;) of a given
normalized, weakly null sequence that |a,,| §4|| Sy aimiH, say, for all (a;) € coo
and for all n € N. The constant 4 is often adequate, however, sometimes we will
need to be able to replace 4 by 14-¢ for any given € >0. We can do this by applying
Theorem 3.1 with n=1.

for all neN.
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We now turn to Elton’s theorem on near-unconditional sequences. As mentioned
in the Introduction, it is this result that raises Problem 1.2 — the main focus in
this paper.

PROOF OF THEOREM 1.1. Let § €(0,1] and let (x;) be a normalized, weakly null
sequence in a Banach space. An application of our main result, Theorem 2.1, with
d=D=1/4 gives, for each €>0, a §-near-unconditional subsequence of (z;) with
constant 8/0+¢. As we mentioned in the Introduction, a better constant of order
log (1/6) can be obtained as follows. Set d=D =2 and pass to a (D, d)-bounded-
oscillation-unconditional subsequence (y;) C (z;) with constant 17, say. We show
that (y;) is d-near-unconditional with constant 17k, where k= | log, (1/0)|+1.
Indeed, let (a;) €cop with |a;|<1 for all €N, and let EC{ieN: |a;|>d}. Set
E;={icE: 279 < ay| < 2_(j_1)}, for each j =1,... k.

Since osc((a;), E;j) <2 we have

(o)
H Z aiyil| < 17H Zaiyi
icE; i=1

Hence, by the triangle-inequality we get

o0
Hzaiyi < 17kHZGz’yi
= i—1

as claimed. Note that 17k < 18log, (1/6) if § is sufficiently small. O

foreach j =1,...,k.

)

Let us mention that recently Lopez-Abad and Todorcevic [17] also gave new proofs
of Theorems 1.1 and 1.3 based on results on pre-compact families of finite subsets
of N.

We next show that a positive answer to Problem 1.2 implies a positive answer
to Problem 1.5.

Proposition 3.2. If sups. o K(0) < oo, then there exists a constant C' such that
every normalized, weakly null sequence has a quasi-greedy subsequence with con-
stant C.

PROOF. Let C'>2sup;. o K(6)+1. Fix e€(0,1), and for each n€N set J,, =¢/n.
Given a normalized, weakly null sequence (x;), we apply a diagonal procedure
to extract a subsequence (y;) such that for each n € N the tail (y;)$2,, is dp-
near-unconditional with constant K (d,)+e¢. Passing to a further subsequence, if
necessary, we may assume that (y;) is a basic sequence with constant 1+¢, and
moreover |a,| < (14¢€)|| Y52, a;y;|| for all (a;) € coo and for all n € N. For the
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latter property we used Theorem 3.1 with n=1. We will now show that (y;) is
quasi-greedy with constant C' provided e is sufficiently small.
Given (a;) €cgp and 6 € (0, 1], we need to show that

(24) | Y awi| < clal,
i€ER

where E={i € N : |a;| > 6} and z =) .2 a;y;. We may clearly assume that
sup,|a;| = 1, which implies that ||z| > (1+¢)~! > 1/2. Now choose the smallest
n €N such that d,, <d. Note that (n — 1)d <e<2e¢||z||. Hence

n—1
H Z ayi|| < H Z a;yi|| + H Z a;yi
i€E, i<n i=1 i¢E, i<n
< (T 9llzl+ (n=1)6 < (14 3e)z]-

On the other hand, since (y;)$2,, is §,,-near-unconditional with constant K (d, )+,
we have

H Z aiYi

i€E, i>n

< (K(0n)+e)

< (K(6n)+e€)(24€)|z]l.

oo
’ E a;lY;i
i=n

Now (24) follows for suitable e by the triangle inequality. O

We conclude this section by presenting a positive answer to Problem 1.2 when
we are “far” from cg. As a corollary we obtain a positive answer to Problem 1.5
in this case which was shown in [10]. The argument here follows the proof in [10].

Theorem 3.3. If (z;) is a normalized, weakly null sequence with spreading model
not equivalent to the unit vector basis of ¢, then for any e >0 and for any 6 € (0, 1)
there is a §-near-unconditional subsequence of (x;) with constant 1+e.

PROOF. Fix 6 €(0,1). We will show that after passing to a subsequence of (x;)
there exists N € N such that for all (a;) € coo if ||>a;z;|| < 1, then the set
{i€N: |a;| >0} has size at most N. We can then finish the proof as follows. We
first apply Theorem 3.1 to obtain a N(S¥)_unconditional subsequence (y;) of (z;)
with constant 1+e. This subsequence has the property that for all (a;) € cop with
I ayi|l <1 and for all EC{ieN: |a;| >4}

H E a;Y;
i€E

<(1+e)

oo
E a;Y;
i=1
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Since we can do this for every § €(0,1) and for any >0, we can use the proof of
Proposition 4.2 below (see also Definition 4.1) to pass to a further subsequence
that is d-near-unconditional with constant 1+e.

It remains to show the initial claim. Let (e;) be the spreading model of (z;).
After passing to a subsequence of (z;), we can assume that (z;) is a basic sequence
with constant 2, and for positive integers n <k; <...<k, and for real numbers
(a;)_, we have

n n n
1 ]| = 1Y asesl]| < | aian,
=1 1=1 1=1

Assume that for all n € N there exists (a}'); € coo such that ||>, al'z;|| <1 and
the set { e N : [al’| > ¢} has size at least 2n. It follows that ||Y .o, alz;| <3
and the set {i >n : |a}| > &} has size at least n. Since (e;) is l1-spreading and
1-surpression-unconditional, we deduce that |37, ;]| <12/6 for all n€N. From
here, it is easy to show that (e;) is 24/6-equivalent to the unit vector basis of cg.

This contradiction completes the proof. O
Combining he above theorem with the proof of Proposition 3.2 we obtain

Corollary 3.4 (Dilworth, Kalton and Kutzarova [10]). If (z;) is a normalized,
weakly null sequence with spreading model not equivalent to the unit vector basis
of co, then for any € >0 there is a quasi-greedy subsequence of (x;) with constant
3+e.

4. VARIANTS OF NEAR-UNCONDITIONALITY

In the following sections we will be considering various problems that turn out
to be related to the Elton problem. In order to make this relationship precise we
will now introduce some variants of the constant K (¢), and explain the relation-
ships between them. To begin with we recall the definition of K (d) in a slightly
different way. Given 6 € (0, 1] and a normalized, weakly null sequence (x;), let
K ((z;),9) be the least real number C such that (z;) is d-near-unconditional with
constant C'i.e. for all (a;) € coo and for all EC {i e N : |a;| > 6} if sup;la;| <1,
then H >icE aixiH SCH pyay aimiH. Observe that

K(0) =sup inf  K((y:),0),
(%) (yi)C(xi)
where the supremum is taken over all normalized, weakly null sequences (z;) and
the infimum over all subsequences (y;) of (x;). Recall that the normalization
sup,|a;] <1 in the definition is essential (see remarks in the Introduction). We
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will now introduce three other constants K’, L and L’. For K’ we will use the
normalization H P aixiH <1, whereas in the definition of L, L’ we restrict to vec-
tors all whose non-zero coefficients are “large”. Below we repeated the definition
of K for the convenience of the reader.

Definition 4.1. Let § €(0,1] and let (z;) be a normalized, weakly null sequence
in a Banach space. FEach supremum below is over all normalized, weakly null
sequences (y;) and the infimum is taken over all subsequences (z;) of (yi).

whenever (a;) € coo,

K((x;),0) = inf {C : H Zaixi
iCE

oo
i=1

Ec{ieN: |a;|>6}, sqpai|§1}

K() =sup inf K((z),0)
(yi) (i) C(yi)

K'((z;),6) = inf {C : H Zaixi SC’H Zaixi whenever (a;) € cop,
i€E i=1

Ec{ieN: |a;|>d},

o)
’ E a;Tq
i=1

)

K'(§) =sup inf K'((2),9)
(yi) (z)C(wi)

whenever a=(a;) € cqo,

L((z;),0) = inf {C : H Zaixi SCH iaixi
icE i=1

|a;| >d Viesupp(a), EE[N]Q’, supai|§1}
i

L(0) =sup inf L((z),0)
(yi) (i) C(yi)
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< C’H i a;x;
i=1

la;|>d Viesupp(a), Ee[N]~,

whenever a=(a;) € coo,

L'((x;),6) = inf {C’ : H Zaimi
i€B

)

oo
’ E a;T;
i=1

L'(§) =sup inf L'((2),9)
(yi) (z:)C(ys)

The following result establishes some relationships between the constants we
just introduced. It shows in particular that for solving Problem 1.2 we are free to
choose the normalization. In many situations it is more convenient to work with
the constants K’ and L’ instead of K and L.

Proposition 4.2. Let K, K', L and L’ be the functions defined above.

(’L) If0<(51 <52§1, then K'(52)§K(51) and LI(52)§L(51)
(i1) If 0<§<1, then L(§)<K(d) and L' (6) < K'(9).

In particular we have supg o K (8) =supss o K'(d) >supss o L(0) =supg~q L' (9).

