ON THE VANISHING OF FOURIER COEFFICIENTS OF CERTAIN
GENUS ZERO NEWFORMS

MATTHEW BOYLAN, SHARON ANNE GARTHWAITE, AND JOHN WEBB

ABSTRACT. Given a classical modular form f(z), a basic question is whether any of its
Fourier coefficients vanish. This question remains open for certain modular forms. For
example, let A(z) = > 7(n)q"™ € S12(Tp(1)). A well-known conjecture of Lehmer asserts
that 7(n) # 0 for all n. In recent work, Ono constructed a family of polynomials A, (z) €
Q[z] with the property that 7(n) vanishes if and only if A, (0) and A4,,(1728) do. In this
paper, we establish a similar criterion for the vanishing of coefficients of certain newforms
on genus zero groups of prime level.

1. INTRODUCTION

Let z € H, the complex upper-half plane, let ¢ := €**, and let N and k be positive
integers. A classical modular form f(z) of weight k£ on the congruence subgroup I'g(N) has
a g-expansion f(z) = > ay(n)g". Of some interest are questions as to when, if ever, the
coefficients as(n) vanish.

We completely understand the vanishing behavior of coefficients of certain types of mod-
ular forms. For integers j > 0 we denote the jth Bernoulli number by B;. For even integers

k > 2, we define the Eisenstein series of weight k on SLy(Z) by

(1.1) Ey(z)=1— %’Zide—lqn.

n=1 djn

Further, we agree that Ey(z) := 1. When k > 4, Ei(2) is a modular form, none of whose
coefficients vanish. At the other extreme, one calls a modular form lacunary if a density one
subset of its coefficients vanish. Serre [17] proved that an integer weight modular form is
lacunary if and only if it is a linear combination of modular forms with complex multiplica-
tion; he later used this criterion [18] to prove that [[(1 — ¢")" with even r > 2 is lacunary if
and only if r € {2,4,6,8,10, 14, 26}.

On the other hand, for some modular forms f(z), it is not known whether any coefficients
af(n) vanish. Lehmer’s Conjecture furnishes the most famous example of questions of this
type. Let

o0

(1.2) n(z) =g [J(1—q")

n=1
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denote the Dedekind eta-function. We define the Delta-function by

3
L=

It is a cusp form of weight 12 on SLy(Z). Lehmer’s Conjecture asserts that 7(n) # 0 for
all n.

In recent work, Ono [13, 14] constructed a family of polynomials A, (x) € Q[z] for all n > 1
with the property that 7(n) vanishes if and only if A,(0) and A, (1728) do. In this paper,
we establish a similar criterion for the vanishing of coefficients of certain newforms on genus
zero groups of prime level. Moreover, we highlight deeper connections our construction has
to the theory of harmonic weak Maass forms. To state our results we first require some
notation and definitions.

In this paper, we consider N € S := {1,2,3,5,7,13}; for these N, the modular curve
Xo(N) has genus zero. In addition, for N # 1 in S, the congruence subgroup I'o(/V) has
two inequivalent cusps, represented by zero and infinity. We denote the complex vector
space of weakly holomorphic modular forms of weight k on T'g(N) by M} (T'o(N). Forms in
M;(To(N)) have poles, if any, supported at cusps. We denote by M, (T'o(N)) and Si(To(N))
the subspaces of holomorphic modular forms and cusp forms, respectively.

For N € S and positive integers k, we require certain Eisenstein series in My (Io(N)). If
x is a Dirichlet character modulo N and j and n are integers with j > 0, we define

Oyj(n) = Z x(d)d&
dln

We denote by % the trivial character modulo N, and we set 0;(n) := ouiv ;(n). For N # 1
in S, we define

NEy(Nz) —

Es(2) S
T 2 1+—Z<M.V1 n)q" € My(To(N)).

(1.3) EX,Q(Z) =

For N € S and weights k£ > 2, we define

(1) Brsoel2) = 14+ = 4 whie) ver
. 00 Z — DY :: 2)— z
Nk, W N € {2,3,5,7,13}).

