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THE PARTITION FUNCTION MODULO PRIME POWERS

MATTHEW BOYLAN AND JOHN J. WEBB

ABSTRACT. Let ¢ > 5 be prime, let m > 1 be an integer, and let p(n) denote
the partition function. Folsom, Kent, and Ono recently proved that there exists

a positive integer by(m) of size roughly m? such that the module formed from
the Z/¢™Z-span of generating functions for p (el);—4+1> with odd b > by(m)
has finite rank. The same result holds with “odd” b replaced by “even” b.
Furthermore, they proved an upper bound on the ranks of these modules.

This upper bound is independent of m; it is {% .

In this paper, we prove, with a mild condition on ¢, that by(m) < 2m — 1.
Our bound is sharp in all computed cases with £ > 29. To deduce it, we prove
structure theorems for the relevant Z/¢"Z-modules of modular forms. This
work sheds further light on a question of Mazur posed to Folsom, Kent, and
Ono.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let n be a positive integer. A partition of n is a non-increasing sequence of
positive integers whose sum is n. The ordinary partition function, p(n), counts the
number of partitions of n. By convention, we set p(0) := 1; for « ¢ NU {0}, we set
p(a) :=0.

Some of the most fundamental and elegant arithmetic properties of p(n) are
the Ramanujan congruences and their prime power extensions proved by Atkin [5],
Ramanujan [19], and Watson [25]. Let £ > 5 be prime, and let b > 0 be an integer.
With 1 < 6,(b) < ¢°—1 and 243,(b) = 1 (mod ¢°), the extensions are, for all n > 0,

p(5°n + 65(b)) =0 (mod 5°),
(1.1) p(TPn+07(b)) = 0 (mod 7L0/2)+1),
p(11°n +611(b)) = 0 (mod 11°).

These congruences have inspired a terrific amount of interest in the study of p(n),
its generating function, and allied functions. Landmark works include, for example,
the papers of Andrews and Garvan [4] and of Atkin and Swinnerton-Dyer [8] on the
rank and crank partition statistics. They also include papers of Ahlgren and Ono
[1], [2], [16] which prove, for fixed M coprime to 6, that there are infinitely many
non-nested arithmetic progressions An + B such that p(An + B) = 0 (mod M).
For further examples, see [3], [17], and [18], and the references therein.

1.1. Main theorems. We now focus on recent work of Folsom, Kent, and Ono
[12] related to (1.1). Both this work and the works proving (1.1) result from using
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2170 MATTHEW BOYLAN AND JOHN J. WEBB

the theory of modular forms to study generating functions of type

> On+1\ 0
(1.2) Py(b; z) == ZP (T) "

n=0

The principal result in [12] is the following.
Theorem 1.1 ([12], Theorem 1.2). Let £ > 5 be prime, and let m > 1. Then there

s an integer
-1

such that the Z /€™ Z-module
Spang, jpmz{ Pe(b; 2) : b > be(m), b odd}

has finite rank

(13) ro(m) < Vl‘—;J - VZ;J _ V;—ﬂ — R,

Similarly, the “even” Z/{™Z-module Spang, jmz{P(b;2z) : b > be(m), b even} has
finite rank bounded by Ry.

Remark. (1) From (1.3), primes ¢ € {5,7,11} have R, = 0, which explains
(1.1). For primes 13 < ¢ < 31, (1.3) gives Ry = 1. It follows for all integers
b1, by with by = by (mod 2) and by > by > by(m), that there exists an
integer Ag(b1, b2, m) with

O+ 1Y Pin+1 m
p(T) :Ag(bl,bg,m)-p<T> (mod ¢™) for all n.

This is Theorem 1.1 of [12].
(2) The authors of [12] use Theorem 1.1 to settle a conjecture of Atkin from
[6]. For primes 5 < ¢ <31, m > 1, and b > bg(m), they prove (see Theorem
1.3 of [12]) that Pp(b;24%2) is an eigenform modulo ¢™ for all of the Hecke
operators in half-integral weight ™~!(¢ — 1) — 1/2 on the group I'¢(576).
(3) For all m > 1, we have r,(m) < r¢(m + 1) and by(m) < bp(m + 1).

The bound on by(m) in Theorem 1.1 is not sharp since, for example, (1.1) implies
that one may take bs(m) = by1(m) = m, while one may take by(m) = 2m — 2.
Our main result is a sharpened bound on by(m). In general, by(m) depends on
an explicitly calculable constant d; related to the nullity of an operator D(¢) (see
(1.7) below) on cusp forms of weight ¢ — 1 on SLy(Z) with ¢-integral coefficients
reduced modulo ¢. In Section 5, we define dy. Calculations reveal, for all primes
5 < £ <1300 (the primes we considered), that dy, = 0.

Theorem 1.2. Let £ > 5 be prime, and suppose that dg = 0. Then for all m > 1,
we have
be(m) < 2m — 1.

Remark. (1) The bound on b;(m) is sharp for all computed cases with ¢ > 29.
(2) In Section 5, we modify the bound on by(m) in the theorem for primes ¢
with d; > 0.
We exhibit an example of the type of congruence predicted by Theorems 1.1 and
1.2. See Section 6.1 for further examples and Section 6.2 for comments on how
these examples were computed.
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THE PARTITION FUNCTION MODULO PRIME POWERS 2171

Example. Let ¢ = 53. Our calculations show that r53(m) = Rs3 = 2 for all m > 1,
that bs3(1) = 1, and that bs3(2) = 3. The following congruences hold for all n > 0:

p(53n +42) = 22p(53%n + 117861) + 25p(53°n + 331071432)
(mod 53),
p(53%n + 117861) = 2672p(53°n + 331071432) + 2304p(537n + 929979652371)
(mod 53?).

Next, we give a consequence of Theorems 1.1 and 1.2.

Corollary 1.3. Let ¢ > 5 be prime, let m > 1, and let by(m) be as in Theorem
1.2. Then there exists an integer cp > 1 such that for all b > by(m) and alln > 0,

we have
n+1 |
= - - d m).
p ( 51 ) p ( 51 (mod £7)

We illustrate the corollary with an example.

Example. Let ¢ = 41. We find that ¢, = 10, and thus for all n > 0, we have
p(4ln + 12) = p(41*'n +215---4912) (mod 41).
We refer to Section 6 for more examples of the corollary.

With 7¢(m) as in (1.3), the proof in Section 4 shows that ¢, is the order of a
matrix in GL,,1)(Z/¢Z). We note that the corollary is similar to the following
result of Y. Yang (Theorem 6.7 of [26]). Let m # ¢ be primes with m > 13 and
¢ >5,and let i > 1. Then for all n, r > 0, we have

» (miﬂn—&— 1) _ (mifM‘”n—i— 1

54 = 5 ) (mod m*).

Yang’s proof uses the existence of a non-trivial Hecke-invariant subspace of half-
integral weight cusp forms, and it reveals that M is the order of a matrix in
3

1.2. Reformulation of main results. The work of Folsom, Kent, and Ono in-
troduces a new framework for studying the generating functions Py(b; z) modulo
powers of £. The central objects in this framework are certain submodules Q;(m)
of the Z/¢™Z-module of cusp forms of weight ¢™~1(¢—1) on SLy(Z) with f-integral
coefficients reduced modulo ¢™. We define €4(m) in Theorem 1.4 and (1.14) be-
low. Furthermore, the authors in [12] define an operator D(¢) (see (1.7)) which
acts on these submodules and plays an important role in their study. The submod-
ules Q(m) are objects of interest independent of their connection to partitions.
Our work in this paper uncovers some of their fine structure properties, thereby
addressing a question of Mazur from the appendix to [12], which we restate here.

Question (Mazur). Do the spaces €;(m) “compile well” to produce a clean free
Zy-module? Do the Hecke operators work well on these spaces?

We therefore reframe Theorems 1.1 and 1.2 in the abstract context of the sub-
modules Q;(m). Let N > 1 and k be integers. We denote the space of weakly
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2172 MATTHEW BOYLAN AND JOHN J. WEBB

holomorphic modular forms of weight k& on I'o(N) by M; (Io(N)). A form f(z) €
M} (To(N)) has poles, if any, supported at cusps, and it has a Fourier expansion

o0

fz) =Y aln)q" (q:=e")
n=no
with ng > —oo. We denote by My (I'o(N)) and Sk (I'o(N)) the subspaces of holo-
morphic modular forms and cusp forms, respectively. When N = 1, we omit

reference to the group. For details on modular forms, see Section 2.

Remark. An alternative and more general context for our work arises from viewing
modular forms geometrically in the sense of Katz [14]. In this setting, weakly holo-
morphic modular forms correspond to rational sections of line bundles on modular
curves with prescribed divisors corresponding to poles at cusps. One may identify
such forms as rules on elliptic curves with level structure. Further, one can use the
Tate curve to identify a modular form with its g-expansion. In this way, the tech-
nical g-expansion manipulations we require in Sections 3, 4, and 5 may be viewed
as “mod-ing” out classical moduli problems.
Some of the modular forms we require arise as quotients of

(1.4) n(z) =g T -q),

the Dedekind eta-function. An important example is

2z 02—
(15) e(2) := né(a) =" o€ My(To(%) N Z([g])
We also define certain operators on spaces of modular forms. For primes ¢ > 5,
we define Atkin’s U(¢)-operator and Folsom-Kent-Ono’s D(¢)-operator on f(z) €
M;(To(N)) by

(1.6) FRUW0):= Y altn)g",
In=ng
(1.7) F) | D) = (2e(2)f(2)) | U (D).
It is useful to package the operators U(¢) and D(¢) together as X (¢) and Y (¢):
(1.8) f2) [ X(0) = f(2) [ U(0) | D(O),

(1.9) ) [Y(0) = [f(2) | D) | UD).

We continue to follow [12] by defining, for all integers b > 0, a sequence of
functions {L(b; z)}. We set Lg(0;2) := 1, and for all b > 1, we set

Ly(b—1;2) | D(¢) if bis odd,

(1.10) Le(b;2) := {Lz(b— L2) [U(€) if bis even.

Euler’s infinite product generating function for the partition function,

Licensed to Univ of South Carolina. Prepared on Mon Sep 23 17:09:14 EDT 2013 for download from IP 129.252.2.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE PARTITION FUNCTION MODULO PRIME POWERS 2173

is a natural starting point for connecting partitions and modular forms. Using it
together with (1.2) and (1.4)—(1.10), one can show as in Lemma 2.1 of [12] that

L) = {W) b
We now fix integers b > 0 and m > 1. We study the Z/¢™Z-modules
(1.11)  Spangmz{Le(B;2) mod £™: >b, f=b (mod 2)}
. {Agdd(b, m) if bis odd,
ClASver(b,m)  if b is even.
It follows from (1.8), (1.9), and (1.10) that
A9 (b, m) = Spany ez {Le(Bi 2) | X()° : 5 > 0},
AGY"(b,m) = Spang,pmyz{Le(b; 2) | V(€)' : t > 0}

Moreover, we have the following commutative diagram of the Z/¢™Z-module ho-
momorphisms:

U(e
AV m) — AR (b4 1,m)

Do)
(1.12) X(0) Y (£)

Af+2m) o AP+ 3m).

In the foregoing context, we recast Theorems 1.1 and 1.2 in a unified form.

Theorem 1.4. Let ¢ > 5 be prime, let m > 1, and suppose that dg = 0. Then there
18 an integer
be(m) <2m —1
such that the nested sequence of Z/¢™Z-modules
AP (1,m) D AP (3,m) D+ D AP (2b+1,m) D -+

is constant for all b with 2b + 1 > by(m). Moreover, if one denotes the stabilized
Z/0™Z-module by Q299(m), then we have

@w>mmw—mmmﬂm“m»<V‘T—VL%J—V+”]—M.