PROOF. (ii) is clear from definition. To see (i) let (x;) be a normalized, weakly
null sequence. By Theorem 3.1 we may assume, after passing to a subsequence if
necessary, that

0o
il <= i L fi 1 (a;) € .
Sl,;p|a | 5, H ; 1 a;x or all (a;) € coo

Now given (a;) € coo with H > aixiH <land EC{ieN: |a;| > 2}, if b; = g—;ai
for all 4 € N, then sup,|b;| <1 and EC {i e N : |b;] > d1}. It follows that for
any subsequence (y;) of (z;) we have K'((y;),d2) < K((yi),01) and L'((y;), d2) <
L((y:),61)-

It remains to show that sups K () <sups K’'(0) and supg L(d) <sups L'(5). We
show the second inequality (the proof of the first one is similar). Assume that
L' =sups L' (0) < oo, and let 6 € (0,1]. We will show that L(6)<L’. Let (x;) be a
normalized, weakly null sequence. Fix e € (0, 1] and positive real numbers M,, such
that n <e(M, —1) for all neN. After passing to a subsequence, if necessary, we
may assume that (x;) is a basic sequence with constant 14+¢. Then using a standard
diagonal argument we pass to a subsequence (y;) of (x;) such that for each neN
we have L' ((y;)i>n,6/M,) <L'+e. We claim that L((y;),8) < (L'+2¢)(1+3e).
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Given a = (a;) € cop with 6 < |a;| <1 for all i € supp(a), and E € [N]<“, set
x:Zi a;y; and choose n €N minimal so that

IS e
i>n
Note that || disn a;y;|| > (n—1)/e. Now by the choice of (y;) we have

H Z ayi|| < (L' + G)H Z a;Yi
i€E i>n

< M,.

3

i>n
and hence
Hzaiyi < (n_1)+(L/+€)"ZaiQi

i€l i>n

< (L' +2¢) Z a;Yi
i>n

< (L’—|—2e)(||x|| +n—1)
< (L' +2€)(1 + 3e)||z]|-

Indeed, n—1 <e|| disn a;yi|| < e(2+e) ||z < 3€||x|| since (y;) is a basic sequence with
constant 1-+e. We have thus proved our claim from which L(§) <L’ follows. O

To conclude this section we show that the various constants we introduced remain
the same if we restrict to the class of Banach spaces C(S), where S is a countable,
compact metric space. Recall that such a space S is homeomorphic to a countable
successor ordinal in its order topology.

Theorem 4.3. For each 6 €(0,1], we have
K() = sup inf K((y),9),
a,(zi) (y:)C(zs)
where the supremum 1is taken over all countable, successor ordinals o and all
normalized, weakly null sequences (x;) in C(«), and the infimum is taken over all

subsequences (y;) of (x;). The analogous statements for the functions K', L and
L’ also hold.

PROOF. We prove the result only for K. The argument for the other functions
is similar. Fix e € (0,1]. By the definition of K(J) there is a normalized, weakly
null sequence (z;) in some Banach space such that K ((y;),d)> K (d)—e for every
subsequence (y;) of (x;). Thus for each M € [N]” we have a triple (a, E,z*)
witnessing K ((z;)ien, ) > K (0)—¢, that is
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(25) a=(a;)€coo, EC{ieM: |a;|>}, a*€Bx-,
(26)  supla;|=1,

ieM
(27) Z a;x”(x;) > (K(6)—e)|lx||, where z= Z a; ;.
i€E ieM

We now use Lemma 2.5 to obtain a continuous selection M — (anr, En, xy;) of
witnesses in the usual way. We set ay = (a}) and zar =3, ), aM ;.

Next we pass to infinite subsets N1 D No D N3 of N. First, there exists Ny € [N]“
such that (x;);en, is a basic sequence. Then we use Theorem 3.1 with n=1 to find
N3 € [N1]* such that sup;¢ v, |ai| < (1+€)|| 2, ¢ v, aizi| for all (a;) € coo. Note that
in particular we have ||zas|| > (1+¢)~! for all M € [N5]“. Finally, by Lemma 2.6
there exists N3 € [No]* such that Yieng\plrp(@i)| <efor all Pe [N3]“.

After relabelling, if necessary, we can take N3 =N. Set X =[z;]?°,, and let (z})
be the biorthogonal functionals to (x;). Note that ||z}| <14e¢ for all i€N by the
choice of Np. For each i €N and for ¢ € [—1,1] define p;(t) =& |£t] v (~1), and
note that |p;(t) — | <e/2". Now for each M € [N]* we have 3=,y o |25 (2:) <e€
by the choice of N3, and a%,=>":", 2%, (z;)z} in the weak-+-sense since (z;) is a
basis for X. It follows that

Th = Y pil@hy()as,

ieM

converges in the weak-* sense, and moreover

Ty <1421+ <1+de,  for all M [N,

Now define S to be the closure of U= {Ej\; : M €[N]”}U{z} : i€N} in the weak-*
topology. Since U is bounded in norm, S is a compact metric space. The conti-
nuity of the choice of witnesses implies that U is countable, and hence, because
of the discretization of coefficients using the functions p;, .S is also countable.

Let T: X — C(S) be the canonical map, i.e. T(z)(y*) = y*(z) for all x €
X, y* €S, and note that ||T|| <144e. Set f;=T(x;) for all i €N, and fpr =T (x )
for all M € [N]“. Then (f;) is a normalized, weakly null sequence in C(S). We
claim that K ((fi)iear,d)> (K(8)—3¢€)(1+4€) ! for all M €[N]*, which proves the
assertion of the theorem.
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For M € [N]* we have far =3 ;cp 0 fi and || far]] < (144€)||zpr]]. We also
have Eyy C{i€ M : |aM|>4§}, and

H Sad il = D a i) = D al piai ()
i€EMm i€En i€ B
> Y alay(w) —e
i€EBE N

> (K(0) = O)llznmll — e = (K(6) = 3¢)[lza
(K(0)=3€¢)(1+4e)~ [ far]l,

v

as required. O

5. THE cyp-PROBLEM

In this short section we consider the following intriguing question which, to
our knowledge, has not been raised elsewhere.

Problem 5.1. Is there a real number C such that every sequence equivalent to
the unit vector basis of cg has an unconditional subsequence with constant C'?

Let Y be the space co or ¢, for some p € [1,00), and let (e;) be the unit
vector basis of Y. Let (z;) be a sequence in a Banach space equivalent to (e;).
A well known result of James [15] says that if Y =c¢¢ or Y = {1, then for any
€ > 0 there is a block basis of (x;) that is (1+¢)-equivalent to (e;), and so in
particular there is a block basis of (z;) that is unconditional with constant (1+e).
Both these conclusions fail spectacularly if Y = ¢, for some p € (1,00): for any
constant C' there is an equivalent norm on Y so that it contains no unconditional
basic sequence with constant C'. This follows from the solution of the distortion
problem by Odell and Schlumprecht [22]. For ¢y and ¢; one can go further and
consider subsequences instead of block bases. However, if Y =cg, then for any C
there are easy examples that show that (x;) does not need to have a subsequence
C-equivalent to (e;). If Y =4¢1, then for any constant C there are easy examples
that show that (z;) does not even need to have an unconditional subsequence with
constant C'. The only remaining question in this context is raised in Problem 5.1,
which is still open. Example 8.7 in Section 8 will show (among other things)
that Problem 5.1 cannot have a positive answer with C' < 5/4. However, it is
possible that a uniform constant C' exists. Indeed, this happens if and only if
Supsso L' (d) < 0o, where L’ is the function given in Definition 4.1. Our aim in
this section is to prove this equivalence.
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For each ¢ € (0,1] let us define C(d) to be the infimum of the set of real
numbers C' such that every normalized sequence 1/§-equivalent to the unit vector
basis of ¢y has an unconditional subsequence with constant C'. So a positive
answer to Problem 5.1 is equivalent to the statement that sups. o C(0) is finite.

Theorem 5.2. Let §,6; €(0,1].

51)+561.

(i) If 8, <8, then C(6) < L(4,) - (1 -2

g g ,
(ii) If 61 < 3L(0) then L'(6) <C(61)
In particular we have supsso C(0) =sups~q L'(6) =sups~g L(J).

PrROOF. To verify (i) fix e€ (0, 1], and assume that (z;) is a normalized sequence
1/6-equivalent to the unit vector basis of cy. So for some constants A >0 and
B>0 with B/A<1/6 we have

(28) Asupla;| < H Zaixi
‘ i=1

< Bsup|a,
i

for all (a;) € cop. After passing to a subsequence, if necessary, we may assume
that L((z;),01) < L(d1)+e. We claim that under these circumstances (z;) is

unconditional with constant C'= (L(6;)+e) (1+%1> +%1, from which (i) follows.
Given (a;) € coo and A € [N]=“, we need to show that | Yiea aims| < Cll|,

where = )", a;x;. We may clearly assume that sup,la;| = 1. Then it follows
from (28) that

B§ < A= Asup|a;| < [z,

and hence for every F'CN we have

(29) H Z ;T
ieF

< Bsupla;| < ] sup|a;|.
i€F 0 icr

Set E={ieN: |a;|>61}. The definition of L((x;),d1) gives

H E a;T; ’E a;T;
icE

1IEANE

< (L(51) + 6)
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Then from (29) we get

| > i
i€E
H Z a;T;

I€EA\E

IN

< (1+ L) e,

Il + | 3 aias

i¢E

Ly

IN

Finally, by the triangle-inequality we obtain

Hgm < {(L(51)+6) (1+‘§)+‘H e

as required.

We now prove (ii). Fix ¢>0. By the definition of L’(d) there is a normalized,
weakly null sequence (x;) such that L'((y;),d) > L'(§)—e for all subsequences (y;)
of (z;). So for each M €[N]* there is a triple (a, F, z*) that we shall call a witness
for M, where

(30) a=(a;)€coo, FECsupp(a)CM, z*€Bx-»;
(31) |a;|>0 for all iesupp(a), and |z| <1, where z= Z a;x;;
ieM
(32) ) aia*(w;) > L'(0) —e.
i€E
Let Q be the set of all witnesses of all infinite subsets of N, and for M € [N]* let
®(M) be the (nonempty) set of all witnesses for M. For r €N let €, be the set
of all triples (a, F, z*) € 2 such that maxsupp(a) <r. By Lemma 2.5 there is a
function ¢: [N]* —  such that ¢(M) is a witness for M for all M € [N]¥, and ¢ is
continuous when € is given the discrete topology. We let ¢(M) = (anm, En, )
and let
Ay =supplays), ay = (a), xy = Z aM ;.
ieM
By the proof of Lemma 2.5 we can choose ¢ so that for all M € [N]* there exists
r €N such that ®(M) N Qs =0 whenever 1<s<r, and ¢(M) is the least element
of ®(M)NK, in some well-ordering of € fixed in advance. It is then easy to verify
that for all L, M € [N]* if Ay; <L, then ¢(L)=¢(M).