Note that for N # 1 in S, the form Ex o (2) does not vanish at infinity, but vanishes at
the cusp zero. Moreover, for such N, it follows from (1.1) and (1.4) that

(1.5) Fnpeo(z) =1— #5—1) i (Nkak_l (%) - ak_l(n)> q".

For N # 1 in S, we also require

(1.6) Engko(z) =q+- Ex(Nz) — Ex(2)) € Mi(To(N)).

2k:(
Note that En k. (z) does not vanish at the cusp zero, but vanishes at infinity. We have

EN,k,o(Z) = i <0k71<n) — Ok—1 (%)) q".

n=1
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Now, let N € S and let k € Z. If Si(I'g(IV)) is one-dimensional, we denote its normalized
generator by

(1.7) fan(z) = ZaN’k(n)q" =q+-.

n=1
In the following table, we list all one-dimensional spaces Si(I'o(N)) and the corresponding
fnk(2) in terms of (1.1), (1.2), (1.3), (1.6) and (1.9) (see below for the definition of (1.9)).

N k frne(2)

1| 12,16,18,20,22, 26 1(2)?* By_12(2)

2 8 n(2)*n(22)°

2 10 fos(2)E35(2)

3 6 n(2)°n(32)°

3 8 f36(2)E55(2)

D 4 n(2)'n(52)"

b 6 f54(2) E55(2)

7 4 % (7(2) Era0(2) — Eraco(2))

In [16], Ono presents a table with similar information for all even weight eta-product new-
forms, a list that contains our fi12(2), fos(2), f36(2), and f54(2). We have checked for
vanishing among ay x(n) for n < 10,000, and the only form to have vanishing coefficients
for such n is f54(2). One can check for n = 2"m with » = 3 (mod 4) and m odd that
as4(n) = 0.

Moreover, congruences for the coefficients of fy(z) restrict the possible n for which
ay k(n) could vanish. For example, let N = 2 or N = 3 and suppose that ¢ is prime with
(| Bx(N* — 1) but £{ 2k. One can show for all primes p # N that

(1.8) ani(p) =1+ p" (mod ¢).

Hence, if ay(p) = 0 then we must have p*~! = —1 (mod ¢), which implies for (N, k,¢) €
{(2,8,17),(3,6,13),(3,8,41)} that p = —1 (mod ¢). Similar congruence restrictions hold
for the coefficients of the other forms in the table.

We now turn our attention to defining ¢n(z) € M(Io(N)) NZ((q)), a suitable generator
for the field of rational functions on Xy(/N). For this purpose, take

j(z) = Ei(z)?’A(z)*l it N=1,
(1.9) on(2) = < n(2) >m it N#1in S.

n(Nz)

Next, for N € S and n > 0 we define a sequence of forms jy,(2) € M}(To(N)) as follows.
Let f(z) be a meromorphic function on H, let 7 € HU Q U {oc}, and denote by v.(f(z))
the order of vanishing at 7. Set jyo(2) := 1, and for n > 1, define jn,(2) to be a form in
M{(To(N)) for which

v

v (jnn(z)) = 0,
(1.10) Jna(2) = ¢ " 4 enm + O(q).
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Observe that jy.,(z) is the unique form in M{(Io(N)) with these properties. To see this,
note that if f(z) is a second form with these properties, then the difference jy . (z) — f(2) is
a holomorphic modular form of weight zero which vanishes at infinity. Hence, the difference
is constant; in particular, it must be zero. Further, note that jx1(z) = ¢n(2).

We now define a related sequence Jy,(z) € My(To(N)). For all N € S define Jy(2) := 1,
and for all n > 1, set

(111) JN,n(Z) = jN,n(Z) — CNp = q—n + O(Q)
We remark that for positive integers n with N tn, we have
INn(2) = JIna1(2) | n"Tno(n),

where Ty o(n) is the usual Hecke operator with level N, weight 0, and index n. Now, since
jna(2) generates the space Mj(To(N)), and since Jy,(2) € M (Lo(N)) satisfies vg(JIn . (2)) >
0 and voo(Jnn(2)) = —n, it follows that Jy,(z) is expressible as a monic polynomial in
Jna(z) with integer coefficients. Hence, for all integers N € S and m > 0, we define monic
polynomials py ., (z) € Z[x] as follows. Set pno(z) := 1 and for m > 1, define py ,(x) by

(1.12) pnm(na(2)) = Inm(2).-
We will study the generating function for these polynomials, given by
(1.13) Hya(2) =) pnnl(®)q";
n=0

the polynomials p; ,,(z) are usually called Faber polynomials.