12 244 24

Similarly, the sequence of “even” Z/{™Z-modules {A3¥°"(b,m) : b > by(m)} is
stable. If we denote the stable module by Q5V°"(m), then an upper bound on its
rank is Ry.

Remark 1. In view of commutative diagram (1.12), we see that by(m) is the smallest
positive integer b for which X (¢) : A244(b,m) — A999(b + 2,m) is an isomorphism.
Moreover, the theorem implies that the following maps are isomorphisms:

U(0) : Q¢4 (m) — Q7" (m),  D(£) : Q3" (m) — Q2%4(m),

X(0): Q9% (m) — Q94 (m), Y (0): Q¥ (m) — Q" (m).
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2174 MATTHEW BOYLAN AND JOHN J. WEBB

Remark 2. Theorem 7.1 of the appendix to [12] describes work of Calegari [10] on
how the stability and finiteness results in Theorem 1.4 can be generalized using
aspects of the theory of half-integral weight over convergent p-adic modular forms
developed by Ramsey [20], [21]. However, bounds on the stability threshold, by(m),
and on the rank, ry(m), require explicit analysis specific to the inputs (1.5)—(1.10).
In what follows, we provide such an analysis.

Remark 3. Recent work of Belmont, Lee, Musat, and Trebat-Leder [9] adapts The-
orems 1.1, 1.2, and 1.4, to Andrews’ smallest parts partition function, spt(n), and
to the rth power partition function, p,(n).

The paper is organized as follows. In Section 2, we state facts we need on
modular forms. In Section 3, we prove Lemma 3.1 and Lemma 3.6. These lemmas
underpin the facts we prove in Sections 4 and 5 on the algebraic structure of the
Z/0™Z-modules A244(b,m), Agven (b, m), and

(1.14) Qo(m) == Q44 (m) + QY1 (m).

Stability and finiteness of rank in Theorem 1.4 follow directly from Lemma 3.1
via Corollary 3.5. In Section 4, we use this corollary to exhibit explicit injections
from Q944(m) and Q$¥°"(m) into S,_1, thereby proving the upper bound (1.13)
and reproving Theorem 1.1. We also prove Corollary 1.3 in Section 4. Theorem
1.2 follows from Lemma 3.6 and the structure developed in Section 4, as we show
in Section 5. In Section 6, we give more examples of Theorem 1.2 and Corollary
1.3. We also thoroughly explain how we computed examples for all primes 13 <
£ <1297.

2. PRELIMINARY FACTS ON MODULAR FORMS

The proofs of our results require certain facts from the theory of modular forms.
For details see, for example, [11] or [13].

2.1. Modular forms. We first discuss operators on spaces of modular forms. One

d
GL3(Q), and let N > 1 and k be integers. We define the slash operator on
f(2) € M(To(N)) by

may consult [7] and [23] in addition to the references above. Let v = (CCL b) €

(2.1) (f Ik 1) (2) = (det 7)™ (cz + d) 7" f(72).
Let ¢ > 5 be prime. We define the operator V(£) on f(z) € M} (To(N)) by
IV =S aln™
n=~Ing

With U(¢) as in (1.6), one finds that

-1 .
(22) U= (g )
7=0

(23) sV =2 (g ) =)
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THE PARTITION FUNCTION MODULO PRIME POWERS 2175

Next, for primes ¢{ N, we define the Hecke operator T'(£, k) on f(z) € M (Io(N))

by

(2.4) F2) [T k) = f(2) |UW@) +E71f(2) | V(0.
If f(z) € Mj(To(£)), then we define the trace of f by

(2.5) Te(f) = f+ 075 (f [« W(0) | U0),

0 -1
¢ 0
sideration; see, for example, [7] and [23]. We refer to (1.8) and (1.9) for definitions
of the operators X (¢) and Y (£).

where W (¢) := ( . We record basic properties of the operators under con-

Lemma 2.1. Let £ > 5 be prime, and let k € 7.
(1) Let j >0, and suppose that f(z) € M (Lo(¢7)). Then we have

z . Mi(To(0)), 7 €{0,1},
f(2)1UW), f(z) D(K)G{M,!C(Fo(fj_l))v j>2

P - M, (To(£)), j€{0,1,2},
fR)1X(0), f(2)|Y(£) € {M,Q(FO(EJ‘—Q)), P

f(2) | V(0) € Mi(To(€71)).

(2) Let N > 1, let f(z) € M (T'o(N)), and suppose that £{ N. Then we have
f(z)| T(Lk) € M(To(N)).

(3) Suppose that f(z) € M,'C(FO(E)). Then we have f |, W(£) € M}.(T'o(¢)) and
Tr(f) € M.

(4) Suppose that f(z) € M. Then we have f |, W(£) = (*2f | V(¢) €
M} (To(0).

Next, we state the modular transformation law for the eta-function (1.4). For

N = (Z Z) € SLy(Z), there exists a 24-th root of unity €qp ¢ for which

az+b
(26) n <CZ n d) = Ga,b,c,d(cz + d)l/zn(z)

We always take the branch of the square root having non-negative real part. Let
Coq = €2™/2% Special cases of the transformation law include

(27) n(z+1) = Gan(=), 7 (‘—1> =2 ).

z

Further modular forms that play a central role in our work are given as follows:
For k > 4 and even, we have

Ep(2) : —1—B—kzzd q" € My,
n=1 d|n
where By, is the kth Bernoulli number. The Ramanujan Delta-function is given by

A(Z) = 77(2’)24 € Sia.
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2176 MATTHEW BOYLAN AND JOHN J. WEBB

We also define, for primes £ > 5,

(28) Az = 2L e M (@) N 2]
We note that A,(2)* € M,—1(To(£)) N Z[[q]]-

2.2. Modular forms modulo prime powers. Let £ > 5 be prime, and let Z(,)
denote the localization of Z at ¢. We first consider modular forms with coefficients
in Zg) reduced modulo £; for details, see [22] and [24]. Let k > 4 be even, and let
J(z) € MxNZ[[g]]. The filtration of f(z) € My N Z|[q]] with f(2) #0 (mod ¢)
is defined by
we(f) := inf{k’ : there exists g € My NZ[[q]] with f =g (mod ¢)}.
If f(z) =0 (mod ¢), then we set we(f) := —oo. For fi(z) € My, and fa(2z) € My,
with k1 = k2 (mod ¢ — 1) and f-integral coefficients, we have
(2.9) we(f1 + f2) < max{we(f1), we(f2)};
equality holds if we(f1) # we(f2). A lemma of Serre (Lemme 2 of [23]) describes
how U (¢) affects filtration.
Lemma 2.2. Let £ > 5 be prime, and let f(z) € My N Zyy)[[q]]-
(1) We have
w -1
wi(f |0 < 04 2=
(2) Suppose that we(f) =€ — 1. Then we have wy(f | U(¥)) =€ — 1.
We also observe that
2
(2.10) Dy(2) = A(z)e2—41 (mod ¢).

We now turn to facts on modular forms with coefficients in Z,) reduced modulo
07 with j > 1; for details, see [23]. In view of (2.4) and Lemma 2.1 (2), we have
the following.
Proposition 2.3. Let k > 1, and let f(z) € M}, N Z)((q)).
(1) We have f(2) | T(¢,k) = f(2) | U(¢) (mod £F~1).
(2) The operator U({) stabilizes Mj, N Z)((q)) modulo ¥~

We next give a useful fact on congruences for power series modulo powers of ¢ which
follows by induction using Fermat’s Little Theorem.

Lemma 2.4. Suppose that f(z) € Zllq]] has f(z) = 1 (mod £). Then for all
j>1, we have f(2)¥ " =1 (mod &).

When £ > 5 is prime, properties of Bernoulli numbers imply that E,_1(z) € Z)|[q]]
and that E,_1(z) = 1 (mod /); Fermat’s Little Theorem implies that A,(2)? = 1
(mod ¢). Therefore, we may apply Lemma 2.4 to these forms.

Proposition 2.5. For all j > 1, we have

Er1(2)" =1 (mod #), Al2)* "=1 (mod ).
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To prove our results, we carefully keep track of the largest power of £ dividing all
coefficients of series in Z)((q)). For this purpose, we define v, on Q by

m
vy (X) := ordy(m) — ordy(n),
and we set v;(0) := co. Our definition extends to f(z) = > a(n)q™ € Z)((q)) by

(2.11) ve(f) := inf{n : ve(a(n))}.
With f(2), g(z) € Z((q)), we have
(2.12) ve(f + g) > min {ve(f), ve(g)};

equality holds if ve(f) # ve(g)-

3. TWO LEMMAS

The proofs of our results rest on two lemmas, which we prove in this section.

The first lemma asserts, subject to certain hypotheses, that the operator D({) (as
in (1.7)) stabilizes the space Myx-1(,_1y N Z[[g]] with coefficients reduced modulo
0k,
Lemma 3.1. Let £ > 5 be prime, let n > 1, and let W(z) € Zyllq]]. Suppose,
for all 1 < k < n, that there exists gp(2) € Myr-1(o—1) N Z[[q]] with ¥(z) = gr(2)
(mod ¢%). Then for all 1 < k < n, there exists hi(z) € Spe-1(—1) N Z[[q]] with
U(2) | D(¢) = hi(2) (mod £%).

Proof. Suppose that k=1 and ¢ > 7. Using (1.7) and (2.10), we compute

(=) | D) = 91(2) | D(O) = (02(2)20(2) | V(D) = (m(A(2) ) | U(0)
(mod ¢).

02

Since £ > 7, ¢1(2) € My_1, and A(z2) o€ S2_,, an application of Lemma 2.2
2

gives

21 J s R

) ) 04 1

= ((—1) (1+“—5> <200 1).

(3.1)  wy ((gl(Z)A(Z)

20

It follows that there exists hi(z) € Se—1 with U(2) | D(¢) = hi(2) (mod £). If k =1
and ¢ = 5, Proposition 2.5 implies that the form ¢1(z) € My NZ[[q]] C CE4(z) is
congruent modulo 5 to a constant ¢ € Z. From (1.7) and (2.10), we compute
g1(2z) | D(5) = cA(z) | U(5) =0 (mod 5).

Now, we suppose that & > 2. We have the following congruence of modular
forms in Myr—1(o—1y N Zg)[[q]] modulo £%:

¥(e) | D0 = 0u(2) | D00 = (220 B ) 1000

(3.2) + (mer@ B0 - BB B o)) | D

+ (91(2) = g1 (2)Bea ()" V) | D) (mod £4).

We closely examine each summand.
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2178 MATTHEW BOYLAN AND JOHN J. WEBB

In view of Proposition 2.5, the first summand simplifies as

(2 B ) 1060 = 2280 1 D) (mod ),

From (2.8) and Lemma 2.1, we observe that

33) A | D) < My(To() 1 2l

We prove the following proposition.