We now pass to infinite subsets Ny D Ny D N3 D Ny of N. Let f: [N]Y — ¢
be the function that maps M € [N]* to fas = (2}, (x;)) € co. It follows from the
continuity of ¢ that f is continuous with respect to the topology of pointwise
convergence on ¢g and that its image has compact closure. Hence by Lemma 2.6
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there exists N € [N]” such that

(33) > fwp(zi)| <€ forall P e [Ny]”.

1EN1\P
Now choose arbitrary Ny € [N;]“ with N1\Ns of infinite size. Given M € [N2]“, we
can choose L€ [N;]” such that Ay <L and L\ Ay C N1\ Na. Then ¢(L)=¢p(M),
and applying (33) with P=L we obtain

(34) Yo lah)l= Y ek <e

1€N2\ A 1€EN2\ Ay

since No\ Apr C N1\ L. In other words, relative to No and up to a small error, we
have supp(z};) C Ay for all M € [Ny]”.

By the definition of L'(§) there exists N3 € [Na]” such that L'((2;)ien,,0) <
L'(8)+e. Finally, we apply Theorem 3.1 with n=1 to obtain N, € [N3]* such that
for all M €[N4]* we have |a|<1+e¢ for all i€ M.

We now relabel so that we can take Ny =N, and define a new norm on ¢y by

setting

olll = 18l v sup |3 by ()| for b= () eco
i=1

Me[N]¥

Let (y;) be the unit vector basis of ¢y considered with its new norm. It follows
from (34) and the choice of N5 that

Slleille, < D JaM]|wis(@i)] + ed < 2(L'(6) +€) + €d
1€EAM
for all M €[N]*. Hence (y;) is D-equivalent to (e;), where
D 2(L'(8) +€) +€b - 1

] 01

provided ¢ is sufficiently small. We claim that (y;) has no unconditional subse-
quence with constant C'=(L'(6)—¢)/(1+e€). Fix M € [N]”. We have

> aai ()
ieM
and hence, by the choice of Ny, we have |||lay]||| < 1+e€ On the other hand,
property (32) of a witness applied to M gives

> atu||| 2 32 aMaig(@) > L'6) — e 2 Clllanlll,
i€ 1€EN

M

=z} (zpm)| <1 for all Le[N]¥,

which shows the claim. Since € was arbitrary, C(d;) > L'(9) follows.
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Parts (i) and (ii) show that sups. L' (9) <supg~q C(0) <supssq L(6). That we
have equality throughout follows from Proposition 4.2. O

6. CONVEX-UNCONDITIONALITY AND DUALITY

The following notion of partial unconditionality was introduced by Argyros,
Mercourakis, and Tsarpalias [5]. Given § € (0,1], we say that a basic sequence
(x;) is d-conver-unconditional with constant A if for all (a;) € coo and for all

Ec[N]= if
i€ER

el

)

then we have

o0
H E a;T; §AH E a;T;
i€l i=1

The definition in [5] is actually slightly different, but it is equivalent to ours
(they express unconditionality in terms of sign-changes rather than projections).
Theorem 1.4 on ¢1-projections follows immediately from the next result.

Theorem 6.1 (Argyros, Mercourakis, and Tsarpalias [5]). Given € (0,1] there
is a constant A such that every normalized weakly null sequence has a §-convez-
unconditional subsequence with constant A. Moreover, A <16log, (1/5) for 6 <
1/4.

PROOF. Given § € (0,1], define I = | log, (1/6) |+2 and fix A€[1,00). Assume that
(x;) is a normalized, weakly null sequence, which has no §-convex-unconditional
subsequence with constant A. We will show that A <8I.

Without loss of generality (x;) is a basic sequence with constant 2, say. So for
all (a;) €cop we have

(35) supla;| < 4” Za,—xi
i i—1

Let M €[N]*. Since (z;);enr is not d-convex-unconditional with constant A, there
exist (a;) €coo and E € [M]<* such that

5Z|ai\ < H Zaixi , and Alz| < H Zaixi
i€k i€E

i€E

)

where x =3, a;z;. Rescaling, considering appropriate subsets of E, and re-
placing (a;) by (—a;) if necessary, we conclude that for every M € [N]“ there
exists a quadruple (a, F, z*, k), called a witness for M, with the following prop-
erties.



PARTIAL UNCONDITIONALITY 35

(36) a=(a;)€coo, FE[M], z*€Bx-, ke{l,...,l},
(37) a;>0 and 27 F<a*(x;)<27" forallicF,

)

< (.
(38) 4l_iEZFazw (z4),

)
39) Allz|| <20 aiz*(x;) + =, where x = a;T;.
(39)  Allz| ;z(zHQ ;4
We now use Lemma 2.5 in the usual way to select a witness (anr, Far, 3y, kar)
for each M €[N]* in a continuous way, where the set of all witnesses is given the
discrete topology. We write ay =(a}) and zpr =3, ), aM ;.
We now carry out stabilizations. Fix >0, and pass to an infnite subset N of

N such that for all P € [N]“ we have
(40) > Jeb(@)| <

iEN\P

and for all L, M € [N]* we have ki = kyp;. The first property is achieved by
Lemma 2.6, whereas the second uses infinite Ramsey theory. Observe that for all
L, M €[N]* we have

1
(41) x7 () > ix}‘\/[(mz) whenever i € Fr, N Fyy.
We finally apply Theorem 2.2 with n=1 to find L, M € [N]“ such that
(42) LNM=F,NFy=Fy.
We now estimate x5 (zp). On the one hand, using (42) followed by (41), (35),
and (40), we have

wi(en) = Y allai@) = 3 alei(e) + Y alai(e)

ieM i€Fy i€EM\L
1
> 5 3 el (i) — delaul)
1€F

On the other hand, property (39) applied to the witness of M gives

. 21 M ox 1)
vy (zar) < lzml < 1 ; a;” iy () + oA
7 M

The last two inequalities together with property (38) of the witness of M show
that

1 20\ 9 J
— )2 < —.
(2 (1+46)A> 41_(1+46)2A
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Since € was arbitrary, it follows that A <8I, as claimed. O

Given a normalized, weakly null sequence (z;) and ¢ € (0,1] let A((z;),0) be the
least real number A such that (z;) is d-convex-unconditional with constant A.
Then define
AB) =sup inf  A((y), ),
(z:) (y:)C(z1)

where the supremum is taken over all normalized, weakly null sequences (x;) and
the infimum over all subsequences (y;) of (x;). Theorem 6.1 yields an upper
bound of order log (1/(5) on A(d). We are now going to prove that the question
whether sups A(d) < oo is equivalent to Problem 1.2 using the function K’ defined
on page 26. As the proof shows the two problems are in some sense dual to each
other.

Theorem 6.2. For 0<d; <d<1 we have

(i) A@S) < 5 K'(61), and
(i) K'(3) < A(5).

In particular sups~q A(0) =supg~q K'(0).

PROOF. We begin by proving (i). Fix €€ (0,1]. There is a normalized, weakly
null sequence (z;) such that A((y;),0) > A(d)—e for every subsequence (y;) of (z;).
On the other hand, after passing to a subsequence if necessary, we may assume
that A((z;),0) <A(d)+e. Set C=A(6)(6—51)/5 — e(6+01)/d. For each M € [N]*
there is a triple (a,2*, F'), called a witness for M, where
(43) a=(a;)€coo, x*€Bx~, FcC{ieM: |x*(x;)|>d},
(44) Z a;x*(x;)>Clz|, wherexz= Z a; ;.
i€l i€EM

Indeed, since A((x;)icar, ) > A(0) —¢, there exist a = (a;) € cop and E € [M]~*
such that 63, plai| < || Yiep aixi|, and || ;e p aizs|| > (A(6) —¢) ||
r=73 ;. @iT;. By homogeneity, we may assume that ), |a;|=1. Let ¥ € By~
be a support functional for } ., a;z;, and let F={ic £ : |[v*(z;)|>6d1}. An
easy computation now shows that (44) holds.

We now use Lemma 2.5 in the usual way to obtain a continuous selection
M — (an, @y, Far) of witnesses. We let ap = (a) and xpr =3, ), a ;.

Next we find infinite subsets N1 D Ny D N3 of N as follows. First, there exists
N; € [N]¥ such that (z;);en, is a basic sequence with constant 1+e¢. Then we
apply Theorem 3.1 with n=1 to get Ny €[N1]* such that [aM| < (1+¢€)||zp| for

| , where
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all M € [N5]” and for all i € M. Finally, by Lemma 2.6 there exists N3 € [No]”
such that 37, v\ |23 (24)| <e for all M€ [Ns]”.

After relabelling we may assume that N3 =N. Let (e;) be the unit vector basis
of cgo, and for each M €[N]* set

1 M
ty=-——"-——" a;” e;,
1+ 2 eu zfv, ne

which is an element of [—1,1]N by the choice of No. We endow [—1,1]" with the
product topology and let S be the closure of {tp; : M € [N]“} U {e; : i € N}.
Note that S is a compact metric space. For each i €N let f; be the i*" co-ordinate
map. By the continuity of the choice of witnesses, S contains only sequences of
finite support. Hence (f;) is a normalized, weakly null sequence in C'(S). We
claim that K'((fi)iea,61)>C/(1+¢€)? for all M €[N]*. Since e was arbitrary, (i)
follows from this claim.
Given M €[N]“, set np =max Fy, and let

fa =Y wy(@) fi
e M
i<nu

For each L€ [N]“ we have

(1 + )l lllfar )]

> afai(e)

i€eLNM
i<nn

ac}‘w( Z aiin)
=
i<npr
by the choices of N1, Ny and Nj. It follows that ||fas]] <1. On the other hand,
we have Fjy C{ieM : i<np, |x5,(x;)|>01} and

| S wn@s]| = 3 s sitan)
i€ Fr 1€F
= Ao 2 Mul@al > gy

1€y

IN

+e(l+ofzr] < (1+ )|l

as claimed.