Finally, for pairs (NN, k) with Sk(I'g(N)) one-dimensional, choose G = 1+4--- =Y bg(n)q¢"
in My_o(I'o(N)). For m > 0, and with py,,(z) as in (1.12), define polynomials Ay k. c.m(2)
by

(114) Z A]\Lk,G’m(ZE)qm = HN,:C(Z) . G(Z) — EN,k,oo(Z>'

When N = 1, the mth g-expansion coefficient of Ey ko (2), which we denote by Sy x(m), is
given by (1.1). For N # 1 in S, the mth coefficient of Ey k(%) is given by (1.5). It follows
from (1.14) that

(1.15) ANk (@) = Y ba(n)pNm-n(®) = By i(m).

We now use the notation and definitions above to concisely state the known results on
vanishing criteria for newform coefficients in terms of the polynomials in (1.14).

Theorem 1.1. Assume the notation above. Let N = 1, let m be a positive integer, let
k€ {12,16,18,20,22,26}, and fir G(z) = Ex_2(z).

(1) If k= 0,4 (mod 6), then we have ay ,(m) = 0 if and only if A1 kcm(0) =0.

(2) If k=0 (mod 4), then we have a1 z(m) = 0 if and only if A; j.cm(1728) = 0.

Remark 1. The k = 12 case is due to Ono [13, 14]. In this case, a;12(m) = 7(m), and
the theorem provides a criterion for verifying Lehmer’s Conjecture. The result for weights
k # 12 follows from work of the first author [5].

Therefore, our main result extends the results of Theorem 1.1 to other levels N € S.
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Theorem 1.2. Assume the notation above.

(1) Let N =2, and suppose that m is a positive integer. Then ass(m) = 0 if and only if
Ass.am(z) =0, where (G, x) is given by the following table:

G x
Es(2) —26 29
Es(22) 93, _96
Es6.00(2) —26

Ey(2)B3,(2) | 26, —2°
Ey(22)B3,(2) | 21, —2°

(2) Let N = 3, and suppose that m is a positive integer. Then azg(m) = 0 if and only if
Asgam(x) =0, where (G, x) is given by the following table:

G x
Ey(z) | =33 =35
Ey(32) | =3, =33
Es400(2) 33

Remark 2. Analogous results hold for (V, k) € {(2,10), (3,8)} using the identities fs10(2) =
fas(2) - E;z(z) andfss(z) = f36(2) - E§72(z); see Section 2.

Remark 3. Let w := %TS The arguments x in the theorem are precisely the rational in-
teger values of ¢ (7) at elliptic points of I'g(N) or points 7 € {i,w,i/N,w/N}. Equivalently,
the x values arise as the values of ¢ (7) at zeros of G(z). In particular, the valence formula
shows that Ga(z) € Ms(I'(2)) must have a zero at 13*, a representative of the unique elliptic
point for T'y(2), and that Gs(z) € My(T'y(2)) must have a zero at 252, a representative of
the unique elliptic point for I'g(3). Observing that ¢ (%) = —26 and that ¢3 (QJFT“) = —33,
it follows that part (1) of the theorem holds for all pairs (G(z), —2%), while part (2) of the
theorem holds for all pairs (G3(2), —3?).

We note that there may be points 7 of this type for which ¢x(7) is not a rational integer.
For example, when N = 3, one can show (see Section 2) that while ¢3 (QJFT“’), ¢3(w), and

O3 (%) are rational integers, we have
(1.16)  ¢s(i) = =9+ 6vV3 =3(—3+2V3), o3 (%) =243 — 162v/3 = 3*(3 — 2V/3).