Proposition 3.2. The form (3.3) is congruent modulo (¥ to a form in Spr-1(0—1) N
Z{lq])-

Proof. The proof follows Serre’s argument for Théoréme 10 in [23]. To begin, we
define

(34)  h(2) = Eeoa(2) — €7 Beoa(2) | VI(0) € Me—1(To(0) N Zgey [[a]]-

By Proposition 2.5, we see that h(z) =1 (mod ¢), and hence, from Lemma 2.4 that
h(z)éki1 =1 (mod ¢¥). Therefore, we have

gr-1(2) _( _g-1(2)
i | 20 = (i

(3.3) and (3.4) imply that the form on the right side is in M}, L(e—1) (Co(£))NZ4y[lq]]-
Using Lemma 2.1 (3), we note that

(it )

is on SLy(Z) with weight ##~1(¢ — 1). Hence, it suffices to show that

ge-1(2) Ty gr-1(2) A mod ¢F
i 00 =1 (22 100)he" ) mea )

With vy as in (2.11), Lemme 9 of [23] implies that

|m®mﬁ“<mwm

Since 145?;)712(;)2 | D(¢) has integer coefficients, we have v, (% D(Z)) >
0; as such, we show that
k-1 gr-1(2)
(3.5) T4+ 1+ (W | D) |o W(Z)) > k.
We turn to the computation of gk;(ig D)o W), Let 1 < j < /{-1.
Ag(2)2

We first observe that there exists —(£ — 1) < j/ < —1 with 55’ = 1 (mod ¢). Let

bj = jj[l. Then we have jj' — b;¢ = 1, so (‘; ?J,) € I'o(¢). Furthermore, we
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have

14\ (0 =1\ [t =1\ _(§ b\ [t —j
(36) <o e)(e o><1z2 o)(e i)\ @)
For 1 <j </{¢—1, we use (2.1) and (3.6) to obtain

k-1 Iemwn(((l) %)( 0
=atee (7))

= gr-1(2) |- 2(0—1) <0 / )

- -/
= ()N, (z - J_)

4
J’
= 9gk-1 (Z - 7) .

Using (1.5), (2.1), (2.6), (2.7), (2.8), and (3.6), we find that

g 1 0 -1 4! 20F—2
e (4 0 3w (-5)

Y 20572 LY 282
and that
()
B I Gl ) BT B
=) 6 9
G- n(=3)

J b] 14 _j/
(G 26 7)
14
4
¢ —j N2 e~y
e (s 7)) (6 7))

il [z 1/2 1 .
(3.8) _ 34 (3) " n(2) I (=) n(z) .
€j.b .50 ()1 21 (Z - ]7) Cobisty’ M (Z - %)
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2180 MATTHEW BOYLAN AND JOHN J. WEBB

Next, we observe that

o GDEY-E D66

Using (2.1), (2.3), Lemma 2.1 (4), and (3.9), we obtain

(3.10) gr—1 ler—>(e-1) <<(1) 2) (2 _01)>
= g1 |ex-2(0-1) ((2 _01) ((l; ?))

{0
= gk—1 |pr—2(0—1) W(O) pp—200-1) ( )

0 1
k—2
_ gé (4_1)/291%1 |£k—2(271) W(f) | V(é)

=D () | V(R = T g (022);

using (2.1), (2.7), (2.8), and (3.9), we obtain

(3.11) AR ey ((é 2) (2 _01>>

k=2 0
= A7 |2 (gz

0
) 1)A< 1>
!\~

Zk—2

2£k 2
_g—ek 2(6=1) —ek 2(6=1)

— 02— 1, —0kF=2(0—-1)

G
(4

PL(2 ) 2 (022" 2
g1/2 1/2 ))
:fek_li k= z(g 1) (622)

n(tz)

We deduce from (1.5), (2.1), (2.7), and (3.9) that

Be(2) o ((é 2) (2 _01>> — ®y(2) |o (eO? _01) — ¥, (—i)

. ®»” N
(3:12) (&)Y 277(422) )

=
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Inserting (3.6)—(3.12) into (2.2), we obtain

( gr—1(2)

E@pﬁ7~mwovwnoww>

+
~| =

o~
ML
VR
N
p|R
kol
||
nN

A
~
~_—
=B
7N
N\
O =
~ .
N~
7N\
~ O
o |

—
~~_
N~

¢
0 -1
<gl~c—1 \ekﬂ(zq) (52 0 ))
—1
k—2 0 -1 0o -1
: <A?£ |ler—2(0-1) (52 >) '(‘Pz lo <€2 0 ))

| =

k—2
1 k—20p k=1 k=20, 77(@2) 2t 1
_ = ZE (£—1) 752 .gé V4 (e—1) R
f( palC e W) )
20k—2
-1 /
i1 lz
+ZZ gk1<z—€> 24 i )., 7
1(-%)
(G0 n(z)
€5,b;5,2,5' 61/277 (z — %)
_ it en gr-1(C2)n(Lz)
T2 (22) ()
e Rt O =Y e Gl e Gk )
+ 03/2 Z b g 2
j=1 I n (z — 7)
Thus, we conclude that
gr—1(2) k2
3.13 ———_ | D/ W) ) > —¢ -2
(3.13) u (2l D0 wn) = ,

Licensed to Univ of South Carolina. Prepared on Mon Sep 23 17:09:14 EDT 2013 for download from IP 129.252.2.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2182 MATTHEW BOYLAN AND JOHN J. WEBB

from which it follows, for £ > 5 and k > 2, that
/141 LM D) |0 W (L
1o (220 D W
>l g2 =P 1) -1 > k.

Hence, we complete the verification of (3.5):

gr—1(2) — gr-1(2) () mod ¢k
2 100 =1 (2255 100) - ae" ) mod ),

By examining the g-expansion (we omit the details), we see that

ree(z) = Tr ((% | D(e)) -h(zy“) € Sy

satisfies the conclusion of the proposition. |

We simplify the second summand in (3.2) as follows:

(gk—l(z)EZ—l(Z)ék_wl) - Bmilz) -EZ—l(Z)ék_l> | D(£)

Ag(z)2t*2
= (Ee—l(Z)ZkQ(L]_l) ' (gk—l(z) - #12(;)_2 ' Ee—l(Z)ekz)) | D(£).
Using Proposition 2.5, we observe that
(3.14) By o(2) = gr—1(2) — AZ]ZTI;;)_Q . Eg,l(z)ékf2 =0 (mod (1)

and that Eg_l(z)ekfz(é_l) =1 (mod ¢). We conclude that

—2 B B
Ba(2) e Bt Pre@) 4 )

Multiplying by ¢¢—1

gives

Eg,l(z)zkfz(z_l) - Bio(2) = Bry(2) (mod £F).
Therefore, the second summand in (3.2) modulo £* is
(3.15) Bo(2) | D(O) € Myi—ap 1) (To(£) N Zo)[[a]-

Proposition 3.3. The form (3.15) is congruent modulo £* to a form in Spr-1(0=1)N
Z[[q]]-

Remark. The proof shows that the weight can be taken to be £#72(¢ — 1) + £-1

2
Proof. In view of (1.7), (2.10), (3.14), and Proposition 2.5, we have
By (2 B (2 By o(z 21
A2 1) = (582 09) [0 = (52 205 ) v

(BW(Z) “A(z) ezzl) |U0) - Bp—i(2)" D75 (mod 0).

(k1

Multiplying by /=1 yields

02

Bioo(2) | D(0) = (Bra() - AR) 7 ) [ U(0) - B ()05 (mod £4),
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This form lies in M}, e 1)(I‘ (£)). It remains to show that
(Brata) - A=) 5 ) [ U0
gk—l(z) Zk72 02 _
= o -2 . F, A 24
({51~ 255 B - A0

v

2
is congruent modulo /¥ to a cusp form on SLy(Z). Since gk_l(z)A(z)eT

Szk 20— 1)+£2 , and F72(0 — 1) + ZZT_I — 1 > k, we see from Proposition 2.3 that
gr—1(2)A(z ) " | U(£) is congruent modulo £* to a form in the same space. There-

fore, it sufﬁces to show that

(% B (o)A

) 1v

is congruent modulo ¢* to a form in S For convenience, we define

h2(e—1)+ L1

AR e M s (To(0))

—1(2
Croal(z) = _gr-1(2) Eo_1(2) sy

Using the trace (2.5), we study

_1T1" (Ck;z |€k 2(0—1)+ /_;2,1 W(f))

= Cle(2) | U() + 0

k=2 (0— 1)+22 L W(f)

By Lemma 2.1 (3), this form is on SLs(Z). Therefore, we show that

2_
=200 1y4 L —1

(3.16) T |21y 222 WO =0 (mod ).

Employing (2.3) and Lemma 2.1 (4), we obtain

2 021

k
(gk 1Eg ANED

) lagicaerys 20 W(O)

2 1
20k —2(0 1) 251 sk—2

=7 (9B 2) ) V()

(3.17) TR ) B (02) T A (L)

A(z) =

Next, we use (2.1), (2.7), and (2.8) to compute Af‘fki2 |ler—2(0-1) W(€):

~ e opk—2
A7 " ler—2(0—1) W(£) = 676"272(5—02419_2(#1) (77 (%) >

2[]&:72
k—2
_ ¢ 2(171) Zﬁ£k72(e71)

Qek 2
(3.18) R G ("(62)e> .
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2184 MATTHEW BOYLAN AND JOHN J. WEBB

We substitute (3.17) and (3.18) to show that

_1Ck,f |Zk—2(lfl)+42771 W(‘e)

k=2 _ _ _ _ _
P AR 0 R (), ()T A

(I e ) (n(ez)f)w“*1
n(2)

_ 02—
e B ey | gema(2) B (62) A ()
- 20k—1 :
(n(42)£>
n(z)

We recall that gx—1(z), Er—1(2), A(z), and "(ﬁzg € Zpl[q]]- It follows, for all k > 2
and all primes £ > 5, that

ek—2(zf1)+@22—1 1
Vg 14 2 Ck,@ |ek—2(£71)+@27—1 W(K)

> 20— 2) +

-

N
which verifies (3.16), and with it, the proposition. |

We now turn to the third summand in (3.2). Using Proposition 2.5 and the
hypothesis that gi(2) = gx_1(2) (mod ¢¢~1), we find that

(3.19) Fro(2) = gr(2) = ge1(2)Ee1(2)"" "D =0 (mod £571).
We prove the following proposition.

Proposition 3.4. The form Fy¢(z) | D(€) is congruent modulo ¢* to a form in
See-1(e-1) N Z[[q]]-

Remark. The proof shows that the weight can be taken to be (¢¥72 4+ 1)(¢ — 1).

Proof. From (1.7), (2 10), and (3.19), we deduce that
Bl® | by = (F AT ) U0 (mod 6,

sz Z)

and we observe that ) o e Sy RE Zy)l[q]]- Since £ > 5, an
2

Az
application of Lemma 2.2 (1) yields
F, z 21
wr (55 a5 ) ) U(@)

e —1) + 5 -

</
< £+ 7
14
(3.20) =((—1) (ek 2414 %ﬁ’) <(@=-1)(F2+2).
From (3.20) and Proposition 2.5, we see that there exists fx ¢(2) € Sir—241)-1)
with
(3.21)
Fr(z 21 k—2
( Zf_(l) CA(z) ) | U(0) = fre(2) = fre(2)Ee—1(2)" D71 (mod ¢).
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Multiplying by £*—1

(Fretz) - A(2)

and we note that fk,g(z)Eg,l(z)fkiz(z_l)_l € Spr-1(0—1) N Z[[q]]- O

produces

02

) 1 U(0) = 7 () B ()07 (mod £9)

Lemma 3.1 now follows from Propositions 3.2, 3.3, and 3.4. ]

Corollary 3.5. Let £ > 5 be prime, let k > 1, and let b > 0. Then there exists
Ji(b; 2) € Mpx—1(o—1y N Zgy[[q]] with Le(b; z) = fi(b; z) (mod £¥).

Proof. We proceed by induction on b. Let b = 0; for all k£ > 1, Proposition 2.5 gives
Li(0;2)=1= Eg_l(z)gkfl (mod ¢F).