To show (ii) fix € € (0, 1] so that §;(1+3€) <, and let (x;) be a normalized,
weakly null sequence such that K’'((y;),d) > K'(d) —e for every subsequence (y;)
of (x;). So for each M € [N]“ there is a triple (a, E,x*), called a witness for M,
where
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(45) a:(ai)ECOO, EC{iEM: |a7;‘2(5}, ,’E*EB)(*,
(46) ||z||=1, where x= Z a;T;,

ieM
(47) Za,m*(xi) > K'(§) —¢, and a;z*(x;)>0 for all i€ E.
i€E
As usual, we then have a continuous choice M — (aar, Enr, z3,) of witnesses, and

we let ap =(aM) and zpr =3, aM ;.

We now pass to infinite subsets N7 D No D N3 of N. First, we choose Nj € [N]”
so that (z;);en, is a basic sequence with constant 14+¢. Then we apply Theorem 3.1
with n=1 to find Ny € [N1]* such that we have |a} | < (1+€) ||z pr | for all M € [No]”
and for all i€ M. Finally we use Lemma 2.6 in the usual way to obtain N3 € [N5]”
so that 3, n,\ @iy (i) <e for all M e [N3]“.

We now relabel so that we can take N3=N. As before, we let (e;) be the unit
vector basis of cog. We define S to be the closure in [—1, 1] of the set

{ 1 S ale; - Me[N]”}U{ei:ieN}.

14 3¢ =

As before, it is easy to verify that S is a compact metric space containing only
sequences of finite support, and that the sequence (f;) of co-ordinate maps is a
normalized, weakly null sequence in C(S). We now show that A((f;)ienr,d1) >
(K'(6)—€)(1+3€)~! for all M €[N]”.
Given M € [N]“, set ny =max E)py, and let
fa =Y wy(@) fi

ieM

1<nm
For each L€ [N]” we have

| > akwien)| < [on (X afa)

i€ LNM i€L
1<npr i<nu

by the choices of N1, Na and N3. It follows that ||fas]| <1. On the other hand,
1

we have
| X wie@nf] 2 75 X wil@dal 200 Y faii @l

i€EE N i€En i€En

+e(l+e) <14 3e

as well as
* 1 * M K/(é) — €
| 3 wistensi]| = o5 X wis@dal > Sl

SV i€En

which proves the claim. O
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7. UNCONDITIONALITY IN C(S) SPACES AND DUALITY

We now turn to questions on finding unconditional basic sequences in spaces
of continuous functions on a compact, Hausdorff space. We will then relate these
to problems considered so far. We start by stating a result of Rosenthal.

Theorem 7.1. For any compact, Hausdorff space S, every weakly null sequence
of (non-zero) indicator functions in C(S) has an unconditional subsequence with
constant 1.

In [4] this is presented as a consequence of a combinatorial lemma. Here
we prove a more general version of that, and obtain a more general version of
Theorem 7.1. Before stating it we need some notation. Let k€N and M € [N].
Given a=(a;)iepr and b= (b;)icpr in {0, 1, ..., k}M we write a Cb if for all i € M
either a; =0 or a;=0b;. Given je{1,...,k}, we write a C ;b if for all i€ M either
a;=0or a;=b;=j. A family FC{0,1,...,k} is hereditary if a € F whenever
be F and a C b, and is weakly hereditary if a € F whenever b € F and there
exists j€{1,...,k} such that aC ;b. Given L€ [M]“, we denote by F, the set of
restrictions to L of elements of F. Note that Fz C{0,1,...,k}~.

Lemma 7.2. Let k€N and F C{0,1,...,k}Y be a compact family of sequences

of finite support. Then there exists M € [N]* such that Fs is weakly hereditary.

PROOF. We argue by contradiction. Assuming that the statement is false, for
each M € [N]“ we can find a quadruple (a, b, j, K) that we shall call a witness for
M, where

(48) ac{0,1,...,k}N, beF, je{l,....k}, KeN;

(49) supp(a)CM, aC;b, K>maxsupp(b);

(50) if a;=g¢; for all i€ M with i <K, then c¢ F.

Indeed, the assumption that Fj; is not weakly hereditary implies the existence
of a,b,j as in (48) such that supp(a) C M, a C ;b and there is no c€ F such that
the restrictions to M of a and c are identical. The existence of a suitable K now
follows easily from the compactness of F.

Let © denote the set of all witnesses of all infinite subsets of N. For r € N
let 2, be the set of elements (a,b, j, K) € Q for which K <r. The conditions
of Lemma 2.5 are now easily verified (which is why we needed to introduce the
parameter K). So there is a continuous selection ¢: [N]” — Q of witnesses. Let
#(M)=(au, b, jar, Kar), where ay = (aM) and by = (bM) for each M € [N]”.

The continuity of ¢ and the compactness of F imply that the function M —
bar: [N]¥ — cg is continuous and its image has compact closure (in the topology
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of pointwise convergence). So applying Lemma 2.6 with € = 1/2, say, we find
N; €[N]* such that

(51) Nynsupp(by)CL  for all LE[N;]”.

An easy application of infinite Ramsey theory then gives j€{1,...,k} and No€
[Nl]w such that iM=J for all M e [Ng]w.

To conclude the proof we apply the Matching Lemma with n=1 to the function
M s supp(ayr) to find L, M € [N]* such that

LN M =supp(ar) Nsupp(ay) = supp(au).

Now if i € supp(ays), then a? = al =bF = j by property (49) of a witness and

by the choice of Ny. On the other hand, if ¢ € M \supp(au), then i ¢ L, and
hence by (51) we have i ¢ supp(by.), so aM =bF =0. We have shown that the
restrictions to M of a,; and the element by of F are identical which gives the
required contradiction. O

Theorem 7.3. For all § € (0,1] there is a constant L* such that for any com-
pact, Hausdorff space S, if (f;) is a normalized, weakly null sequence in C(S)
with |f;(t)] € {0} U [4,1] for all t € S and i €N, then (f;) has an unconditional
subsequence with constant L*. Moreover, L* <6log, (1/6) for §<1/4.

ProoF. For 6 € (0,1] let k= [logy(1/0)]+1. Let Iy ={0} and let I1,..., Iy be
closed intervals covering [d,1] such that max/; <2minI; for each j=1,... k.
Furthermore, let I, =—I; for j=1,...,k. Let S be a compact, Hausdorff space
and (f;) be a normalized, weakly null sequence in C(S) with |f;(¢)| € {0} U [, 1]
for all t€ S and i €N. Let F be the collection of all c€{0,1,...,2k}" for which
there exists t € S with f;(t) € I, for all i € N. Note that F is a compact subset
of {0,1,..., 2k} consisting of sequences of finite support. By Lemma 7.2 there
exists M € [N]* such that F); is weakly hereditary. We show that the sequence
(fi)ienm is unconditional with constant L* =4k.
Fix a=(a;) Ecoo and E€[M]~*. Choose t€ S such that

H Zaifi = ’ Zaifi(t)’~
i€E i€E

Replacing a by —a if necessary, we may assume that

Y aifi)| < aifilo),

i€E i€EF
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where F={i€ E : a;f;(t) > 0}. Now choose ¢ € F such that f;(t) € I, for all
1€N. Note that ¢; #0 for any i€ F', and so

> aifit) <26 aifilt)
i€l i€F,

for some je€{1,...,2k}, where F;={i€ F : ¢;=j}. Finally, since Fy; is weakly
hereditary, there exists ¢ € F such that ¢, =¢; =7 for all i€ F}j, and ¢;=0 for all
i€ M\F;. Let t'€ S satisfy fi(t') €1, for all i€N. We then have

S aifit) <2) aifit) < 2H > aifi

icF; ieM ieM

This completes the proof of our claim. O

Remarks. 1. If (f;) is a weakly null sequence of (non-zero) indicator functions,
then in the proof above we need only to work with two intervals Iy = {0} and
Iy ={1}. This way we do not get the factor of 2 at either of the two places where
it occurs above, and so we obtain a proof of Theorem 7.1. We also mention here a
quantitative version of Rosenthal’s result due to Gasparis, Odell and Wahl [12]: if
(fi) is a weakly null sequence of (non-zero) indicator functions, then there exists
a countable ordinal « and a subsequence (g;) of (f;) which is equivalent to a
subsequence of the unit vector basis of the generalized Schreier space X“.

2. Lemma 7.2 and Theorem 7.3 were also proved by Arvanitakis (he uses slightly
different language and method). In [6, Remark 2.1] he effectively asks if weakly
hereditary can be replaced by hereditary in Lemma 7.2. It is not hard to see
that if that was possible, then the proof of Theorem 7.3 would give a constant
L* independent of ¢. In turn, by Theorem 7.5 below, this would yield a positive
solution to the co-problem. The following simple example shows that Lemma 7.2
cannot be strengthened in this way even for k =2. For each M ={m; <mag <
... }€[N]¥ define cpr €{0,1,2} by letting

2 ifi=1
cM(mi)z 1 if2§i§m1+1
2 ifmi+l<i<mso+1

and ¢y is zero elsewhere. Now let F be the set of all c€ {0, 1,2} such that there
exist M €[N]* and n €N such that c(i)=cp (i) for i=1,...,n and ¢(i)=0 for all
i>n — we denote this c by cys,,. Then F is a compact family of sequences of finite
support. To see that F, is not hereditary for any L={l; <lz<...} €[N]* consider
c,c €{0,1,2}F defined as follows: ¢/(I1) =0, c(l1)=cr(l1) and ¢/(I;) =c(l;) =c(I;)
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for all i >2. Then c€ Fp, ¢’ Cc, but given M ={m; <ma<...}€[N]*, there is no
n €N such that ¢ is the restriction to L of cps,,, (consider the cases ma <la, ma=Is
and ma >1y).