Moreover, for N € {5,7,13}, none of the values of ¢x(7) at such points are rational inte-
gers. Nevertheless, one could derive further results of the type in Theorem 1.2 by studying
Ac.ngm(z) at algebraic integral arguments x which arise as values of ¢n(7) at quadratic
irrationalities in H. For simplicity and aesthetics, we do not pursue further investigation of
examples of this type.
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Here we list examples of the polynomials Ay k. ¢.m(z) above. For (N, k) = (2,8) and m =3
we have

Ao g pe(n)3() = 2° — 4322% — 399242 — 29%%§§2’

Az g pe(2)3(x) = 2° + 722 — 3967 — 13:;’384 :

Ao g By o (2)3(T) = 2 4+ 802% 4 10362 + % :
/11&EM@)E£2@)3(x):::rg%—33613-+»21516x-+»45ﬂi?84,

288704
AQ,S,E4(2Z)E§72(Z),3(5L’) = 2% + 9622 + 23162 + )

Similarly, for (N, k) = (3,6) and m = 2 we have

65223
As6.5.(2)2(0) = 2 + 264z + 3
297
A376,E4(3z),2<x) = $2 + 24x — K ,
1116
A3767E3,4,oo(z),2<13> = 22 + 21x — —13 .

Note that in the examples above, all coefficients are integers except for the constant terms.
If G(2) has integer coefficients, it follows from (1.15) that all coefficients of Ay j ¢ m(z) must
be integral with the possible exception of the constant term. The integrality of the constant
term depends on [y x(m), the mth coefficient of En . o(2). Thus, a necessary condition for
ayk(m) to vanish is that By x(m) be an integer. Consequently, if p is a prime for which
ass(p) = 0, then (1.5) implies that p = —1 (mod 17). Similarly, if p is a prime for which
as¢(p) = 0, then we must have p = —1 (mod 13). These observations are consistent with
those following from the congruences (1.8).

The outline of the paper is as follows. In Section 2, we prove Theorem 1.2. We do this
directly using facts about modular forms. In Section 3, we describe an alternate approach
to the proof using harmonic weak Maass forms.

2. PROOF OF THEOREM 1.2
Let 7 € H. In [4], Asai, Kaneko, and Ninomiya proved that
S 0(j(z) —i(1)) _ Eu(2) 1
2.1 Jin(T)g" = —— : = = —.
2 D 1 e B e M e
This formula is equivalent to the denominator formula for the Monster Lie Algebra and has

connections to other “Moonshine” phenomena; for details, see [8]. Since j(i) = 1728 and
j(w) =0, equation (2.1) has the following specializations:

(2.2) Hy1708(2) = Zpl’n(1728)q” = Z Jia(i)d" = gig’

o TYEED SMUTEED SURENES - &1
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Now, let N # 1 in S. The generating function for Jy,(7) has a formula similar to (2.1),
which we now describe. With ¢n(2) as in (1.9), Ahlgren [3] proved the formula

o BOE ™) g g (v
24 S ina = TSI Biale) = ) (o g )

Let ¢y, be as in (1.10). An application of the Residue Theorem to (jyn(2) — cnpn) -
Ena.oo(2) € My(To(N)) shows that

24
m . O'X%iv71<n).

CNn

From (1.3), (1.11), and (2.4), it follows that

- W 06N (2) —on(T) | Erna(2)on(2)
(25) D e £ Rl o = e o

In this setting, we seek analogues of (2.2) and (2.3). When N = 2, we consider
(¢2(z) + 256)°

2.6 1(z2) = )
(2.6 i) =
2.7 22) = ———F—
27) jaz) = PE
for this purpose. For the remaining values of N # 1 in S, we record analogous expressions
. Yna(on(2)) , Yn2(on(2))
in the following table:
N Y () Yn2(7)
3 (x4 243)3(x + 27) (z +3)3(z + 27)
5 (2% + 250z + 3125)3 (z? + 10x + 5)3
7 (22 + 13x + 49)(2? + 245z + 2401)3 (22 + 132 + 49) (2 + bz + 1)3
13 (2% + 5z + 13) (2% + 52 + 13)
X (z + 24723 + 338027 + 1183x + 28561)3 | x (z* + 723 + 202 + 19z + 1)3