For the induction step, let b > 0 be a fixed even integer, and suppose, for all k£ > 1,
that there exists fi(b; 2) € Mx-1(o—1) N Zg [[q]] with L(b; z) = fi(b; z) (mod £¥).
In particular, the form L, (b; z) satisfies the hypotheses of Lemma 3.1. For all & > 1,
the lemma now implies that there exists hy(b;z) € My-1(,_1) with

Le(b+1;2) = Ly(b; 2) | D(€) = hy(b;2)  (mod £).

In this way, we satisfy the conclusion of the corollary for index b + 1 with
fe(d+ 1;2) :== hg(b;z). Next, we observe, for all k > 1 and primes ¢ > 5,
that ¢*~1(¢ — 1) — 1 > k. Tt follows from Proposition 2.3 that

Lo(b+2;2) = Le(b+1;2) | U(0) = fr(b+1;2) | U(L) = fu(b+1;2) | T(L, £571(0-1))
(mod ¢%).

Part (2) of Lemma 2.1 implies that fi(b+ 2;2) := fu(b+ 1;2) | T(£, =10 — 1))
satisfies the conclusion of the corollary for index b + 2. O

Remark. Let £ > 5 be prime, let m > 1, and let M (¢, m) denote the Z/¢™Z-module
of modular forms in Mym-1(4—1) N Z)[[g]] with coefficients reduced modulo £™.
Corollary 3.5 implies the following nesting of Z/¢"Z-modules:

M(£,m) D A ™(0,m) D A™™(2,m) D -+ D AF**(2b,m) D -- - ,
M(ﬁ,m) 2 Agdd(l,m) 2 A(l?dd(?’vm) 2 e 2 A(l?dd(2b+ 1vm) 2 .

Since M (¢, m) has finite size, these sequences must stabilize as the finite-rank mod-
ules 5V (m) (respectively, Q999(m)), as asserted in Theorem 1.4. In Section 4,
we exhibit injections into S,_; to show that the ranks are bounded independently
of m.

Our second main lemma of this section asserts, subject to certain hypotheses,
that the operator Y'(¢) (as in (1.9)) contracts the weight of a form in My;—1(,_1y N
Z[[q]] with coefficients reduced modulo .

Lemma 3.6. Let £ > 5 be prime, let n > 1, and let Y(z) € Z|[q]]. Suppose,
for all 1 < j < n that there exists g;(z) € Myi—14—1) N Z[[q]] with T(z) = g;(2)
(mod 7). Suppose further that Y(z) | D(¢) =0 (mod ). Then for all 2 < j < n,
there exists hj(z) € Spi-20—1) N Z[[q]] with Y(z) | Y (£) = hj(z) (mod ¢7).
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2186 MATTHEW BOYLAN AND JOHN J. WEBB

Proof. Suppose that j = 2 and ¢ = 5. Theorem 3.1 implies that g2(2) | D(5) is
congruent modulo 25 to a form in Sz N Zs)[[g]] € CA(2)E4(2)?. By hypothesis,
we have g2(2) | D(5) = g1(2) | D(5) = 0 (mod 5). From these facts, we find that
there exists ¢ € Z with

g2(2) | D(5) = 5cA(2)E4(2)*  (mod 25).
Dividing by 5 yields

M = cA(z)Eél(z)2 =cA(z) (mod 5).

We apply U(5) and observe that A(z) | U(5) =0 (mod 5) to obtain

(M) |U(5) = cA(z) |U(B) =0 (mod 5).
To conclude, we multiply by 5, giving
02(2) | Y(5) = ga() | D(5) | U(5) =0 (mod 25).

Now, we suppose that j7 > 2 and ¢ > 5 excepting (j,¢) = (2,5). We decompose
Y(z) | Y(¢) using modular forms in Mj;—1(,—1) N Zy[[q]], as in the proof of Lemma

3.1:
T(2) | Y(0) = <W ' Ee-ﬂz)”l) | Y (0)
(322) + (gj—l(Z)EZ—l(Z)Zj_Q(El) _ #12(;)_2 . Eé—l(z)ej_l> | Y(K)

+ (gj(z) —gj—1(2)Ee_1(z )L]J fe- 1)) |Y(¢) (mod ¢).

We study each summand in turn.
In view of Proposition 2.5 and (1.9), the first summand is

(%m()@) Y () = ﬁ Y (6)

_ gj 1(2 ) j
Since j > 2, Proposition 2.5 and the hypotheses of the lemma imply that

T(z)|D(€)Eg]71()|D() 0 (mod £).

Az

Using Proposition 2.5 again, we have
(3.23)

1 j—1 _1 j—1 i-2 j—1

P (2 100) = (22551 D0) Bea” ™ (umod 67,
We define

6000 = (2228 p—

ie(2) = A,(2)20 7 | D(0) ) Ee-1(2)" € My —(o_q)(T'o(£)) N Zg [[q]]-

Multiplying by ¢ and applying U(¢) in (3.23) gives
(3.24) L Y0 =6) |UW) (mod 6)
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Proposition 3.7. The form (3.24) is congruent modulo ¢ to a form in Spi-2(0-1)N
Z[[q]]-

Proof. Using (2.5), we consider

0I=2(0—1)
2

1Ty (ij |gj—2(g,1) W(é))
20—
=Gju(2) [U) +£ ey lei—2(0—1) W(£).

From Lemma 2.1 (3), we see that this form is on SLy(Z). Therefore, we show that

0I=2(0—1)

(3.25) (G ey W) =0 (mod £9),
Since Fy_1(z) is on SLy(Z), Lemma 2.1 (4) yields

B lei—2(0—1) W(L) = 0~ Eea(2)" | V(0).

Using (3.13), we conclude for all j > 2 and all primes ¢ > 5 excepting (7,¢) = (2,5)
that

20—
Vg (f 2 1Gj,€ ‘Zj—z(g,l) W(Z))

_ uﬁ‘” _ +W<AZJT1(J)2 | D) |o W(E)) e (B o2y WD)

20— 1 4 720 -1 4

> %—1-%2—%% 02— 2) 3>

Therefore, (3.25) holds, and the first summand in (3.22) is congruent to a form on
SL2(Z) of weight #7=2(/—1). An examination of its g-series reveals that it is a cusp
form (we omit the details). O

<e 1)

The second summand simplifies as

(Qj—l(Z)Ez—ﬂZ)gj_Q(gl) - Agej(;fg(;j)‘2 : Ee—l(Z)éj_l) | Y(£)
= <gj1(2) - jTlg(fj)z By (2 )W 2) | Y(¢) (mod ).

As in (3.14), we have

(3.26)  Bje(z) = gj-1(2) - —Ai?;)lﬁ;)Q Er ()" =0 (mod £71).

Proposition 3.8. The form Bj(z) | Y(€) is congruent modulo ¢/ to a form in
S[j—z(g,l) N Z[[q”
Remark. The weight can be taken to be (#7732 +1)(¢ — 1) if j > 3.

Proof. From Proposition 3.3, we find that there exists f;((z) € S

Gi-2(0—1)+ 251 N
2[[q]) with

(Biet2)- A F) 1U() = fa(2) (mod ),
Using (1.9), (2.10), and (3.26) we deduce that
)

Bw “2) |y = ( 2 HONINGS > (U@ U@)= 25210 (mod o).
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For 5 > 3, Lemma 2.2 yields

i—2(p _ £-1 _
W(fj,g(z)|U(£)><€+€ (t-1+521 -1

i1 14
o {+3 .
=(L-1) <w3 +14 %) < (=134 2).

In view of the calculation (3.1) for j = 2, we find for £ > 5 and j > 2, that there
exists

So_ =2

tj’g(Z) c -1 j )

Swi-sy1ye-1), J =3,

for which

Bj(2) _ Jie(2) _ Jtie(2), i=2,
[jfl | (6) = fi—1 | (6) = {t;yg(z)Egl(Z)N_s(el)17 j 2 3 (mod f)

The forms on the right side lie in Spj—2(,_1). Multiplying by 771, we have

E5.4(2), j=2,

. i d 7).
ejiltjj(z)ngl(Z)@ 3(571)71’ j>3 (mo )

Bj(2) [ Y () = {
Therefore, the second summand in (3.22) is congruent modulo ¢/ to a form in
S[j—Q(g_l). D

For the third summand, we use work from the proof of Proposition 3.4. As in
(3.19), we have

(3:27) Fi(2) = 95(2) = gj-1(2)Eeca(2)” 7 =0 (mod £97).

Proposition 3.9. The form Fj(z) | Y(£) is congruent modulo ¢ to a form in
Sei=2(¢-1) N Z{[q]].

Remark. The weight can be taken to be (¢/73 +1)(¢ — 1) if j > 3.
Proof. From (1.7), (2.10), (3.21), and (3.27), we see that

%_(12) | D(0) = <%iz) -A(z) £2241) | U) (mod £)

is congruent modulo ¢ to a form in S(y-241)—1)- With £ > 5 and j = 2, Lemma
2.2 gives

ar (P45 a5 ) juw o)

gz+w:(z—1)(1+§) <2(0—-1).

L 14
For j > 3, Lemma 2.2 implies that

w (G225 ) w01 v0)
(FF241)(0-1)—1
4

=(t-1) <€j3+1+%> <(-1) (¢ +2).

</{+
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Hence, for £ > 5 and j > 2, there exists
Se— j =2
Sj’g(Z) c l—1, .] )
Swi-sy1y(e-1), J =3,

for which

1Y (0= @f_(f NS ) (U@ U

= {sj’é(z)’ I=2 (mod ¢).

s5,0(2)Be_r (2) D71 5 >3

The forms on the right side lie in Spj-2(,_1). Multiplying by #i=1 we obtain
IZ I E) j=2 ,
F; Y()={ TPD i ’ d #).
J,K(Z) ‘ ( ) {£j15j7g(Z)Eg_1(Z)” 3(271)717 j> 3 (mO )

We deduce that the third summand in (3.22) is congruent modulo # to a form in
SZJ*2(€—1)~ (]

Lemma 3.6 follows from Proposition 3.7, Proposition 3.8, and Proposition 3.9. [

4. THE MODULES Ag(b,m) AND Qy(m)

4.1. Module structure of Q9(m) and Q§"°"(m). In this section, we examine
the relationship between 994(m), QSve%(m), and Sy—_1. Let b > 1 be odd. We
recall the commutative diagram (1.12) of Z/¢™Z-module homomorphisms below.

Ue
AP M) —— AR+ 1,m)
D(£)
X () Y ()
A +2m)  — AZR (b +3,m)

The remark following Corollary 3.5 implies, for all odd b > b,(m), that A9 (b, m)
= Q299 (m) and A$*"(b+ 1,m) = Q¢*°"(m). Hence, for all such b, the homomor-
phisms U (¢) and D({) are isomorphisms between Q999(m) and Q5V°"(m). It follows
that X () and Y (¢) are automorphisms on Q994 (m) and Q5¥°®(m), respectively.

We now study the structure that these maps impose on the modules Q994 (m)
and Q¢¥°"(m). We recall two elementary results from commutative algebra.

Lemma 4.1. Let A be a finite local ring, let M be an A-module of finite rank r,
and let T : M — M be an A-isomorphism. Then there exists an integer n > 0 such
that T™ is the identity map on M.

Proof. By Nakayama’s Lemma (see [15], for example), an A-isomorphism 7' : M —
M is representable by a matrix in GL,(A4). Since GL,(A) is a finite group, the
isomorphism T must have finite order. O

Lemma 4.2. Let A be a local ring, let M be a finitely generated A-module, and let
T:M — M be an A-isomorphism. Then for all m € M and n > 0, we have

m € A[T™(m), T""(m), T""2(m),.. .
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Proof. If A is finite, Lemma 4.1 implies the result. Now, suppose that A is infinite,
and let m € M and n > 1. Since 7™ !(m) satisfies the characteristic polynomial

for T, it is expressible in terms of 7™ (m), T" (m),.... Similarly, if n > 2, then
T"=2(m) is expressible in terms of T"~(m), T™(m),..., and hence, in terms of
T™(m),.... The result follows from iterating this process. O

Next, we give explicit injective Z/¢™Z-module homorphisms on did(m) and
Q§ve"(m) into Sp_q.