We now prove a more general result of which Theorem 7.3 is an immediate con-
sequence.

Theorem 7.4. For all § € (0, 1] there is a constant K* such that for any compact,
Hausdorff space S, every normalized, weakly null sequence (f;) in C(S) has a
subsequence (g;) such that for allt€ S and EC{ieN: |g;(t)|>d} we have

o0
E a;gi
i=1

Moreover, K* <6log, (1/8) for §<1/4.

for all (a;) € cgop.

’Zaigi(t)‘ < K*
icE

PRrROOF. Fix 0 € (0,1] and K* € [1,00). Assume that S is a compact, Hausdorff
space, and (f;) is a normalized, weakly null sequence in C'(S) that has no sub-
sequence satisfying the statement of the theorem. We will show that K* < 4k,
where k=|log,(1/6)]+1.

Let Iy,..., I} be closed intervals covering [d,1] such that max I; <2min I; for
each j=1,..., k. Furthermore, let I, =—1; for j=1,... k. For every M €[N]*
there is a witness (t,a,j, F') to the failure of the subsequence (f;);ens, where

(52) tes, a:(ai)ECoo, jE{l,...,Qk},

FclieM: fi(t)€l;, aifi(t)>0};
(33) [Ifll=1, where f=") " a;f;;
ieM
(54) 2k aifi(t)>K*.
ieF
We now use Lemma 2.5 to get a continuous selection M — (tar, anr, jar, Far) of
witnesses. Let ap =(a) and far=3",c,, a f; for each M € [N]”.

As usual, the next phase of the proof is stabilization. Find Nj € [N]* such that
(fi)ien, is a basic sequence with constant 2, and so |a}|<4 for all i€ M and for
all M € [N1]”. Then pass to No € [N1]* such that j; = jas for all L, M € [Na]”,
which in particular implies that f;(¢as) and f;(¢1) have the same sign, and differ
by a factor of at most 2 for all ¢ € F, N F)s. Finally, we fix € >0 and use Lemma 2.6
to obtain N3 €[No]” such that 37, .\ p|fi(tp)|<e for all Pe[N;]”.
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The Matching Lemma applied with n =1 now yields L, M € [N3]* such that
LNM=F,NFy=F)y. Then

hrltn)l = | D @ fitea)|

ieM

> Z a fi(tr) — de
i€ Fnp
1

> 5 > alM fita) — 4e

i€FM

K

> = 4

=T 4e

On the other hand, |far(tL)| <||fm||=1, and hence K <4k(1 + 4e). O

We will now establish a relationship between Theorem 7.3, which is a result about
finding unconditional subsequences, and the constant L’ (defined on page 26),
which comes from a certain form of partial unconditionality. We will also show
the close connection between Theorem 7.4 and Problem 1.2. First we need to
introduce some appropriate constants, and then we will express these relationships
in Theorem 7.5 below.

For a basic sequence (x;) in a Banach space let C(x;) be the least real number
C such that (z;) is unconditional with constant C. Then for each § € (0, 1] we
define

L*(0) = sup inf C(gs),
S,(fi) (9i)C(f:)

where the supremum is taken over all compact, Hausdorff spaces S and over all
normalized, weakly null sequences (f;) in C(S) with | f;(¢)| €{0}U[d, 1] for all t€ S
and ¢ €N, and the infimum is taken over subsequences (g;) of (f;). Theorem 7.3
above claims that L*(§) is finite and of order log (1/6).

Given 0 € (0, 1], and a normalized, weakly null sequence (f;) in C(S) with S a
compact, Hausdorff space, we define K*((f;),0) to be the least real number K*
such that whenever t€S and EC{ieN: |f;(t)|>d}, we have

o
> aifi
=1

for all (a;) € coo-

Y aisio)| < K
i€E

We then set

K*(§) = sup inf K*((gi),5)7
S.(fi) (g:)C(fi)
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where the supremum is over all compact, Hausdorff spaces S and all normalized,
weakly null sequences (f;) in C(S), and the infimum is over all subsequences (g;)
of (f;). Note that by Theorem 7.4 above K*(4) is finite and of order log (1/4).

Theorem 7.5. For all 0 < §' <6 <1 we have K*(§) < K'(§) < K*(¢§') and
L*(8) <L () < L*(&).

PROOF. We first show that K*(4) < K'(§). Fix e € (0,1]. There is a compact
Hausdorff space S and a normalized, weakly null sequence (f;) in C(S) such that
K*((fi)ien, ) > K*(§)—e for all M €[N]*. So for each M € [N]“ there is a witness
(t, E,a) for M, where
(55) teS, EcC{ieM: |f;(t)|>6}, a=(a;)Ecoo;
(56) [fI=1, where f= a:fi
ieM
(57) | > aifit)] > K*(0) ~ .
i€k

We now proceed as usual. We make a continuous choice M — (tpr, Enr,aps) of
witnesses, and let ap = (a) and far=3,c,, a fi. We then find Ny € [N]” such
that (f;)ien, is a basic sequence with constant 1+¢e. By Theorem 3.1 there exists
Ny € [N1]” such that [a}|<1+e€ for all i€ M and for all M € [N5]”. Finally, we
pass to a further infinite subset N3 of Ny such that 3, .\ plfi(tp)| <e for all
Pe [N3]w.

After relabelling, if necessary, we may assume that N3=N. We define a norm
on cgp by letting

1
[(Bo)l = suplol v (5o s {| 3 bl
‘ icM

M e [N]“’}

for each (b;) €Ecgp. Let X be the completion of the resulting normed space. It is
easy to check that the unit vector basis (e;) of cop is a normalized, weakly null
sequence in X. Indeed, the continuity of the selection of witnesses implies that
the closure of { 3=, ,; aMe; : M €[N]“}U{e; : i€ N} in the topology of pointwise
convergence contains only finitely supported sequences. We will now show that
K'((y:),0) > K*(8) —e for any subsequence (y;) of (e;). This then proves the
inequality K*(0) < K'(9).
Fix M €[N]”, and set ny; =max F)y; and

Ty = E Ji(tar)es.
ieM
i<nar
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For each L€ [N]* we have
Z filtar)ay

< ‘ Z fi(tar)aF

+(1+e) Y |filtar)l

i€LOAM i€l i€L\M
i<nn i<nar
< (AH+Ofell+ (1+e)e = (1+e)™.

It follows that ||zas]| <1. On the other hand, on Ej; the coefficients of z,; are at

least 6 and

H Z filtar)ei|| = ‘ Z fitar)a”

1€EENM t€EEM
We now show that K’() < K*(¢") whenever 0< ¢’ <d<1. Fix e€ (0, 1] such that
(1+€)d" <. Let (x;) be a normalized, weakly null sequence with K'((y;),d) >
K'(8)—e¢ for every subsequence (y;) of (z;). So for each M € [N]* there is a witness
(a,E,x*) of M, where
(58) a:(ai)ECOO, EC{iEM: |al\25}, {E*EB)(*;
(59) |lz]|=1, where z= Z a;Ti;
ieM

(60) Zaix*(xi) > K'(§) —e.

icE

> K*(5) — e.

Let M — (anr, En, o4;) be a continuous selection of witnesses, and let aj = (aM)
and zp =3, 5 0 z;. Choose Ny € [N]” such that (z;);en, is a basic sequence
with constant 1+e. Use Theorem 3.1 to find No € [N1]” so that |a}| < 1+e€ for
all i€ M and M €[N»]*. Finally, by Lemma 2.6 there exists N3 € [Na]“ such that
Yieng\plTp(wi)| <e for all P€[N;]”.

Relabel so that we can take N3 = N, and set t); = ﬁ EieM afwei for each
M € [N]¥, where (e;) is the unit vector basis of cgp. Let S be the closure of the
set {tar : M €[N]”} U {e; : i€N} in the product space [—1,1]N. As before, it is
easy to verify that S consists only of finitely supported sequences, and hence the
sequence (f;) of co-ordinate maps is a normalized, weakly null sequence in C(S).
We will show that @)

N , K'(6) — ¢

K*((g:),0") > Tt

for every subsequence (g;) of (f;), which then implies that K*(§")> K'(9).
Fix M € [N]” and let njs =maxsupp(ays) and

fu = (e fi
ieM
i<np
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For each L€ [N]* we have

(I+e)lfa(to)l

| > wilwiat

i€ LNM
i<num
< Y wheat| + 1+ Yl
i€L i€eL\M
i<ny
< (A46)|lzr] + (1+e)e < (1+¢€)%

It follows that || fas|| <14e€. On the other hand, we have
|fitar)] = |a|/(1+€) > 6" for all i€ Eyy,

and moreover

() — €
S i) = 3w /ra > T
1€E N i€EE N (1 + 6)

This completes the proof of the inequalities involving K’ and K*. The argument
for the functions L’ and L* is similar and is omitted. O

Recall that if (x;) is a normalized, weakly null sequence with spreading model not
equivalent to the unit vector basis of cg, then for any € >0 and for any § € (0, 1]
there is a d-near-unconditional subsequence of (z;) with constant 14+¢. There are
dual versions of this corresponding to Theorems 7.3 and 7.4 above. For example,
for any compact, Hausdorff space S and for any § € (0,1], if (f;) is a normalized,
weakly null sequence in C(S) with |f;(¢t)|€{0} U [4,1] for all t€ S and i€N, and
(f;) has spreading model not equivalent to the unit vector basis of ¢1, then for any
e>0 there is a subsequence of (f;) that is unconditional with constant 14+€. The
proof (which we omit here) uses a similar argument to that of [10, Theorem 5.4].