Returning to N = 2, we compute the value of ¢, at elliptic points of I'g(2) and at points
T € {i,w,i/2,w/2}. We observe that I'y(2) has a single elliptic point of order 2, represented
by (i+1)/2, and that j (%) = j(i) = 1728. From (2.6), we then conclude that z = ¢, (1)
and x = ¢,(i) are roots of the polynomial

(z +256)° — 17282% = (z + 64)(z — 512)* = 0.
Using the g-expansion for ¢o(z), we find that

(2.9) b (1 ! Z) — 64 go(i) =512,
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Similarly, if we let z =i/2 in (2.7), we deduce that

(3)+

Alternatively, one may compute the last value from the identity

N12/(N-1)

on(z/N)’

which follows from the transformation formula for 7(z) and the fact that j(z) = j(—1/z).
We also substitute j(w) = 0 in (2.6) and (2.7) to obtain

Ga(w) = =256, 2 (5) =16,

For each of the preceding special values, one may use standard techniques to express
¢2(2) — ¢o(T) as a ratio of Eisenstein series. For example, we have

1 +z’> _ E5L(2)°
2 E274’0(Z).

In view of such identities, we conclude the following analogues of (2.2) and (2.3) for N = 2.

on (=1/2) =

¢2(2) + 64 = ¢o(2) — ¢ (

Lemma 2.1. Assume the notation in (1.1), (1.3), (1.4), (1.11), (1.12), and (1.13). Then
the following identities hold:

S n . 1 n E , ,oo(Z)E* (Z)
Hyg(z) = Zpg,n(S)q = Z Jom (5) = 2,6 EG(QZ)Q,Q ’
n=0 n=0

o] 0o " E (2
Houl2) = 3o pea 100" = 3 o () 0" = Zo50,
n=0 n=0

E4(22)
3 = (140 . Baewl?)
H y <Z> - p ,n<_64)qn — J n <—) qn — :k’ ,
o ”Z=0 2 nZ:o i 2 E35(2)?
oo 00 P e
H,236(2) = 3 _pon(=256)" = > Jon(w)q" = —7;’64@()—),
n=0 n=0
N S Bagal2)Ei(2)
Hy519(2) = Zp2,n(512)q = ZJ2,n(Z)q _ 26 E6(z)2,2 '
n=0 n=0

We next consider N = 3 and similarly calculate ¢3(z) at elliptic points of I'y(3) and points
7 € {i,w,i/3,w/3}. The congruence subgroup I'g(3) has a unique elliptic point, represented
by (2+w)/3. We find that j (3%) = j(w) = 0. Substituting this information in the
expressions for j(z) and j(3z) in terms of ¢3(2), we obtain

2
(2.10) da(w) = —243, ¢ (%) =27 % (3)=-3
On the other hand, (1.16) shows that ¢5(i) and ¢3(i/3) are algebraic integers, but not rational
integers.
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We further require g3(z), a modular form which transforms with respect to the character

X-3() == (;3)

n(z)°

n(3z)3 € Ms(T'o(3), x-3).

(2.11) g3(2) ==

For 7 € {2+‘” w, %}, we may express ¢3(z) — ¢3(7) as a rational function of Eisenstein series
with rational coefficients, from which we conclude the following lemma.

Lemma 2.2. Assume the notation in (1.1), (1.3), (1.4), (1.11), (1.12), (1.13), and (2.11).
We have the following relations:

> n E (Z)E3747OO(Z)
H3,73(2):Zp3m(—3)q = 22 )

E4(32)
Cg3(2)*
H g —2
3, 27 pan 7 E34oo< )7
_ B5a(2) By ac(
Hj _o43( E P3n(—243)q 2.2 Ei(2) )

We now use Lemmas 2.1 and 2.2 to prove Theorem 1.2.

Proof of Theorem 1.2. Fix (N, k) = (2,8). For the pairs (G(z), x) in part (1) of the theorem,
(1.14) together with Lemma 2.1 imply that

D Ass Gy (@)™ = Hag(2) - G(2) — By oo(z) € Ms(To(2)).

