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What is a Quantum Channel-Part 2. -

Partial trace (correct this time):

96,5 K-spaces Tr,:(7x()- ((96)

Tri =Ix)*tr

Tr(AxB) =(rB)A

Recall transpose op (46) ->L(95)
x ixT

trace-preserving, positive but not completely
positive.Counter-example:

96 =J =42

x = =un* where n =1) =4
x =[it]o



(*Lew&transpose) (x) =]
00 0 I

poply to (%]-conjugate on both sides
get th

donts: For any linear map:2(96)-h(
-x:((5) --((95) s.x. VAtL(s)

fB=L(96)
[A,y(3)) =(**(A), B7

D:inif (1) =1

Fact: : 2(96)->L(5) linear.
-

(1) I is completely positive->** is completel
(2) * is tracepreserving>**is unital.

Proof of (2): (-)) VBeL(91)

-(,),B) =(=,y)(B)) =tr(B)=trB



I.
=> [1,B> :.4*(45) =49.1)
():YDtL(96), tr4(a) =(1,,(y))
=[**(y),1) =(9,1) =rA.//
-

ma?Ac((96). A =0 if (A, B7 =0
for all BI0.

mmma: A positive -> **is positive,
VA,BI0

prip(*),B) =(1,8(3)) =0//
Gr;((i) of the trayt]:
means &pos. They

positive
:

crmpletely positive 7

***
=(** ⑪
-



Rrationsof Quantum Channels
Operator Sum Rep. (Kraus Rep):

Mimi A linear map 4:21967-52(5) is a
channel ifI k, ...,*neL(96,53,

EK,*K:=at ->completenesscondition

and, NACL(96),

-(D) =E:AK
Theitarecalledanin

-kn
exist.

*

Kraus rank 1>Iis unitary channel
-

presentation: Given linear : ((96)-L(K)
I

main medic

define



I
I(*) ==[(Ei,;) *Eij

i,jz(n)
11

E7,-,R3

Eijie,standard basis for L(98)I
Imnxmn matrix)

((y)L(kx96)

Fax:(1) I completely positive I(*)=0

/EE,
agress(I

(2) * is trace-preserving (Trx(5())-Dat



10-

↳
Proof of (2):

Trx((*) =Trx); (5,) *Eij]
always -TheseastrueI Eig
S->tr((j)) Eij = [5i;Eji,j i,j

iftr(CEi))=dijj Visj
iftr(Ei;))=trEi
iff is trace preserving

Summary Try (54)) =Bx iff is trace-preserving.
⑭

-

springRep:



"
Any linear $i21963 ->h(5),
there exists K and A,BEL(7,50K)
such that, VXeL(96) eL(5xx)

-(x) =Trx)B*)
Frat:B is a channel if5K, ACL(91,jax)

isometry
such that, VXCL(96)

-(x) =Trx(AXA*)



R
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Connections between the reps

D:Let A,sied and Bi,sid
be such that each Ai, B; L(4,5)
and let I be any d-dimensional K-space.
TFAEfor any

linear 6: L(94)-h(s):
d

1. (x) =AXB:*VXCL19d)
2. () = ver(A;) verlB!*
(where vec:((96,5) -> 5095 linear
such that ver(Eij) =e,ej

-x=vex)
[A, B3 =[very), reclBB:



13
3. (x) =Tr(AXB*) where

A =A;*e;
I

3 -Bire: Firstasis restor
-

Meeplesof channels

- Completely depolarizingchannel 2: L(91)-h()
&(x) ==(ux)Ana/dim4t

Apartially depolarizing channel is ofthe
pr +(1-p)() p([0,1]

j(r) = e

- Completely Dephasing Channel W:L(y)-2(76)
W(X) ==[X]Ein



*
"Set all off-diagonal elements to 0 "

() = Ei *E

D(X) =Ei X E*
=Tr)AXA*)
where Alexeiei

& M =94.

Mixed Unitary Channel - convex combo of
unitary channels.

In 2 dims,

r(p):=4p +xpx +ypy +zpz)



Norms of superoperators AcLLSA, 5)
**

HAll,:= Tr**
linear

induces a trace norm anoperators $:L(9)-h(s):

11411,:= max[ 114(X)11,:IXI,B

[Fi II(ur*) II,MTr((nnx))]
Thi of Russo-Dye

: If Iis pos, trace-preserving, then 11411, I
& 1*(X)II, IIXII,

Completely Bounded Trace Norm ("diamond norm

1116, III, i= 11 *caa II,

key properties: II**Ankall), =11I, liIII -III, III111, 1916 III,
1115,04-,III, II -olll, III, III,