8. THE COMBINATORICS OF PATTERNS AND RESOLUTIONS

In this section we consider combinatorial structures that arise in our approach
to Problem 1.2. We begin by setting up witnesses for the constant K’(6) (c.f.
Definition 4.1). The notation will be used throughout this section. We fix § €
(0,1], set k= [logy(1/8)|+1, and choose € € (0,1) so that 2§ > 1+¢e. We then
select closed intervals I, . .., Iy covering [§, 1+€] so that max I; <2min I; for each
j=1,..., k. By the definition of K’(§) there is a normalized, weakly null sequence
(z;) in some Banach space X such that K'((y;),d)> 3 K'(8) for every subsequence
(y;) of (x;). After passing to a subsequence if necessary we can assume, as usual,
that
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(61) (=) is a basic sequence with constant 1+e,

oo
E ;T
i=1

Recall that the latter property is achieved using Theorem 3.1. We now make a
continuous selection M +— (ans, %, Far) of witnesses in the usual manner using
Lemma 2.5, where
(63) ay=(aM)ecoy, x4, €Bx~, Fycl{ieM:aM>4, x}(x;)>0},
(64) |lxar]|=1, where xp = Z aMa;,

ieM
(65) Y aMai (i) > K'(6)/4.

1€y

Note that |a}|€[6, 1+¢] for all M €[N]* and for all i € Fj;. For each M €[N]“ let
us define ey =(cM)€{0,1,...,k}N by letting ¢ be the least j€{1,...,k} such
that o} € I; if i € Fay, and letting ¢’ =0 otherwise. Set FM ={ieN: ¢} =}
for each j=1,..., k. Note that

(62) supla;[<(1+€) for all (a;) € coo-

k
(66) FM. ... FM are pairwise disjoint, finite subsets of M with Fj; = U FjM,
j=1
(67) for each j=1,...,k the function M — F}: [N]* — [N]=* is continuous.

Note that we have osc(ans, ;') <2 for all M € [N]* and for each j=1,...,k.
Moreover, for any two infinite subsets L, M of N we have

a,fVI 1 . L M .

aLZ§ forallie F N E", j=1,... k.

(68)

Using the usual Ramsey type arguments (Lemma 2.6 and the infinite Ramsey
theorem) and relabeling, if necessary, we may assume the following stabiliza-
tions.
(69) Z|$7\/1(xz)| < e for all M €[N]%;
i¢M
(70) ff)r each j=1,...,k there exists w; such that for all M €[N]* we have
w; < Y aM @y () <w;+efk.

ieFM
Observe that (65) and (70) give
k
K'(9)
1 i — €.
(71) ;wj >— €

We now give a simple necessary and sufficient condition for a positive answer to
Problem 1.2.
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Proposition 8.1. We have sups~ K'(0) <oo if and only if there is a constant c
such that for all § € (0,1] whenever (x;) is a normalized, weakly null sequence in
a Banach space and M — (ay, Ty, Far) is a continuous selection of witnesses
so that (61)—(65) and (69) hold, then there exist infinite subsets L, M of N such
that |z (xam)| > cK'(9).

Proor. Sufficiency is clear: for any 0 € (0, 1] there is a normalized, weakly null
sequence (z;) and a continuous selection M +— (apr, x},, Fiar) of witnesses so
that (61)—(65) and (69) hold. The assumption then gives K'(§)<1/c.

Now assume that K’ =sup;~o K'(9) is finite. We show that the condition is
W' Let 6 € (0, 1] and assume that we are given a normalized,
weakly null sequence (z;) and a continuous selection M — (a2}, Far) of

witnesses so that (61)—(65) and (69) hold. Set t= 11(61(?,). For b= (b;) €cgp define

necessary with c=

i = 10l v {3 b )] - L |
i=1
Let Z be the completion of cgg in the norm |||-|||. The unit vector basis (e;) of cog

is a semi-normalized, weakly null sequence of Z. So by the definition of K’(¢9)
there is an infinite subset M of N such that K'((é;)senr,td) < 2K'(td), say, where
\He m for all ieN. From (65) we get

|5 e =] 52 o

Now let bay=>";cps 0l e;. By (62) we have ||ba]le., <14€, which in turn gives
[I[Bas]l| <1 since 2 has norm at most one for all L € [N]”. Now since |a|||e;]||| > t6
for each i€ Fy;, we have

I 2 ate
i€ Fp

We can now conclude that

'(9)/4.

< 2K (20)[[[bad[]

= [ 32 aeatie:
1€F

K'(9)
b > > t||b
lall > 7y > el
Hence there exists L€ [N]“ such that
1
2 (aar) —@a 2y ()| > Sllbarll = K’ (9).
7
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A selection of witnesses as defined in (63)-(65) associates to each M € [N]* a
certain combinatorial data that is made up of two parts. One part is the sequence
(eM)icr,, in the set {1,...,k}, which is a discretized version of the coefficients
(aM);cr,, of the vector zps. Equivalently, this part can also be viewed as the
partition (F)¥_, of Fj;. The other part is the sequence (x*M(xi))ieFM of dual
coefficients. To solve Problem 1.2 in the affirmative we would like to show the
existence of L, M € [N]* whose combinatorial data “match” in a suitable way to
give the necessary and sufficient condition of Proposition 8.1. For example, if we
could assume that the sets F{, ... FM are successive for all M € [N], then the
Matching Lemma would provide suitable sets L and M. Indeed, we can generalize
this as follows.

Proposition 8.2. The following is a sufficient condition for supsy K'(0) < co.
There exists a constant ¢ such that for all k € N and for all positive real num-
bers p1,...,pr with 25:1 p; =1 if for all M € [N]* we are given finite subsets
FM .. FM of M such that (66) and (67) hold, then there exist L, M € [N]* and
JC{l,... k} such thatzjerj >c, FJ»LCFJM foralljeJ, and LNM C FL,NF)y.

Remark. The Matching Lemma implies that the above sufficient condition is
satisfied with c=1 provided that we also require F{ <...<F}M for all M € [N]*.
Proor. We will verify that the stated condition implies the sufficient and nec-
essary condition of Proposition 8.1. Given ¢ € (0, 1], assume that we are given a
normalized, weakly null sequence (z;), a continuous selection M — (@, 2%, Far)
of witnesses so that (61)—(65) and (69) hold. After passing to a subsequence, if
necessary, we may assume that e <c¢/48 and all of the conditions (61)—(70) hold.
Let w:Z§:1 wj, and set pj =w;/w for each j=1,..., k. By our assumption we
can find L, M € [N]* and J C{1,...,k} such that 37, ;p; >c, Flc FM for all
j€J,and LN M C Fp N Fy. Note that }° . ;w; > cw>cK'(6)/4—e. We now
obtain a sequence of inequalities in a way very similar to that at the end of the
proof of Theorem 2.1.

x7(xa) > Z aMay (;) — 2
i€LNM

k
> %Z Z alay (x;) — 2¢

j=1li€FfnFM
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Z %ZUG*?E

JjeJ
cK'(9) c
> — > —K .
> —g 3= K0)

O

The discrete nature of the sufficient condition of Proposition 8.2 makes it very
attractive: it reduces Problem 1.2 to a combinatorial, Ramsey type problem. The
conclusion in this condition is about “matching” the part of the combinatorial
data of L and M that comes from the discretization of the coefficients of zj,
and xp7, and it “ignores” the dual coefficients. We will now study the entire
combinatorial data as an abstract object (i.e. we forget about the underlying
Banach space). This leads to the introduction of resolutions. We will use them
to discuss the possibility of a negative answer to Problem 1.2. To conclude this
section we shall produce an example to show that sups. o K’(9) is strictly greater
than 1 (recall that if (z;) is a normalized, weakly null sequence with spreading
model not equivalent to the unit vector basis of c¢g, then for any € >0 there is a
subsequence (y;) of (x;) such that K'((y;),d) <1+e).

Let keN. A k-pattern is a finite sequence in the set {1,...,k} (the numbers
1,...,k will be called colours). A k-resolution is a pair r = ((¢;)Pq, (@;)i—),
where (¢;)"_, is a k-pattern, and («;)"_, are positive, real numbers. When we
work with a fixed k& we shall simply say pattern and resolution, respectively.

Let r be a k-resolution. The weight of colour j in r is

w;(r) = Z oy, j=1,...k,

and the weight of r is w(r) = Z?zl w;(r). A pair (z,2*) of elements of cog has
resolution r (or (z,x*) is a representation of r) if the non-zero co-ordinates of x
are (27%)_, in this order, and the non-zero co-ordinates of z* are (2%q;)?_; in
this order, and moreover z and z* have the same support. In other words, we
have x =), 2 %¢;, and * =Y.' | 2% e, for some 1<[; <...<l,. Note that

vt (@) =305, i =w(r).

Given k € N and non-negative, real numbers wy, ..., wy (called weights) with
Zle w; =1, we let R =R(wi,...,wg) be the class of all k-resolutions r with
w;(r)=w, for each j=1,..., k. The necessary and sufficient condition of Propo-

sition 8.1 motivates the following definition. Given r,s€R we let

[r, s] = maxz*(y),
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where the maximum is over all pairs (x,2*) and (y,y
have resolutions r and s, respectively. We also let (r, s)
that [r, s| < Zle 271w, for all r, s€R.