Since M3(I'y(2)) has dimension 3, one may now readily deduce for each such pair (G(z), z)
that there is a constant cq ,, as in the following table, for which

Z A 8.62)m ()0 = can - f258(2).
m=1

Note that this constant must be cq, = Azgar)1(x). Hence, we see for all m > 1 that
azs(m) is a non-zero multiple of Ay g ¢(z)m ().
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G(z) x CGa
Eg(2) 512 | 28
FEg(22) 8 576

Ey(2)E},(2) | =256 | 21°
Ey(22)E5,(2) | —16 | 22

Es(2) —64 | —216

Eg(22) —64 | 848
Ey(2)E355(z) | —64 | %P
Ey(22)E5,(z) | —64 | =22

Ea6.00(2) —64 | -2

Part (2) of Theorem 1.2 follows similarly. Let (N, k) = (3,6). For each pair (G(z), z) in part
(2) of the theorem, (1.14) and Lemma 2.2 imply that there is a constant cg, = Asgc(2),1(2)
for which

Z As6.6:)m ()0 = can - [3,6(2).
m=1

We give the cg , below. The theorem follows.

G(z) x CGa
Ey(z) | —u43 |
Ei32) | —3 | 1
Eiz) | —o1 | 2
Ey 3z) | —27 | =%

Bsaoo(z)| —27 | =22

O

Remark 4. One may combine the objects we consider in various ways to obtain further
identities. For example, we have:

(1) fos(2) = Ha6a(2) - E2g0(2).

(2) fs6(2) = Hz —27(2) - E360(2).

(3) H2’512<Z> . E@(Z) == HQ’S(Z) . E6(2Z)
(4) H27_256(2) . E4(Z) = H27_16<Z) . E4(22)
(5) Hg,_243(2) : E4(Z) = Hg,_g(Z) : E4(3Z)

Observe that identities (3) and (4) follow from the tables in the proof of Theorem 1.2.
Remark 2 following Theorem 1.2 states that analogous results hold for (N, k) € {(2,10), (3,8)}.
For (N, k) = (2,10), these results follow from the proof of Theorem 1.2 and the identities

11520

(2.12) E55(2) fas(2) = fon0(2), FE32(2)E2g00(2) = Ea10,00(2) + T f2,10(2).
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For example, the proof of Theorem 1.2 part (1) for (G(z),z) = (Es(22),8) gives

H2’8(Z) : E6(2Z) — EQ’&OO(Z) = % : f278(2).

Multiplying both sides by E3,(z) and using (2.12), we conclude that
= . s 1728
Z A27107E§,2(2)E6(2z)7m(S)Q = Hys(2) - E55(2)E6(22) — En10,00(2) = 31

m=1

flo,z(Z)-

It follows that as10(m) = 0 if and only if Ag 10,55, (2)Es(2:),m(8) = 0. Similar results hold for
(N, k) = (3,8) using the proof of Theorem 1.2 and the identities

6804

E35(2)f36(2) = f38(2),  E32(2)E3600(2) = E3800(2) + a3 f38(2)-

Furthermore, one can derive variants of the results of Theorem 1.2 in certain cases. For
example, when N = 5, we observe that I'g(5) has elliptic points of order 2 represented by
T e {3, 2} For such 7, we note that j(7) = j(57) = 1728. With 5 (z) and ¢55(z) as in
(2.8), we determine that 17282° = 15 ;(z) and that 1728x = 15 5(x), and we conclude using

Fourier expansions that

2+ . 3+1 .
¢5< 5 ):—11—21, ¢5( 10 ):—11+22.

To pursue this example, we define the auxiliary form

0s(2) = G 11 0(g) € Mu(Tu(5)).
7%(5z)
Using the identities
Y
Bra(ahon(s) = =) gty ) 4 125 = 2D B0
we find that
Hs _11490i(2)Hs _11-2i(2) = g5(%)
and that
125
H5,711+2i(Z)H5,71172i<2) - E5,4,oo(2) = ETY ) f5,4(2),
125