Theorem 4.3. Let £ > 5 be prime, and let m > 1. Then there exist injective
Z /0" Z-module homomorphisms

I, : 299 (m) = Se—1 N Zwyllall,

1L : Qﬁvcn(m) — Si_1N Z(g)[[qﬂ,
which satisfy the following property. For all p € Q994 (m) and v € Q5" (m) with
ve(p) = ¢ < m and v(v) = j < m, we have

O,() =p  (mod £Y), T (v)=v (mod #T).

Proof. We consider the following two submodules of Sym—1(,—1) N Zg [[q]]:

So = {f(z)E/H(Z)WH*1 () €5 Z(é)“‘IH} )

Sy = {g(z) 1g(z) = Z ag(m)q™ € Spm-1(4-1) N Zg[[q]] with mg > V;—ZIJ } :
m=mg

We can construct a basis {fi = ¢+ ---,...,fn = ¢" + -} for Spm-1_1y N
Zpllg]] with fi(2) € So for k < [551] and fi,(2) € S; otherwise. It follows that
Sgm-1(0-1) N Z[lg]] = So © S1. Hence, g(2) € Spm-1(0—1) N Zy[[q]] is uniquely
expressible as g(z) = go(z) + ¢91(2) with g;(z) € S;. Next, we reduce coefficients of
the forms in these spaces modulo (™, and we define S* C Sym—1(0_1) N Zy|[[q]] to
be the largest Z/¢{™Z-submodule such that X (¢) is an isomorphism on &* modulo
o,

Lemma 4.4. Suppose that f(z) € 8* has ve(f) =i < m, and that f(z) = fo(z) +
f1(z) with f,(z) € Sw. Then we have ve(f1) > i.

Remark. Using (2.12), we see that since ve(f) = 4 > min{ve(fo),ve(f1)} and
ve(f1) > i, we must have ve(fo) = 1.

Proof. We first assert that

(4.1) ve(fo) > 1.

By the definitions of Sy and &7, we may write

= 3w, 0<no< "2 A= 3 e, m > |
OZ—HZH ap(n)q -, SNo S 12 ; 1Z—n:n ai(n)qg , ni 12 .

We also write f(z) = > ay(n)g™, and we note that v,(f) = ¢ = min{ve(ar(n))}. It
follows for all ng < n < nq — 1, that ve(ay(n)) = ve(ap(n)) > i. Hence, we must
have wve(fo) > 4.

We now suppose that v,(f1) < ¢ and argue by contradiction. We require two
claims.
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Claim 4.5. If ve(f1) <, then we have ve(fo) > ve(f1) = 1.

Proof of Claim 4.5. If we suppose that ve(fo) < ve(f1), then it follows by (2.12)
that

i =ve(f) = min{ve(fo), ve(f1)} = ve(fo) < we(fr) <4,
a contradiction. Therefore, we have vy(fo) > wve(f1). Next, if we suppose that
ve(fo) > ve(f1), we find from (2.12) that

i =we(f) = min{ve(fo), ve(f1)} = ve(f1)-
If we suppose that ve(fo) = ve(f1), then the hypothesis together with (4.1) gives

i <we(fo) =ve(fr) <.
O

Claim 4.6. Let £ > 5 be prime, and suppose that f(z) # 0 (mod ¢) is in M N
Zp|[q]] with k=0 (mod £ —1).

(1) Suppose that we(f) =€ — 1. Then we have wy(f | X(£)) < we(f).

(2) Suppose that we(f) > ¢ — 1. Then we have wy(f | X(£)) < we(f).

Proof of Claim 4.6. We first suppose that wy(f) = ¢ — 1. When ¢ € {5,7,11}, we
note that M, _1 NZ)[[q]] € CE;_1. Hence, from Proposition 2.5, we see that there
are no forms f(z) with we(f) = ¢ — 1. Moreover, a form f(z) € My_1 N Zy[[q]] is
congruent modulo ¢ to a constant. Therefore, we have wy(f) = 0.

For ¢ > 13, we apply Lemma 2.2, (1.7), (1.8), and (2.10) to obtain

02

we(f | X(0) = we (f1U@) | D) = we ((£100)- A5 ) | U(0))

w (FIU@-AF ) =1 ey
< 0L+ <0+ 2
7 7
:(z—n(%§3)<2w—1y

Part (1) of the claim now follows for ¢ > 13.

When w,(f) > ¢ — 1, we first observe that the result holds if f(z) | U({) =0
(mod ¢). Therefore, we suppose that f(z) | U({) £ 0 (mod ¢). As above, we apply
Lemma 2.2, (1.7), (1.8), and (2.10) to deduce the conclusion of the lemma. To
begin, we find that

021

e—1<uwaUwyAz4)gz+

’wg(f) -1 [2 -1
T

Hence, we compute

we (1 X(0) = we (£ |U@) | D) =we ((11U0) 25 ) |U(0)

py Doy Ao}y
<£+( 7 ) —£i2<(£2—1)(3£7+2>+w5(f)>.
We conclude that 252 < w,(f) implies we(f | X (€)) < we(f). For £ > 7, the
conditions k = 0 (mod ¢) and we(f) > £ — 1 give we(f) > 2(¢ — 1) > 322, Part
(2) of the claim follows for £ > 7.

For ¢ = 5, it suffices to show that 242 = 17/2 < ws(f). The hypotheses ws(f) >
4 and k > 0 (mod 4) imply that ws(f) € {8,12,...}. Since Mg N Z)[[q]] € CEZ,
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we see from Proposition 2.5 that there are no forms f(z) with ws(f) = 8. Hence,
we have 17/2 < 12 < ws(f) which gives ws(f(2) | X(5)) < ws(f). O

Returning to the proof of Lemma 4.4, we consider the following sequence of

modular forms in Sym-1,_1y N Z [[q]]:
ho(2) 1= £(2), ha(2) i= hol2) | X(0), ha(2) i= ha(2) | X(D),....
Since f(z) € S*, Lemma 4.1 implies that there exists n > 1 such that ho(z) = hp(2)
(mod ¢™). We recall that ve(f) =i < m to see that £~*ho(z) = £""h,(z) (mod ¢).
Hence, we have w;(¢=*hg) = we(¢~*h,,). Supposing, by way of contradiction, that
ve(f1) < ve(f) = i, Claim 4.5 gives ve(fo) > ve(f1) = 4. Since fo(z) € Sp and
f1(z) € 81, we observe that
we(l ' fo) <L —1<2(0—1) <we(L'fr).

Using this fact together with (2.9), we deduce that

we(£~"ho) = we(€~"(fo + f1)) = max{we (£~ fo), we(€~" f1)} = we(£~" f1) > £ — 1.
Therefore, Claim 4.6 gives
we(0 ho) > we(£7"hy) > we(£ thy) > -+ .
In particular, we have wy(¢{~*hg) > we(¢~"h,,), a contradiction. O
Theorem 4.3 depends on the following corollary to Lemma 4.4.

Corollary 4.7. Let f(z), g(z) € S8*, and suppose that f(z) = fo(z) + f1(2) and
9(2) = go(2) + g91(2) with fo(2), go(z) € So and fi(2), g1(z) € S1. Suppose further
that fo(z) = go(z) (mod £™). Then we have f(z) = g(z) (mod £™).

Proof. Suppose on the contrary that ve(f — ¢g) = 7 < m. Then we have

f=9=o—90)+(f1—91) €S", fo—90€So, f1—g1€S1.

We apply Lemma 4.4 to deduce that ve(fi — ¢g1) > j; the hypothesis gives
ve(fo — go) > m > j. Hence, we find from (2.12) that

ve(f —g) = j = min{ve(fo — go), ve(f1 — g1)} > J,

a contradiction. O

We now construct the injection IL, : Q¢94(m) < Sy_1NZ[[g]] as a composition
of Z/¢™Z-module homomorphisms ®;, @5, and P3.

Corollary 3.5 and the remark following it imply that X (¢) is an isomorphism
on Q94(m). Since S* is the largest Z/¢™Z-submodule of Spm-1(o—1) N Ze [[4]]
with this property, we see that Q}?dd(m) C S*; we define ®; to be the inclusion
Q244(m) — &*. To define @5, we let f(2) = fo(2) + f1(z) € S* with f; € Sy and
f1 € 81, and we suppose that ve(f) = ¢ < m. Lemma 4.4 implies that f(z) = fo(z)
(mod ¢v¢(H)+1) Therefore, the map @5 : f(2) — f(2) (mod £*¢(/)*1) has &, : S* —
Sy. Furthermore, ®5 is injective by Corollary 4.7. We next define the map ®5 on
So. Suppose that f(z) € Sp. By definition of S, there exists g(z) € Se—1 N Zy[[q]]
with f(2) = g(2)Ee_1(2)"" =1, We define ®3 : Sy — Sp_; N Zo)[lq]] to be the
isomorphism that maps f(z) to g(z). To summarize, we have

I, - Q9% (m) B 8* .8 8 Su1 N Zy [[a]];
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the first two maps are injections, while the third is an isomorphism. Moreover, if
we suppose that f(z) € Q994(m) has ve(f) < m, then we have

o(f(2)) = f(2) (mod £+,

One can similarly construct Il : Q§V°"(m) < Sy_1 N Zy[[g]]. Since S* | U(Y) |
D(¢) = 8* | X(¢) = §*, we observe that S* | U({) = S§*. An argument similar to
the above shows that S* | U(f) is the largest submodule of Sym—1(,_1y N Z(y)[[q]]
on which Y (¢) is an isomorphism. In this setting, one can prove facts analogous
to Lemma 4.4 and Corollary 4.7. One can also define injective homomorphisms &}
and @}, and an isomorphism ®% whose composition

o P! P
1L : ngen(m) =4 8* | U(ﬁ) =3 So =3 Se_1 N Z(g)[[q]]
is the desired map. O

Remark. The injections II, and Il preserve order of vanishing. From the defini-
tion (1.7) of D(¢), we find that f(z) € Q994(m) has order of vanish at infinity
2 -1
244
Qg¥°"(m) as in (1.13) of Theorem 1.4.

. Hence, we recover the bound R, on the Z/¢™Z-ranks of Q944 (m) and

4.2. Proof of Corollary 1.3. We suppose that b > 1 is odd. The proof holds with
suitable modifications for even b. Let S be the largest subspace of Sy_1 N Zy)[[q]]
over Z/¢Z on which X (¢) is an isomorphism. We proceed by induction on m. For
m =1 and b > by(1), we have L,(b;z) € Q99(1) C S. By Lemma 4.1, X(¢) has
finite order, ¢, on S. The m = 1 case of Corollary 1.3 follows from

Lo(b; ) = Lelbi 2) | X(O)%  (mod ¢).
Moreover, we note, for all F'(z) € S, that
(4.2) F(z)| X(0) = F(z) (mod ).

Next, we fix m > 2, we set

X(L,m) = X ()",
and we suppose, for b’ > by(m — 1), that
Lo(b';2) = Le(V; 2) | X(£,m) = Le(b + 2¢™ 2 2)  (mod £™71),
Let b > bg(m) > be(m — 1). Since b > by(m — 1), the inductive hypothesis gives
Le(b;2) = Le(b; 2) | X(¢,m) (mod ¢£™1);
since b > by(m), we find that
Lob;2), Lolb;2) | X(t,m) € 93 (m).