Given k-patterns ¢ = (¢;)", and d = (d;)_;, we write ¢ C d if there exist
1<l <...<lpy<nsuch that ¢;=d;, for i=1,...,m. Observe that if r = (¢, @)
and s = (d,8) are elements of R and ¢ C d, then [r,s] > 1. More generally, if
we can find representations (x,z*) and (y,y*) of r and s, respectively, and a set
Jc{l,...,k} sothat {ieN: z;=2"7} C{ieN: y; =277} for each j € J, then we
have [r, s] > 2 (y) > > ;¢ ; w; (this observation is motivated by Proposition 8.2).
Since for any j € {1,...,k} we can find representations (z,z*) and (y,y*) such
that the sets {i eN: 2; =277} and {i e N : y; =277} are comparable, we have
(r,s)>maxw; >1/k for all r,seR.

Given r,s€ R and ne€(0,1), we say that r and s are n-orthogonal, in symbols
r L, s, if (r,s) <n. Note that this can only happen for > 1/k. Roughly
speaking, if one could find for each k € N an infinite set of pairwise 7(k)-orthogonal
resolutions with n(k) — 0 as k — oo, then one could ‘code’ an example in a way
reminiscent of the Maurey-Rosenthal construction [18] to show that sups-o L(6) =
00, where L is the function given in Definition 4.1. We sketch this next.

*) of elements of cog that
=max {[r, s, [s,7]}. Note

Example 8.3. Let k€N, n=n(k) € (0,1) and C =C(k)>1. Assume that we
can find weights wy,...,w; and a sequence (r;) in R = R(wy,...,wy) so that
(ri,r;) <n whenever i # j, and (r;,r;) < C for all i € N. Assume also that if

ri = (c@,a®), then max; 26§1>a§-i) <1 for all i € N, and max; QC;'I)QY) — 0 as
i — 00. (note that this is not a serious assumption: the resolutions in a large
family of pairwise orthogonal elements of R are necessarily “flat” — c.f. proof of
Proposition 8.6). We will now show that L(27%)>1/(2C+6)n. In particular, if
(C(k))52, is bounded and n(k) — 0 as k — oo, then this solves Problem 1.2 in
the negative.

Let @) be the set of all representations of the resolutions r;, ¢ €N. Let us fix an
injective function ¢ (the coding function) that maps finite sequences of elements
of @ to positive integers. A sequence (xj,x;);?:l of pairs of elements of cqq is
called a special sequence if there exist positive integers [; for j=1,..., k such that
the following hold.

(712) a2y <...<7zl,
(73) (=, ) has resolution 7y, for j=1,...,k,
) l] :(ZS((Il, .TT), LR (xj—lvx;—l)) for ]:17 EERR k.

—
-~
N
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We then call the sum Z?Zl x; a special functional. Let F be the set of all special
functionals, and let us define a norm on cgg by letting
x| = |z|le. Vsup {|z*(Ex)|: *€F, E€T}.

Here 7 denotes the set of intervals of positive integers, and Fx is the projection of
z onto E. Let X be the completion of cog in this norm. Then (e;) is a normalized,
bimonotone, weakly null basis of X. Let M € [N]*. One can clearly choose a
special sequence (J;j,x;)?:l such that supp(z;) C M for each j=1,...,k. Using
the injectivity of ¢ and the orthogonality of the resolutions r;, it is not difficult

to show that H Z?Zl(—l)jxj’ <14+C+2kn<(C+3)kn, whereas

| S o]+ T o)z S (Xe) -+
jodd j even - ,

Jj=1 Jj=1
This shows that L((e;)ienr, 27%)>1/(2C+6)n.

Our next result together with an earlier observation shows that a Maurey-
Rosenthal-type example as described above is far from possible. Indeed, it

shows that for all £k € N and for all weights ws,...,ws, any infinite subset S
of R(wy,...,wy) contains a further infinite subset &" such that (r,s) > 1 for all
r,seS’.

Proposition 8.4. Let keN. Given k-patterns ¢V, i €N, there exist 1<1; <ly <
. such that ¢ c cb+1) for all i €N.

PrROOF. We apply induction on k. When k=1 the result is trivial. Now assume
that k>1. For each i €N we can write

) — (C(m)’cgi)’ C(i72)7cgi) o C(i,mi),cgril)i’c(i,mi—&-l))

h . o G) - ole col . 1 ¢
where m; 1S a non—negatlve 1nteger, Cj 1S a Sigle colour (1.e. an element o

{1,...,k}) and c(»7) is a k-pattern using exactly the k—1 colours {1, ..., k}\{cg-i)}
for 1 <j <mj, and finally c¢(»™*1) is a pattern (possibly of length zero) using
strictly less than k colours. To see this simply trace the pattern ¢(*) from left to
right and stop every time you have seen all k colours.

We consider two cases. In the first case sup, m; = co. Let A; be the length
of ¢ for each i € N. We can find 1<y <ly <... such that my,,, > Ay, for all
i€N. Then for each i € N the pattern c('i+1) is the concatenation of more than
A, patterns each using all k colours, from which c(#)  c(t+1) is clear.

In the second case the sequence (m;)$°, is bounded. Then after passing to

(@)

a subsequence we may assume that for all i € N we have m; = m, C;t =0

)
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for 1 <j <m, and ¢»™*1 uses exactly the colours from a proper subset S of
{1,...,k}. Then by the induction hypothesis we find 1<1[; <ly <... such that
cli:d) < cllit1:9) for all i €N and for each j=1, ..., m+1l. Tt follows that () C ¢(li+1)
for all i€ N. O

Having seen that there are no pairwise n-orthogonal, infinite sets of resolutions
for any n € (0, 1], we now introduce so-called Rademacher resolutions that form
arbitrarily large, finite sets of pairwise n-orthogonal resolutions for n of the order
1/ Vk. This kills any hope of obtaining a positive answer to Problem 1.2 by
proving a version of the Matching Lemma that allows us to find for any N € N,
infinite sets Lq,..., Ly whose combinatorial data match in a suitable way.

Let k>4 and ko=|Vk]|. Set wjy, =1/ko for each j=1,..., ko, and let w; =0
when j is not a multiple of ky. We will now consider certain special elements of
R=R(wi,...,wy). Fix positive integers ny <...<ny, satisfying

N gk
(75) > s < 27k,
1<j<j'<ko
For n € N we denote by R,, the resolution (¢, «), where
c=(koy... ko,2ko, ..., 2ko, ..., ko, .., k2),

where colour jko appears nn; times, and «; = 1/nn;jko whenever ¢; = jko (i.e.
we distribute each weight uniformly over the corresponding colour). We will
use the following notation: given m € N and a resolution r = (¢, ) we write
(ry...,7)m for the resolution s = (d,3), where d = (c,...,c) with ¢ repeated m
times, and 8= (a/m,...,a/m) with a/m also repeated m times. Note that if
r belongs to R, then so does (r,...,r), (indeed, this is true for any choice of
weights w1, ..., wy). Now given [, n €N, we define the Rademacher R,,; to be the
resolution (R, ..., Rn)k[l)—l. Note that R, ;€R for all [,neN.

Proposition 8.5. For all m,n € N, the Rademachers Rnksnfz pl=1...,m,
are pairwise 5/kg-orthogonal. Moreover, <Rnk'gb*l l,RnkgH ) <1+ % for each
I=1,...,m.
PrOOF. Fix [,I'e€{1,...,m}, let r= Rnkgz—l’l =(c¢,a) and s :Rnkg”*“,l’ =(d, B).
Choose representatives (z,z*) and (y,y*) of r and s, respectively, so that
[r,s] =2 (y) = > i Yi-
i€supp(x)Nsupp(y)

Note that each term z}y; is equal to 2°=a,,2~% for some u and v. Let S; (respec-
tively, So and S3) be the set of all i €N for which ¢, < d, (respectively, ¢, > d,
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and ¢, =d,). It is clear that

Z iy < 2 ko Zau = 27 Fko,

1€S1 u

For each i € S5 there exist 1<j < j' <kg such that 2} =2°«,, and y; =2"%  where
cy = j'ko, o, =1/nnj k" and d, = jko. Moreover, colour jk, occurs nnjkgnfl
times in s. It follows that

g 1 1

* G =d)ko___ = m—1 il

g Ty < E 2 v '/kmnn]ko < e
i€Sa 1<5<j' <ko 370 0

by the choice of ni,...,ng, (75). So the only significant contribution to [r, s]
comes from the set S3 of co-ordinates, i.e. where the colours match. Here we
always have the trivial estimate

foyz SZOzu =w(r)=1.

i€S3 u

In particular, when [ =1’ this gives (r,s) < 1—}—,%0, as required. Note that for 7€ .55
we have z; = y; = 277%0 and z} =y} = 27 /nn kT for some j € {1,...,ko}. In
particular zy; =y x;, so when [ #1" we may without loss of generality assume
that [ < I’. Recall that for each j € {1,...,ko} colour jko in r comes in ki !
blocks, each block having length nn, k:g”_l. Consider such a block B, and suppose
that a d-proportion of the block corresponds to co-ordinates i of x that belong
to S3. The corresponding co-ordinates of y in turn correspond to colour-jkg bits

of s. Since s is made up of kg_l copies of R v and since colour jkg appears

nkg'
nn; kg"_l times in each copy, the number of copies used up in this matching is at
least

m—l
onn; kg

m—1’

_6kllfl
I U
nnjo

(76)
which is strictly greater than 1 if § >1/kg. Also the contribution of a §-proportion
of block B to ) g, 77yi is

1
nn; kg

(77) Snn kg = oky .

Let A be the sum of the ¢’s that are greater than 1/kq over all colour-jko blocks

B of r and over all j € {1,...,ko}. It follows from (76) that Akgil is at most

2/@6/_1, since the number of copies of R .- that make up s is k(l)l_l and each
nko



PARTIAL UNCONDITIONALITY 55

copy is counted at most twice. Hence from (77) we obtain the estimate

1 3
Z xiy; < Akg' + kfw(r) < .
1€S3 0 0
This finally shows that [r, s] <5/kg, as required. O

Remarks. 1. We observed earlier that for any r, s € R we have [r, s] > maxwj,
which in the above situation is 1/kg. Moreover, we always have (r,r)>1 for all
r€R. So the measure of orthogonality we achieve is essentially best possible.