H5,—11+2i(z)H5,—11—2i(Z) : E;2(z) - E5,6,oo(2) = _H : f5,6(2’)-

3. AN ALTERNATE VIEWPOINT: HARMONIC WEAK MAASS FORMS

In [13], Ono gives two proofs of Theorem 1.1 for weight & = 12. The first follows from
manipulation of (2.2) and (2.3) via facts on classical modular forms. The second follows
from interplay between modular forms and harmonic weak Maass forms. Using facts in [5],
both methods extend to prove the remaining cases of Theorem 1.1. In this section we sketch
the main ideas in the proof of Theorem 1.2 from the viewpoint of harmonic weak Maass
forms. We begin with some definitions; throughout we assume the notation from Section 1.
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We recall the definition of a harmonic weak Maass form. Let z = x + iy € H. We require
the weight k£ hyperbolic Laplacian, denoted by

0? 0? 0 0
22 2 — ; . _
Ap = —y (8x2+8y2>+Zky(a —|—zay>

A harmonic weak Maass form of weight k on I'g(/N) is a smooth function f on H satisfying:

(i) For all M = (2}%), we have (f|,M)(z) = f(2).
(ii) Agf =0.
(iii) There is a polynomial P; = nzgoc}r(n)q" € Clg™'] such that f(z) — Ps(z) = O(e™)
as y — oo for some € > 0. One requires analogous conditions at all cusps.
For a fixed cusp, one calls the corresponding polynomial Py in (iii) the principal part of the
expansion at the cusp. We denote the vector space of forms satisfying (i)-(iii) by Hi(I'o(V)).
For details on harmonic weak Maass forms, see [16] for example.

Let £ > 2 and N > 1 be integers. Important examples of forms in Hy ;(I'o(N)) include
non-holomorphic Poincaré series, as we now describe. For details on series of this type, see
[6] or [7]; for details on the special functions required to define these series, see [1] or [2]. Let
s € C, let y € R— {0}, let e(x) := €™, and let M, , be the usual M-Whittaker function
with parameters u, v. We define

M ( ) |y| sgn(y)(lfg),s—%ﬂy”a
and we define
¢s(2) 1= Ms(4my)e(x).
We let I'g(V)s denote the stabilizer of oo in I'g(N). For matrices M = (3 Z

we define the slash operator [, M (see [11] for example) on functions f(z) in the usual way,
and we define Y%V (M) := x%V(d). We may now define the non-holomorphic Poincaré series

(81) Frau(z) = (kfl), Do (WD bun (=2) lak M) € Haoy(To(N)).
" METo(N)oo\To(N)

) € SLy(Z),

To describe g-expansions for Fyy o_x(z), we require I'(a, x), the incomplete Gamma-function.
One may canonically decompose Fi2_j(2) as a sum of holomorphic and non-holomorphic
parts, writing

Frnp-i(2) = Fro 4 (2) + Fypi(2),

with
Ffvr2 L(2) =q 1y Zoﬁ
n=0
. 1 LS -
Fyoi(2) = —mr(k — Ldmy)g '+ a” (m)T(k — 1, 4mny)g "

n=1

exact formulae for the a™(n) and a~(n) are given in [6]. We note that for N € S, we have

a*(0) = {—W’Zn N =2,3,57,13,

2k —
By N =1.



ON THE VANISHING OF FOURIER COEFFICIENTS OF CERTAIN GENUS ZERO NEWFORMS 13

We now describe the interplay between newforms fxx(2) as in (1.7) and harmonic weak
Maass forms Fyo_r(2) as in (3.1). We require the differential operator

0
=20 =
ok vy 0z
This operator satisfies & : Ho x(Fo(N)) — Sp(To(N)). If || - || denotes the Petersson

product on Sy (To(N)), then one can show that & (Fnao (2)) = ||fvr(2)]] 72 fyr(2). As
such, we say that Fy(z) is good for fnx(z). For the complete definition of what it means
for a form in Hy_(Io(NN)) to be good for a normalized newform in Si(I'o(NN)), see [10].

Remark 5. More generally, suppose that F'(z) = F*(2)+ F~(z) € Hy_;(Tg(N)) is good for a
newform f(z) € Si(I'o(N)) and that p{ N is prime. Theorem 1.4 of [10] gives the following
necessary condition for the vanishing of coefficients as(p) of f(z) in terms of algebraicity of
coefficients a™(n) of F™(z). Let ord,(n) denote the highest power of p dividing the integer
n. If ag(p) = 0, then for all n with ord,(n) odd, a™(n) is algebraic. Theorem 1.3 of [10]
asserts that if f(z) has complex multiplication, then for all n, a*(n) is algebraic. A question
of Ono [16] asks whether the converse is true.