It follows that there exists f(z) € Q944(m) with f(z) =0 (mod ¢™~1) for which
(4.3) Lo(b;2z) = Lo(b; 2) | X(6,m) + f(2) = Le(b+ 2co™ %, 2) + f(2)  (mod £™).

We next recall that S* is the largest Z/¢™Z-submodule of Sym-1(_1) N Zy[[q]]
on which X (¢) is an isomorphism modulo ¢™. We let y be the rank of §*, and we
let

(4.4) {91(2), .-, 9u(2)}
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be a basis for S*. There exists a submodule N* C Spm-1(,_1) N Zy)[[q]] such that

(45) S[m—l([_l) - S* EB./\/‘*
We observe, for all f(z) € N'*, that there exists ¢ty > 1 with
(4.6) f(z)| X(OY =0 (mod (™).

We now give lemmas necessary for the conclusion of Corollary 1.3.
Lemma 4.8. For 1 <i < pu, let g;(z) be as in (4.4). We have ve(g;) = 0.

Proof. We suppose on the contrary that, for example, v¢(g1) > 1. It follows that
there exists h(z) € Sgm-1(,—1) with

(4.7) g1(2) = 079YR(z)  (mod £™)

and ve(h) = 0. Using (4.5), we see that there exists hg-(z) € S* and hp-(2) € N*
with

(4.8) h(z) = hs+(2) + har=(2z)  (mod £™).

Now, since hpr+(z) € N*, (4.6) implies that there exists ¢ > 1 such that

(4.9) har(2) | X(€)' =0 (mod £™).

We also note by Lemma 4.1 that there exists n > 1 with

(4.10) X" =1g~,

the identity on S*. We let & > 1 have nk > t, and we use (4.9) and (4.10) to
conclude that

(4.11)

har(2) | X(O™=0, hs-(2) | X(O)" =hs-(2), g1(2) | X(O)"" =g1(2) (mod £™).

From (4.8) and (4.11) we obtain

(4.12) h(z) | X(€)™ = hg«(z) (mod £™).
Applying X (¢)"* in (4.7) and using (4.11), we deduce that
(4.13) 9R(2) | X (O™ = gi(2) | X(O)™ = g1(2)  (mod £)™.

We multiply by ¢2¢(91) in (4.12); substituting the result in (4.13) gives
g1(2) = 09 hso(2)  (mod £™).
Since hs+(z) € §*, we find a4, ...,a, € Z/{™Z with
he-(2) = 0101() + -+ + augu(z) (mod £™).
Multiplying by ¢v¢(91) and using (4.7) yields
0= (E")ay — 1)gy(2) + €7 (a1 () + -+ + augu(2) (mod £7).

Assuming that v(g1) > 1, we have £%¢(9)a; — 1 # 0 (mod ¢™), which contradicts
the linear independence modulo ¢™ of {g1,...,g,}. Hence, we have v¢(g;) =0. O

For the next lemmas, let f(z) € Q294(m) C S* be as in (4.3). There exists
ai,...,a, € Z/U"7Z with

(4.14) f(z)=aig1 +---+aug9, (mod (™).
Lemma 4.9. For 1 <j <y, let a; be as in (4.14). We have a; =0 (mod ¢™~1).

Licensed to Univ of South Carolina. Prepared on Mon Sep 23 17:09:14 EDT 2013 for download from IP 129.252.2.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE PARTITION FUNCTION MODULO PRIME POWERS 2195

Proof. If f(z) =0 (mod ¢™), then the result holds with a; = 0 (mod ¢™) by (4.14)
since {g1,...,9,} is a basis for S*. Recalling that f(z) =0 (mod ¢™~1), it suffices
to consider vy(f) = m—1. If the statement of the lemma is false, then, for example,
we have vp(a;) < m — 1. Using (4.14) and v,(f) = m — 1, we find that

0=aig1+  +augu (mod £W(a1)+1);
multiplying by ¢m~(¢(e1)+1) gives
0 = pm—(ve(an)+1) (@191 + -+ aug,) (mod £™).

We compute vg (¢~ e(@) ) = m — (ve(ar) + 1) + ve(ar) = m — 1; it fol-
lows that ¢m~(e(@)+h g, =0 (mod ™), contradicting the linear independence of
{g1,...,9,}. Hence, we have a; =0 (mod ™). O

Lemma 4.10. Let ¢¢ be as in (4.2). Then we have

F(2) | X0 = f() (mod ™),

Proof. For all 1 < j < pu, we have g;(z) (mod £) in S. Hence, from (4.2), we see
that g;(z) | X(€)* = g¢,(z) (mod ¢™). With a; as in (4.14), Lemma 4.9 implies
a;9;(2) | X(0)° = ajg;(z) (mod ™). It follows that

fR) 1 X (O = (a1g1+- -+ aug,) | X(OF = argi+---+aug, = f(2)  (mod £M).

O
Lemma 4.11. Let 1 < ¢ </{. Then we have
(4.15) Le(b; 2) | X(£,m)* = Le(b; 2) | X(£,m) " —if(z) (mod £™).
Proof. We induct on 4. From (4.3) and Lemma 4.10, we compute
Le(by2) | X(6,m)" = (Le(bs 2) | X(£,m)) | X(6,m) "
= (Le(bs2) = f(2)) | X(f m)*!
= Li(b;z) | X(6,m) "1 = f(2) | X(6,m)"
= Ly(bi2) | X(t,m)' "1 — f() (mod ¢™).
Next, we fix 1 <¢ < ¢ —1 and use (4.3), Lemma 4.10, and (4.15) to compute
Lo(b;2) | X(6,m)" = Le(b;2) | X(6,m) ™" —if(2)
= (Le(b;2) | X(6,m)) | X(,m) =Y —if(2)
= (Le(bi2) = f(2)) | X(€,m)" "D —if(2)
= Lo(by2) | X(6,m)" D — (i +1)f(2)  (mod £™).
The result follows. g

To complete the proof of Corollary 1.3, we let ¢ = £ in the lemma and recall that
f(z) =0 (mod ¢™~1) to obtain

Lo(b 4 2¢00™™ Y 2) = Ly(b; 2) | X(6,m)* = Ly(b; 2) — £f (2) = Le(b; 2)  (mod £™).
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5. THE PROOF OF THEOREM 1.2

5.1. Preliminary lemmas. We observe from Lemma 3.1 (resp. Claim 4.6 (1))
that D(f) (resp. X (£)) preserves Sg_1 N Zy)[[q]] with coefficients reduced modulo
£. We recall that S is the largest subspace of Sy_1 N Z|[[q]] over Z/¢Z on which
X (¢) is an isomorphism. We define
(5.1) de:=min{t >0 : Vf € M_i1NZylq)], f|DE)|X()" €S}.
It follows that a simple bound on dy is
-1
de < di 1) =|—]-
VAR lm(Sg 1) \‘ 12 J
We note again, for primes 5 < ¢ < 1300, that we have dy = 0. We prove the
following general theorem.

Theorem 5.1. Let £ > 5 be prime, let m > 1, and let dy be as in (5.1). Then we
have

be(m) <2(d¢g+1)m —1=2dy + 2m — 1.
Remark. Theorem 1.2 is the case dy = 0.

The proof of Theorem 5.1 requires four preliminary lemmas.

Lemma 5.2. Let £ > 5 be prime, let m > 1, and let dp be as in (5.1). Suppose,
for some even b > 0, that A\(z) € AJY*"(b,m) and that 0 < v,(X) =1 < m. Suppose
further that f(z) € My_1 0 Zy|[q]] satisfies
Mz) =01 f(z) (mod £i11).
Then there exists pu(z) € Q999(m) such that
M=) | D) | X(6)" = p(z)  (mod £71).

Proof. Since f(z) € My—1 N Z[lg]], (5.1) implies that f(z) | D(¢) | X ()% € S.
The hypotheses on A(z) imply that £7*\(z) € Z[[q]] and that £7X\(z) = f(z)
(mod ¢). We apply Lemma 4.2 with A =Z/(Z, M =S, T = X({), and m = f(z) |
D(f) | X (£)% to find, for all n > 0, that

(5.2) %w(mxw)dt; (mod £)
€ Spangya {240 1 D(6) | X (0, 22 | Do) | Xyt

Observing that i+1 < m and that A(2) € A7¥"(b,m), we see that A(z) (mod £'*1) €
AS¥en(b,i + 1). Hence, for all j > 0, we have

(5.3)  A2) | D) | X(0)%H  (mod £ € A (b+2(dy + )+ 1, i +1).

We multiply (5.2) by £ and we use (5.3) together with the nesting property of
the modules A944(b,m) as in the remark following Corollary 3.5 to establish for all
n > 0 that

Az) | D(O) | X (0% (mod £F)
€ Spang g1z {A(z) | D(£) | X(OF,..} C AP b+ 2(de +n) + 1, i + 1),

In particular, for odd b’ large enough with ¥ > by(m), we conclude that there
exists j(2) € 024 (m) = AH(V,m) with A(=) | D(€) | X(0)% = (=) (mod £+),
as required. ([l

Licensed to Univ of South Carolina. Prepared on Mon Sep 23 17:09:14 EDT 2013 for download from IP 129.252.2.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE PARTITION FUNCTION MODULO PRIME POWERS 2197

As in the proof of Theorem 4.3, we set S* C Sym-14_1) N Zp|[q]] to be the
largest Z/¢™Z-submodule such that X (¢) is an isomorphism on &* modulo ¢™. We
need the following lemma to prove Lemma 5.5 below.

Lemma 5.3. Let ¢ > 5 be prime, let m > 1, let f(z) € 8*, and suppose that
0 <we(f) =i <m. Then for all 1 < s <m —i, the form f(z) is congruent modulo
072 to a form in Sps-1(o_1).

Proof. We proceed via induction on s > 1. The case s = 1 follows from Lemma
4.4. Therefore, we fix 1 < sg < m — i and suppose, for all 1 < s < s, that f(z)
is congruent modulo #+* to a form in Sps—1(¢—1)- Since vy(f) = i, we note for all
such s that £7'f(z) is congruent modulo ¢* to a form in Sgs-1(¢—1y- In particular,
with s = 59, we obtain fs,(2) € Spso—1(,—1) With

(5.4) () =07, (2)  (mod £5°).

Next, we observe that

so\% so—1l(p_
(55) f;fg) 'Eg,l(z)e G S S[SO(£_1)~
From Proposition 2.5 and (5.4) we see, for all 1 < s < s¢, that
(5.6) _fs}fz) ~Ez_1(z)zsofl(e*1) = fsogEZ) = —félz) (mod 7).

