SOLUTIONS for Exam # 2

1. {10 points } Find f'(z) and f"(x).

f(x) :x7—4\/§+% r 2

flla) =720 — 2277 — 273
f"(x) = 422° + x4 307!

2. { 10 points }  Find f'(x).

6—296

Jz) = x? + cos’
—2e % (2% 4 cos® x) — e 2 (2x + 5 cost x(—sinx))
(2% + cos® x)?

() =

e (—23:2 —2cos®x — 2x + Hcos*z sin a:)

- (2% + cos® x)?

3. { 10 points } Find Z—Z .
y=zeV® +Inzx
Y _ i e (l x—%) Ll E VE s
dx 2 x 2 x
4. { 10 points } Find % .

dy

1 -1 _% . 1 $2 _ - 35132
dr 2 (cos™ () ( 1— (333)2> (327) 2y/cos™1(23) /1 — af



5. { 10 points } Find the values of = at which the curve y = f(x) has a horizontal
tangent line, if f(z) = (2z + 5)2(x — 1)6.

Horizontal line means slope m = 0. Hence, we have to find all points
x for which f/(z) =0.

fl(x) =202z +5)(2) (r—1)° + (22 +5)* 6(x —1)°
= (22 +5)(z —1)°(4(z — 1) +6(22 +5)) = (22 + 5)(x — 1)°(162 + 26).

Thus, v=-%, =1, and x = —20 — _ 13 are the points for which

16 8
the tangent is horizontal.

6. { 15 points } Complete each part for the function f(x) =22 —4x.

(a) Find the slope of the tangent line to the graph of f at a general z-value.
m = f'(z) =2z —4

(b) Find the tangent line to the graph of f at x =1.

The equation of the tangent line is Yy —yo =m(x — xp)

where zy=1, yo= f(rg)=1—4=-3, and m= f'(xg) =2—-4=-2.

Substituting these values we receive y—(—3) = —2(x—1) and therefore

y=—2x—1 is the equation of the tangent line.

7. { 15 points } Find Z—Z by implicit differentiation.
z® —y° = 3wy

Differentiating the equation with respect to =z we receive

dy dy
2 2
B VP A =7
3 Y . 3y+3xdx
dy dy
302 — 3y = 3y —= + 3z -~
‘ J 4 dl‘+ xdx
dy_:z:z—y
dr 2 +x

8. { 15 points } Use implicit differentiation to find the tangent line to the curve

y:xtan(ﬂ>, x>0, y>0

2
at the point ( , %) .

N



Differentiating the equation with respect to =z we receive

dy Y 5 (TY m dy
%_tan<2>+”ec (2) 2 dr

dy am o /my\ dy Y
— — —secC (—) — = tan (—)

dr 2 2/ dv 2
Substituting x = % and y = % we receive
d
(-7 (7)) & === (3)
and therefore
dy 1 1
m = — — 5 = 1 p
-3 (v2) 1
.. 1 1 1
Thus, the tangent line is y— == xr—=].
2 1-3 2
9. { 15 points } Find % using logarithmic differentiation.
B cosx
Y 241
cost x 1 9
We have that Iny = In| —| = 4In(cosz) — —In(z* + 1) and
x? +1 2
therefore
1 dy d 1 1 1 x
y dx dx Y Cos T (=sinz) 2 22 +1 (22) I |
Thus,
d 4
—y:y —4‘|:anx—L - T 4tan:z:+L :
dx 2% +1 22+ 1 22+ 1
10. { 15 points } Find the limit.
, Inz
lim
a—1 a3 —1
Since the limit is an indefinite form of the type % we can apply the

L’Hopital’s Rule to obtain

1

) Inx ,
lim = lim —* = —
z—1 3 —1 a—1 3x2 3



First Bonus Problem. { 20 points }

The hypotenuse of a right triangle is growing at a constant rate of 3 centimeters
per second and one leg is decreasing at a constant rate of 2 centimeters per second.
How fast is the acute angle between the hypotenuse and the other leg changing at
the instant when both legs are 5 centimeters?

We denote the hypotenuse by h = h(t), the first leg by ¢ =/{(t), and
the angle between the hypotenuse and the other leg by o = «a(t). Then

we have that at the considered instant % =3, % =-2, (=5, and
h = /52 + 52 = 5v/2. Using that sina = % we receive o = sin™! (%) and
therefore

da _ 1 Lh —¢d _ 1 (—2)5v/2 — 5(3)

dt /N2 h? 2 5\/5 2

1— (7 _ (5
(h) 1 (5\@) ( )
1 —10\/§—15_\f2 V2. 3\ 2 32
11 50 B 5 0] 5 10
2

Second Bonus Problem. { 20 points } Find the limit.

r2e®
x—0 Sin (3%’2 )

Using the properties of the limit and then the L’Hopital’s Rule for

indefinite forms of the type 8 we obtain

I x2e® I r2e” y 2re® + xle”
im — = im ———— = im
20 sin(3z2?) z—0 sin(3x2) x—0 cos(3x?) (6x)

B lim 2e* +xet 2+0 1 B
\/ 250 cos(322) (6)  \/ (1)(6) V3