2. In Example 8.3 we required the resolutions in the pairwise orthogonal family
to be ‘flat’. Note that this holds for the Rademachers. Given m,n € N and
le{l,...,m},if Rn%nfz’l:(c,a)7 then max; 2% a; <2F /nn kI — 0 as m — oc.

It is possible to measure, for each n € (0,1), the complexity of the family of
finite sets of pairwise n-orthogonal resolutions by introducing a suitable ordinal
index. We shall not do that, but simply comment that the above result would
then say that for > 5/ Vk and under the assumption that we only use colours
that are multiples of vk and carry equal weights, this complexity is at least w.
Whereas our next result shows that the complexity never exceeds w (and this
holds for general weights). So in some sense the set of resolutions has just enough
complexity to allow the possibility of a negative asnwer to Problem 1.2.

Proposition 8.6. Assume that k€N and wy, ..., wg are arbitrary weights. Let
R =R(wi,...,wx) and n € (0,1/4). For all r € R there exists n € N so that
whenever s1,...,8, € R are pairwise n-orthogonal, we have [r,s;] >1/2 for each
i=1,...,n.

)

PrOOF. Choose jy and j; minimal so that

Jo J1
ijzl/él and ijZI/Z
i=1 i=1

We then have

J1 k
ij21/4 and ij21/2.
J=Jjo J=i

Now assume the result is false. Then there exists r € R such that for all n€N we
have R, CR and t, €R,, such that |R,,|>n, (t,t') <n for all t,t' €R,, with t#¢’
and [r,t,]<1/2. We now verify two claims.
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First observe that for each n € N the number of co-ordinates of t,, of colours
1,...,71 is at most the length of r. Indeed, otherwise we can choose representa-
tives (z,2*) of r and (y,y*) of t,, so that whenever x; =277 for some j > j;, then
y; =277 for some j’ <ji, and this would give [r, t,] >w;, +. ..+wg>1/2.

Secondly, we claim that for all n € N and for all t € R,, the number of co-
ordinates of ¢ of colours 1,. .., jo is at most the length of r. Otherwise by the first
claim we can find representatives (z,z*) of t,, and (y,y*) of ¢ so that whenever
x; =277 for some jo < j<ji1, then y; =2-7" for some 7’ <jo, and this would give
[t 1] > wj +. . .+wj, >1/4.

Now by simple pigeonhole principle, if n is greater than the number of patterns
of length at most the length of r in colours 1,..., jp, then there exist distinct
t,t' € R, so that the patterns in ¢ and ¢’ formed by the colours 1,...,jy are
identical. It follows that there exist representatives (z,z*) of t and (y,y*) of ¢/
so that {ieN: z;=2"9}={i€N: y; =277} for each j=1,..., 5o, and hence we
obtain the contradiction (t,t') >wq+...+w;, >1/4. O

We conclude by constructing a relatively simple example using Rademachers to
show that sups. o K'(5)>5/4.
Example 8.7. Let e€(0,1). Fix positive integers ny <ng and K such that

ni K 2n1 + na
— 42 < and — < 1L
277/2 ‘ a n12K

For an infinite subset M ={m; <ma <...} of N set ny; = (n1+n2)25™2~1 and let
EM = {m37m47 ceey mnM+2}-

Now write Ej; as a union

oKmy—1 oKmy—1
ev= U v U 7%
Jj=1 Jj=1

where IM < JM < I < I3 <. < I, 0 < e, and [IM]=n, 2Kme—Km
and \JJM| =no2Km2—Emi for each j=1,...,25™ =1 Finally, set
oKmy—1 gKmy—1

EM= |J 1 ad EY= |J JV,
j=1 j=1

so we have |EM|=n2Km2=1 and |E}| =n,2K™271 Note that if we let ¢; =2
whenever m; ;€ EM and ¢; =4 whenever m; o€ E}M, then (¢;) is the pattern of
the Rademacher resolution Ryxm,-xm, g, as defined preceding Proposition 8.5
when k=4.
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We shall denote by I the indicator function of a set F'CN, which is also the
element Y, e; of coo. Given M ={m; <my<...} €[N]”, let

1 1 1 1
Tpm = _§em1 + §€m2 + §]IE{V1 + Z]IEZI,VI’
+ _ 1 1 1
Ty = 2€6m, T+ alpm  + 1le,
T = le + e + | + D
M 26ms me + Ele) E e

Define a norm on cgg by setting
2]l = llzlle. V sup {|a}, (E2)| - Me[N]*, E€T}

for each x € cog. Here Z denotes the set of initial segments of N. Let X be the
completion of (cqo, ||-]]). It is easy to verify that (e;) is a normalized, weakly
null, monotone basis of X. We are going to show that for any subsequence (f;)
of (e;) we have K((f;),1/4) >5/4(1+¢€). Since e was arbitrary, this shows that
K(1/4)>5/4.

Fix M ={mj;<my<...}€[N]*. On the one hand we have

N 5
ol = ok (o) = 5.

On the other hand, we are going to show that ||za|| <1+4e. Solet us fix L={l; <

lo<...} €|N]*. We need to estimate x5 (Ezys) for any E €Z. This is always at

least —%. To get an upper bound, we may clearly assume that supp(zar) C E.

We now split into four cases. The first three of these use only the trivial estimate

" (y) =Y aiyi<min {Ja llew - [ylle, o™ lles -yl }
i

for any z*,y € cqg-
Case 1. If [y =mq and ls =ms, then we have
1 1 1

. 1 1
1

1 1
+THEL *I[EI\/I + *]IEIW
‘E2| 2 \2 1 4 72

IA
|
|
+
I
+

11 1 1 1 1
1-= 7(, gKma—1 = 2Km271)
173 5 T p2kma—1\3™ T



58 DILWORTH, ODELL, SCHLUMPRECHT ZSAK

Case 2. If I3 <meo, then we have

* * 1
ry(ry) = xL( - ieml)

B S L+ 1+
+ EL] Bt Y [EE] B 56ma T 5lEM T By

1
< 042-==1.
< 0+2 5

Case 3. If I3 >meo, then we have

ry(rm) = (%611+652)(50M)

1 1 1 1
+(|E%HE1L B e ) (2““” - 4HE¥)

31 1 T T,
< Z.Z24 - (ZpoEKme Znooima )
= 9 2+n12f<lrl(2"1 T

3 2n1 + no
- 2pmTne g

17 Tanok =

Case 4. 1If lo = my and [y # mq, then we have to use the structure of the
Rademacher patterns to get an upper bound. The argument is along similar
lines to the proof of Proposition 8.5. First we have

. 1 1 1 1 1
(78) 2y (zm) = 5" (|E1L]IE1L + |E2L|HE2L> (QHE{W + 4HE§4)7
and
1 1 1 1 g1 M
(79) r e (zﬂElM> < ka1 g M=o

Also, since |Ef N EM|<|EE|—|EF N EM|, we have

1 1 1 1
Ip: (511E1M + Z]IEéu) = SIBInEY|+|Bf nEY|
(80) ) )
< SlErnE 4 BT
Let us now assume that I <m;. For each j=1,...,28071 get

Ay ={ie{1,... 2Ky MNP #£0}
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We now have

PLUES PLUE
EFnEM = Y0 S rFarMi< Y A ng 2K,
j=1 i€A; j=1

Hence from (80) we obtain

Kl —
81 (L 4+ i <12,Km1211A 1
0 ppptee(gle + gley) <5027 T 4l g
Since EX N JM =( whenever min A; <i<max A; for some j€{1,...,280-1} we
have
2K7n171 2K11—1
|E2L ﬁEéVI| = Z |E2L N JlM‘ < (2Km11 _ Z (|A_]‘ _ 1)>n22Km2Km1.
i=1 =

It follows that

1 1 1 1 oKlp—1
(82) @HEZL (Z]IEé\4> S Z — 5 . 27Km1 Z ‘AJ‘ + 2Kl17Km1.

2

j=1
Note that 25 —Km1 <2-K gince we are assuming that I; <m;. Putting together
(78), (79), (81) and (82) we finally obtain

n
(83) i(ay) <1+ — 427K <14

2n2
as required. The case when [; >m; is very similar. For each j=1,...,2Km~1
set

Aj={ief{1,... 281 TF M £0}.

We then proceed as before making the obvious changes in the various summations.

Remarks. 1. Since [|z},[l,, < % for all M € [N]*, the basis (e;) of X is 7/2-
equivalent to the unit vector basis of ¢y, yet no subsequence is C-unconditional
for C'<5/4(1+¢€). So the above example also shows that C(d) > 5/4 whenever
§ <2/7, where C(9) is the constant introduced in Section 5 in relation to the
co-problem.

2. The basis (e;) of the space X constructed above is also an example of a nor-
malized, weakly null sequence that has no quasi-greedy basic subsequence with
constant strictly less than 8/7. To see this let @ = 2/3 and let

2
YM = —QCp, + ey, + ]IE{W + E]IEé”a

+ o 2
Yu = em, + Ipy + 3lgm
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for each M € [N]* (following the notation in the proof above). Given € >0 we may
choose the parameters ni,ns, and K so that

lyall _ 8
(84) Wl S 2 ¢
lyacll — 7

for all M € [N]*. This is proved by exactly the same calculation as in the proof
above.

Now if a=2/3—n for some 1> 0, then (84) still holds provided 7 is sufficiently
small. Then yj\} is the projection of yj; onto the set of co-ordinates where the
size of the coefficient is at least 2/3. It follows that (e;);car is not quasi-greedy
with constant 8/7—e¢ for any M € [N]“.
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