Noting the induction hypothesis on £~%f(2), (5.5), and (5.6), we conclude for all
1 <s<sp+1 that Eiifso(z)Eg_l(z)eso_l(e*U is congruent modulo £° to a form in
Sga=1(¢—1y. We also note by Proposition 2.3 (2), that 0 fo (2)Eoy (2)2°7 D) |
U(¥) is congruent modulo ¢° to a form in the same space. Hence, we may apply
Lemma 3.1 and (1.8) to show, for all 1 < s < sg + 1 and for all ¢ > 1, that there
exists I ¢(2) € Sgs—1(4—1) such that

(5.7) fsifgz) . Eg_l(z)lsofl(zfl) | X(0)! = Fs4(2) (mod ¢£%).
Since f(z) € 8*, Lemma 4.1 implies that there exists n > 1 with f(z) | X(0)" =
f(2) (mod £™). We use i + so + 1 < m and ve(f(2)) =4 to conclude that

(5.8) % | X(O)™ = % (mod ¢£50F1).
For convenience, we set
(5.9) [7(2) 1= £(2) = fuo(2) Bema(2) 7.
Multiplying by ¢¢ in (5.6) gives

f*(2)=0 (mod ¢it50),

Therefore, we consider the quantity

If k = —oo, then (5.5) and (5.9) imply that f(z) is congruent (mod £iF%0F1) to a
form in Spso(¢—1). Hence, we suppose that k # —oo; we have £k = 0 (mod £ — 1).
With n as in (5.8), we apply Claim 4.6 to find, for » > 1 large enough, that

(5.10) wy <ng | X(e)m> <00 (0—1).
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We first suppose that this filtration is not —oo; it must therefore be j(£—1) for some
0 < j < %0, Using Proposition 2.5, It follows that there exists G.(z) € Speo(e—1)
for which

f(2)

(5.11) e

| X(0)" - Ee1(2)"°~7 = Gr(2)  (mod £).

Starting from

f(2) = fuol2) - Bea ()70 4 17 (2),
we apply X (£)"" and (5.8) (multiplying by ¢!) to obtain

(512) f(2) = fuo(2) Bea ()" D [ X (O™ 4 £(2) | X(O™ (mod £,

In (5.7), we let t = nr and s = s¢ + 1, and we multiply by ¢ to show that the
first summand on the right side of (5.12) is congruent modulo /750! to a form
in Spso(¢—1y. Similarly, we multiply by ¢“%0 in (5.11) to deduce that the second
summand on the right side of (5.12) is congruent modulo ¢/7*0F! to a form in
Spso(s—1)- We now see that the left side of (5.12) must also be in this space modulo
¢i+so+l Hence, the lemma is proved when (5.10) is not —co. When (5.10) has value
—o00, we deduce that f*(z) | X(£)" =0 (mod ¢*T*0F1). We insert this into (5.12)
and note again that the first summand on the right side of (5.12) is in Spso(—1)
modulo £iT%0F1 to obtain the desired result. O

Remarks.

(1) A modification of the proof using Proposition 2.5 shows that the conclusion
continues to hold under the weaker hypothesis that f(z) =0 (mod ¢?) (i.e.,

ve(f) 2 ).

(2) The lemma also continues to hold for f(z) € §* | U(f). As discussed in
the proof of Theorem 4.3, §* | U({) is the largest Z/¢™Z-submodule of
Sym-1(¢—1y on which Y'(¢) is an isomorphism modulo £™. Further, we note
that Q5ve"(m) C S* | U(¢) and Q944(m) C S*.

We next prove the m = 1 case of Theorem 5.1.
Lemma 5.4. Let £ > 5 be prime, and let d; be as in (5.1). Then we have
Le(2dg + 15 2) € Q949(1).
Proof. We apply Lemma 5.2 with
A(z) = Le(0;2) =1 € A7(0,1), f(2) = Ee—1(2) € Me—1 N Zy[[q]];
hence, we have ¢ = 0. In particular, Lemma 5.2 yields u(z) € Q944(m) with
Le(2dg + 152) = Le(0;2) | D(€) | X ()% = p(2)  (mod ).
Since reduction modulo ¢ maps Q99 (m) — Q949(1), the lemma follows. O

The final preliminary lemma plays a central role in the proof of Theorem 5.1 for
m > 2.

Lemma 5.5. Suppose that £ > 5 is prime, m > 2, 1 < s < m — 1, and dy is
as in (5.1). Then there exists v(2(dy + 1)s;2) € Q5" (m) and T7(2(d¢ + 1)s;2) €
Sym—s—10—1y N Zy)l[q]] with the following properties.

(1) We have 7(2(dg + 1)s;2) =0 (mod £°).
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(2) For all k with s+ 1 < k < m, the form 7(2(d¢+1)s; z) is congruent modulo
% to a form in Spr—s—1(g-1)-
(3) We have Ly(2(de + 1)s;2) = v(2(de + 1)s;2) + 7(2(dg + 1)s; 2) (mod £™).
Proof. The proof proceeds by induction on s. In view of the proof of Lemma 5.4,
we see that there exists u(z) € Q999 (m) with

(5.13) Le(2dy + 1;2) = p(z)  (mod #).

Since D(¢) : Q3°"(m) — Q94d(m) is an isomorphism, there exists v(2dy;z) €
Q§ver (m) with

(5.14) v(2dg;z) | D(6) = u(z) (mod £™).

We claim that the form Ly(2dy; z) — v(2dy; 2) satisfies the hypotheses of Lemma
3.6. We observe that v(2d; z) € Q5V°"(m) implies, for all 1 < k < m, that v(2dy; 2)
(mod (%) € V™ (k) C Myr-1(,_1). Similarly, Corollary 3.5 implies that L (2dy; z)
is congruent modulo ¢* to a form in Mr—1(¢—1y. Therefore, there exists a(k;z) €
Mgk—l([?l) N ZHQH with

(5.15) Ly(2dy; 2) — v(2dg; 2) = ak; z)  (mod £F).
Moreover, (1.7), (5.13), and (5.14) imply that
(5.16)

(Le(2dg; 2) —v(2dg; 2)) | D() = Le(2de + 1;2) —v(2dg; 2) | D(€) =0 (mod £).
Hence, our claim holds. Applying Lemma 3.6 and using (5.15) gives, for 2 < k < m,
a form h(k; z) € Spr—2(4—1) N Z[[q]] with
(5.17)  (Le(2dg; 2) — v(2dg; 2)) | Y () = ak; 2) | Y () = h(k; z)  (mod £F).

We next claim that 7(2(d¢+1); z) := h(m; z) € Sgm—2(,—1) satisfies the conclusion
of the present lemma for s = 1. For 2 < k < m, (5.17) implies that h(m; z) = h(k; z)
(mod ¢*), and (1.9), (5.16), and (5.17) imply that h(m;z) =0 (mod ¢). Now, since
Y () : Q5" (m) — Q§¥°"(m), we have
(5.18) v(2(de +1);2) :==v(2de; 2) | Y (€) € Q77" (m).
It follows from (1.10), (1.9), (5.17), and (5.18) that

Lz(2(dz + 1); z) = Ly(2dy; Z) | Y(f)

V(2ds;2) | Y(0) + (Lo(2de; 2) — (2dg; 2)) | Y(0)
v(2(de + 1);2) + h(m; 2)
v(2(de+1)s;2) + 7(2(de + 1);2)  (mod £™).
We now suppose, for fixed 1 < s < m — 2, that there exists v(2(d; + 1)s; z) and

7(2(de + 1)s; 2) satisfying the conclusion of the lemma. Condition (1) implies that
ve(T(2(dg + 1)s;2)) > s; we may assume that

(5.19) ve(T(2(dg + 1)s52)) = s.
We first show that 7(2(d, 4+ 1)s; z) satisfies the hypotheses of Lemma 5.2. The

hypothesis on v(2(dy + 1)s; z), the definition of by(m), and the nesting property of
the modules A¥*"(2(d; + 1)s;m) give

(5.20)  v(2(de + 1)s; 2) € Q" (m) = A7 (be(m), m) C AFY(2(dg + 1)s, m).

From condition (3), we see that 7(2(dg+1)s;2) = Le(2(de+1)s; 2) —v(2(de+1)s; 2)
(mod ¢™). In view of (5.20), it follows that 7(2(de + 1)s;2) € AJ*(2(dy +1)s,m).

Licensed to Univ of South Carolina. Prepared on Mon Sep 23 17:09:14 EDT 2013 for download from IP 129.252.2.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2200 MATTHEW BOYLAN AND JOHN J. WEBB

With k = s+ 1 in condition (2), we find that 7(2(d; + 1)s; z) is congruent modulo
05+ to a form in Sy_;. We may now apply Lemma 5.2 to 7(2(d;+1)s; z) to produce
v(s;2) € Q244(m) with

(5.21) 7(2(dg +1)s;2) | D(£) | X (0)% = v(s;2) (mod £5+1).

From (5.19), we find that

(5.22) v(s;2) =0 (mod £°).

Since D(€) : Qv (m) — 999 (1m) is an isomorphism, there exists 8(s; z) € 25V (m)
with

(5.23) B(s;2) | D) =~(s;2) (mod £™).

Noting (5.22) and that s < m, we also have 3(s; z) | D(¢) =0 (mod ¢°). Reduction
modulo ¢° surjects onto Q5¥°"(s), and D(¢) is an isomorphism on Q5V°"(s). Hence,
we deduce that
(5.24) B(s;z) =0 (mod £°).
Using (1.8) and (1.9), we observe that
(5.25) 7(2(de + 1)s;2) | D(€) | X (0)% = 7(2(d¢ + 1)s32) | Y (0)* | D(¢).
Since s + 1 < m, it follows from (5.21), (5.23), and (5.25) that
(5.26) 7(2(dg +1)s;2) | Y (0)¥ | D(£) = B(s;2) | D(¢) (mod ¢511).

We next show that
7(2(de + 1)s; 2) | Y ()" — B(s3 2)

gs
satisfies the hypotheses of Lemma 3.6. Dividing by ¢° in (5.26) gives
7(2(de + 1)s;2) | Y(0)% — B(s; 2)
gs

Condition (2) and (5.19) imply, for all s+ 1 < k < m, that £~57(2(d; + 1)s; 2)
is congruent modulo £*7¢ to a form in Spr—s-1(¢—1)- We use Proposition 2.3 and
Lemma 3.1 (replacing k with k—s and n with m—s) to show that £=57(2(d;+1)s; z) |
Y (£)% remains in the space Spr—s-1(o—1) N Zp|lq]] with coefficients reduced modulo
¢k=s_ In view of (5.24) and the fact that ((s;z) € Q§V°®(m), we apply Lemma 5.3
and the remarks following it to £=°8(s; z) to show that the same conclusion holds
for this form. From (5.27) we therefore conclude, for all s + 1 < k < m, that Z(z)
modulo £¢7% is congruent to a form in Spr—s-1(¢—1)- We may now apply Lemma 3.6
(with j = k — s and n = m — s) to Z(z) to obtain, for all s + 2 < k < m, forms
f(k:,z) S Sgk—s—2(g_1) with
(5.29) Z(2) | Y() = f(k;2) (mod £87%).

To conclude, we show that
(5.30) 7(2(de + 1) (s + 1);2) := L7 f(m; 2) € Spm—s—2(4-1),
(5.31) v(2(de + 1) (s +1);2) := (W(2(de + 1)s52) | Y(0)% + B(s;2)) | Y (£)

satisfy the conditions of the lemma. From (5.27), (5.29), and (5.30), we observe
that
(5.32)

T(2(de + 1)(s + 1);2) = (1(2(de + 1)s;2) | Y(O)% — B(s;2)) | Y(¢) (mod £™).

(5.27) 2(2) =

(5.28) E(2) | D) =

| D(£) =0 (mod ¥).
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We first note that since Y (£) maps Q5V°"(m) to itself and since v(2(d¢ +1)s; z) and
B(s;2) € Q3™ (m), we have v(2(d¢ + 1)(s + 1); 2) € Q5" (m). To verify condition
(1), we multiply by ¢° and apply U(¢) in (5.28) to obtain ¢* - =(z) | Y(¢) = 0
(mod ¢5*1). Similarly, in (5.29), we multiply by ¢° and set k& = m. Noting that
s+ 1 < m and using (5.30), we find that ¢ - =(z) | Y(£) = 7(2(d¢ + 1)(s + 1); 2)
(mod ¢51). Tt follows that 7(2(d¢ 4+ 1)(s+1);2) =0 (mod ¢5T1), as desired. From
(5.29) and (5.30), we find, for all s +2 < k < m, that 7(2(de + 1)(s + 1);2) is
congruent modulo £* to a form in Syk—s-2(¢_1), namely £° f(k; z). This is condition
(2) of the lemma. Lastly, we verify condition (3). By the induction hypothesis,
(1.10), (1.9), (5.31), and (5.32), we have

Ly(2(de+1)(s+1);2) = Le(2(dg + 1)s8;2) | Y

Y (e
v(2(de+1)s;2) + 7

2(de +1)s32)) | Y (0) "

0% — B(s;2)) | Y ()
=v2(de+1)(s+1);2) +7(2(de + 1) (s + 1);2)  (mod £™).