We now describe how the polynomials Ay () in (1.14) arise from harmonic weak
Maass forms. Recall that the forms fy(z) have Fourier coefficients ay x(n). Let T x(m)
denote the usual Hecke operator of weight k, level N, and index m. Since the fyx(z) are
newforms, they satisfy, for all primes ¢ # N,

Snw(2) | Tna(l) = an i (0) v e(2)-
Therefore, for a fixed prime ¢ # N, we define

LN7k7g<Z) = gk_l(FNg_k(Z) | TN,Q—k(E) - El_kaN7k(€)FN72_k(z)).
Arguing as in [5, Proposition 3.1] or [9, Section 7], one can show, since Fy x(z) is good for
fvi(2), that Fg,_,(2) is an eigenform for Tz x(¢) with eigenvalue £'~*ay x(£). Tt follows
that Lyxe(2) € My ,(To(N)) and that

Lyge(2) = O (F o g (2) | Trna-i(0) = 07 an k(O Fy oy (2))

=g~ —anp(O)g™" +a"(0) (041 (6) — an(0)))

+ i <€k_1a+(€n) —ay(l)at(n)+a* (%)) q".

In order to obtain a convenient closed-form expression for Ly ¢(%), we require an auxiliary
modular form G(z) as in Section 1:

G(z) =) ba(n)g" =1+ € M_o(To(N)).

By construction, the forms Ly ¢(2) and Ly (2) - G(2) € My(To(N)) have non-vanishing
principal parts at infinity, but vanish at the cusp zero. We compute

L 1

Lyie(2)-G(2) = ba(n)q"" = ans(0) D ba(n)g" ™" + a*(0)(or-1(0) — arn(0)) + O(q).

n=0 n=0
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With ¢n(z) asin (1.9) and Ank.em(z) asin (1.14), we observe that
ANk N (2)) — ani(0)Ac nri(on(2))

and Ly j ¢(2)-G(z) have the same principal part at infinity. Since both forms are holomorphic
at zero, their difference is

Lnge(2)  G(2) = (Ankce(dn(2)) — ani(O)Ankci(dn(2))) € Mo(To(NV)).

Hence, it is constant. In particular, the difference vanishes at infinity and is therefore equal
to zero, from which we conclude that

AN pco(on(2)) — anp(O) Ang,ca(on(2))
G(z) '

Now, recall that Ly gme(2) € M, (To(N)). Hence, if G(2) € M;_o(To(N)) vanishes at
7 € H, then Anjco(dn(2)) — anp(()Anrci(Pn(2)) must also vanish. Using the valence
formula, we recover the results in Theorem 1.2; see, for example, Remark 3.

For (N, k) € {(2,10),(3,8),(5,4), (5,6)}, the valence formula reveals no information about
vanishing of G(z) € My_o(I'o(V)) at elliptic points. It does, however, yield information when
(N, k) = (7,4). In this case, M (I'o(7)) = CE3,(2), so it suffices to consider G(z) = E7,(2),
a form with integer coefficients. The valence formula reveals that E7,(z) vanishes at one
or both representatives 7 € {=3 3t2} of the elliptic points for I'y(7). By (2.8), the
corresponding values ¢7(7) must be common roots of the polynomials 17 (x) and 7 2(x).
We find these common roots to be

(32) LN’k,g(Z) =

—13+ 3iV/3
Ty = #

Note that they are not rational integers. As they are complex conjugates, it follows from
(1.13) that the Fourier coefficients of Hy ., (z) are complex conjugates. Therefore, the nu-
merator in (3.2) vanishes at both elliptic points. We conclude that

—13+ 31v3 —13 £+ 31v3 8 3v3.
Az 4G <—\/_> = a74(0)A7 461 <—\/_> = (- + il) az4(0).

2 2 5 2

Hence, for (N, k) = (7,4), we obtain a vanishing result similar to Theorem 1.2.
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