The lemma is proved. |

5.2. Proof of Theorem 5.1. Let £ > 5 be prime. To prove Theorem 5.1, it suffices
to show for all m > 1 that

(5.33) Le(2(dg + 1)m — 1; 2) € Q944 (m).
The m = 1 case is Lemma 5.4. We now use Lemmas 5.2 and 5.5 to prove
the theorem for m > 2. We let s = m — 1 in Lemma 5.5 to obtain

v(2(de + 1)(m — 1);2) € QF¥*(m) and 7(2(d¢ + 1)(m — 1);2) € Se—1 N Z[[q]]
satisfying conditions (1), (2), and (3) of the lemma. Condition (1) states that
7(2(de + 1)(m — 1);2) = 0 (mod (™~ 1). If 7(2(dg + 1)(m — 1);2) = 0 (mod £™),
then condition (3) implies that L,(2(d; + 1)(m — 1);2) = v(2(de + 1)(m — 1);2)
(mod ¢™). It follows that L,(2(de + 1)(m — 1);2) € Q5V°"(m). Basic properties of
X (¢) and D(¢) given in the beginning of Section 4.1 imply that

(5.34) D)X (0)% : Q™ (m) — Q94 (m).

Hence, we find that Ly(2(dg+1)m—1;2) = Lg(2(de+1)(m—1);2) | D(¢) | X (£)% €
Q999 (m). Therefore, we assume that

(5.35) ve(T(2(dg + 1)(m — 1);2)) =m — 1.

In this case, condition (3) gives
(5.36)
Le(2(de+1)(m—1);2) = v(2(de+1)(m—1);2) +7(2(dg + 1)(m—1); 2) (mod £™).

It follows that 7(2(d¢+1)(m—1); z) € AF¥"(2(d¢+1)(m—1),m). Moreover, (5.35)
and the fact that 7(2(d¢ + 1)(m — 1);2) € Se—1 imply that this form satisfies the
hypotheses of Lemma 5.2. Using this lemma and the isomorphism (5.34), we deduce
the existence of 5(z) € Q5V°"(m) with

(5:37) 7(2(de +1)(m —1);2) | D(O) | X(O% = B(2) | D(€) | X(O)*  (mod £™).
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We now rewrite (5.36) as

Le(2(dg +1)(m = 1); 2) = v(2(de + 1)(m — 1); 2) + B(2)

Lo(2(de + Vm — 132) = Lo(2(de + 1)(m — 1); 2) | D(E) | X (0)*

= ((2(de +1)(m = 1);2) + B(2)) | D(€) | X ()%

+(7(2(de + 1)(m — 1);2) = B(2)) | D(O) | X (0)"

= (w(2(ds + 1)(m — 1);2) + B()) | D) | X% (mod ).
Using (5.34) again we conclude that Ly(2(de + 1)m — 1;2) € Q949(m), completing

the proof of the theorem. O

6. CALCULATIONS: EXAMPLES AND COMMENTS

6.1. Examples. In this section, we give selected examples to illustrate Theorem
1.2 and Corollary 1.3. In the course of our investigation, we calculated bases for
the spaces Q944(m) and Q5¥"(m) in the following cases:

m =1, primes 13 < £ < 1300,

m = 2, primes 13 < ¢ < 89,

m = 3, primes 13 < /¢ < 29,

m=4,{=13.

We first give examples of Theorem 1.2. We recall from (1.13) that r,(m) is the rank
of Q994(m) as a Z/¢™Z-module and that R, = |“512] is the upper bound for this
rank.

Example 1. Let ¢ = 29. We find that r99(1) = 1 = Rag. By the third remark
after Theorem 1.1, we see that r99(m) = 1 for all m > 1. We compute byg(1) = 1,
bag(2) = 3, and byg(3) = 5. We use this data and explicit computation to verify, for
all n > 0, that
p(29n + 23) = 10p(29°n + 806)  (mod 29),
p(29°n + 806) = 329p(29°n + 19308)  (mod 29?),
p(29°n + 19308) = 14706p(29"n + 13656152078)  (mod 29%).
Example 2. Let £ = 89. We have rgg(1) = 4 = Rgg; therefore, we have rgg(m) = 4
for all m > 1. We also compute bgg(1) = 1 and bgg(2) = 3. Our computations yield
the following congruences for all n > 0:
p(89n +26) = 87p(89°n + 7591) + 62p(89°n + 1628684006)

+14p(897n + 12900806011196)
+78p(89%n 4 102...186) (mod 89),
1244p(89°n + 1628684006)
+5135p(89n + 12900806011196)
+1082p(897n + 102... . 186)
+968p(89M 1 4 809...976) (mod 89?).

p(89%n + 7591)
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Example 3. Let ¢ = 1297. We calculate r1297(1) = 54. Hence, for all m > 1, we
have r1297(m) = 54. We also have bya97(1) = 1. For all n > 0, we find that

p(1297n + 1243) =1171p(1297° n+2090915695)+207p(1297° n+3517357200300163)

+1242p(1297*°7n+116...975)+1108p(1297*°9n+195...683)  (mod 1297).

For all primes ¢ < 1297 with the exception of £ = 607, our calculations show that
re(1) = Ry, and hence, that ro(m) = Ry for all m > 1. For ¢ = 607, we find that
T607(m) = R607 — 1 for all m > 1.

We next give examples of Corollary 1.3.

Example 1. Let ¢ = 37. We find that c3; = 36, and we discover, for all n > 0,
that
p(37Tn 4+ 17) = p(37™n + 138 ---7757)  (mod 37).

Example 2. Let £ = 137. Our computations give ci3; = 177423288. Thus, the
following congruence holds for all n > 0:

p(137n + 40) = p(137354846577, 1 531...1080) (mod 137).

6.2. Comments on computation. Let ¢ > 13 be prime, and let m > 1. We
describe how to calculate a relation modulo ™ between the r¢(m) + 1 functions
{Le(be(m); ), Le(be(m)+2;2), ..., Lo(be(m)+2r¢(m); 2)} C Q9949(m). By Corollary
3.5, this calculation takes place in the Z/¢™Z-module Sgm-1(,_1y N Zg)[[q]] with
coefficients reduced modulo £™.

Let
A M —1)
Lm — 19 .

We require the rank of Sym-1(,_1), given by
tom —1 "0 -1)=2 (mod 12),
Se,m = .
’ te,m otherwise,

and we require the forms

1 if m=1(l—1)=0 (mod 12),
Ey(2)?Eg(z) ifm~ 1 —-1)=2 (mod 12),
Fyoz) = Ey(2) if m=1(l—1)=4 (mod 12),
EmT Be(2) if (m=1(0—1)=6 (mod 12),
Ey(2)? if (M1 —1)=8 (mod 12),

Ey(2)Eg(z) if ™1l —-1)=10 (mod 12).

In this notation, a standard upper-triangular basis for the space Spm-1(,_1) is

(A B I F () = g o}
Hence, to distinguish a form in Sym-1(,_1) it suffices to compute its coefficients to
order O(g'm).

We seek to efficiently calculate ®,(2) = n(¢22)/n(z) (mod ¢™). When m = 1,

we use (2.10). For m > 2, we use the following proposition.
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Proposition 6.1. Let m > 2. Then we have

n(C2)n()*" "' N

(61) @é(Z) = W H 7’] Ek 20 -2 (mod Zm)

Proof. By Proposition 2.5, for all & > 0, we have Ag(ﬁkz)%"kl = 1 (mod ™).
Thus, using definitions (1.5) and (2.8), we have

2) [T A2 = H W Zm — (mod £™).
0 k=0
Simplification by grouping factors yields the proposition. O
We note that
(q*%n@mﬂz))z " ﬁ A L BT

and that ¢y, < ™!, Therefore, to compute the right side of (6.1) to order O(g'*™)
we may disregard the contribution from the denominator. Rather, to compute the
right side to suitable order, it suffices to compute

g (22" [ ek 2

k=1
oo

(1— qzkn)zemfzem—l'

=

— 2n
2( 1(1 q£ )
n=1 k

1

For this purpose, we use Euler’s Pentagonal Number Theorem:

H(l—q —1—}—2 ( k(Sk 1)+qk(32+1)).

We now turn to computation of r¢(m) and by(m). To start, we compute
{Le(2m —1;2), Le(2m+152),...,Le(2(m+ Ry — 1) — 1;2)}  (mod £™).

A collection f1,..., fn € Z[lq]] is linearly independent over Z)[[q]] if and only
if the relation aif1 + -+ + anfrn, = 0 (mod £™) implies, for all 1 < ¢ < n, that
a; =0 (mod £™); if m > 2, we further require that not all a; = 0 (mod ¢). Next,
we determine the largest 0 < s < Ry — 1 for which

Ipms :={Le(2m — 1;2), Le(2m + 1;2),...,Li(2(m+s—1) —1;2)} (mod {™)

is linearly independent, and we set Jy ., s 1= Spanz/wz(lg,ms). In all calculated
examples we found that s = R, — 1 except for £ = 607, in which case, we computed
S:R607—2:24.

Continuing our search for relations modulo ¢, we first suppose that

(6.2) Le(2(m+5) = 1;2) € Jpm,s-
Then there exists cg,...,cs—1 € Z for which

Le(2(m+s)—1;2) = cgLe(2m—1;2)+- - -+ cs_1Le(2(m+s—1)—1;2) (mod £™).
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As X (0) is cyclic on Jy s, its matrix representation in the basis Iy, s is

00 -~ 0 o«
10 -+ 0 «
o= 0t 0
0 0 1 e

We also suppose that
(6.3) L1 cp.

Then X (¢) is an isomorphism on Jy ., s since ¢g € (Z/¢MZ)* is the determinant of
the matrix [X (¢)]. We conclude that

(6.4) de =0, be(m)<2m—1, r¢(m)=s, Q?dd(m) = Jom.s-

Conditions (6.2) and (6.3) were met in all calculated examples.
It remains to compute the precise value of by(m). We recall, for all b > by(m),
that

Spang, /gmy, {Lo(b;2), Le(b+2;2), ..., Le(b+ 2(re(m) — 1); 2)} = Q94 (m).
Hence, there exists co, ..., ¢p,(m)—1 € Z such that
(6.5) Le(b+2rs;2) = coLe(b;z) + -+ + ¢crpm1Le(b+ 2(re(m) — 1);2)  (mod £™).

Moreover, the coefficients are independent of b. Therefore, we seek b minimal for
which a congruence of type (6.5) holds. We use (6.4) to expedite this search.

On the other hand, if either of (6.2) or (6.3) fail to hold, then we have dp > 0.
In this setting, X (£) on S;—; has an eigenvalue A = 0 (mod ¢). The corresponding
eigenspace has dimension dy+1 and is not contained in S (as in (5.1)). We conclude
that r¢(m) < Ry — dy < Ry. Using these facts, an analysis similar to that for when
d¢ = 0 enables calculation of rp(m) and be(m).
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