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Spherical  varieties  seminar - August  3rd 2018

GOA  Discuss  various  examples of  spherical ,
horo  spherical ,

and  wonderful  varieties
,  as  well  as  any related  definitions

% Notation / Defn Reminder
and  theorems  that  we  haven't  seen  in  this  seminar .
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Def .

• A G - variety is  spherical if it  is  normal and  has  an  open B - orbit .

• ( X
,  x ) is  an  embedding of GIH if X is  spherical ,

the G - orbit Gx  is  open  in X
,

and H is the  stabilizer

of x  e X . We  call an  embedding simple  if it has  a  unique  closed G - orbit

€
It's  also  useful to  recall  that  any spherical G -

variety admits  a  cover  by open  G - stable  simple )( spherical  varieties - so  we  really only need to  worry about  simple  guys .

Def .
 . QLX )

" '
= I few lbf  =  Xlblf It be B  

'

g some  x :B  =  e* } =

' '

B-  Eigenvectors
"

or B semi - invariant

functions
• NX ) = { Xfl ft CKX )

" " } =  set of all B - weights
• A  color is  a B - stable prime  divisor that  is  not G - stable . We  call the  set of all colors the

palette ,  which  we  denote by Atx ) .

• Let ( X
,  x ) a  simple  embedding of GIH .

 Define CLX ) ENLX ) to be the convex cone generated

by p× ( DLX ) ) and  by all of the G - invariant  valuations  associated to G - stable prime  divisors of X .

The  pair ( CLX)
,

DLX ) ) is  the painted cone of X
.

• Given  an  embedding ( X.  x ) of GIH , we define  its painted fan  as :

FIX ) = { colored cones  associated to Xy
,  is for  any G - orbit  Y of X }

with Xy ,  o
=  { xe Gl GT z  y }

Notation .
 • pp =  valuation  associated to the prime divisor D

.

• NLX ) :  = Home ( Nxt
,

Q1 )
• DLX

,
Y ) =

 colors of X that  contain the closed orbit  Y.

• E CX) =

 cone ( convex ) generated by f. L DEX ) ) E, weights  associated to G - stable prime divisors

of X .

• VIX ) =
 set of G - invariant  valuations  on X .

Pezzinis notes ( and Rob 's ! ) mention  the following :

To  classify ALL  spherical G - varieties
,  we  can  look  at  the following :

(
Recall : When GIH is  a

µ-  Fix  a  spherical  subgroup  HE  G  and  study all  embeddings  X of Gl H spherical variety ,
we  call

-

Study all  spherical  subgroups  HE  G H a  spherical  subgroup
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HI Revisiting examples of Spherical

varieties
AND  

THEIR

PAINTED  FANS HONES
B

First
,

I want to fully flesh  out  an  example  that  we've  already seen .

Example When Tracy talked about  spherical embeddings ,
she gave the  example of GIH  with G-  Sh  and

H = T
. ( Its  also  in Rob 's  notes from last  week ) During her talk ,  we  saw that  the homogeneous  space  GIH admits

only one  nontrivial embedding : X = IP
'

xp ! Well try) to construct  the painted fan for X .

Recall our  choice of max  torus T -
- H and  Borel  subset  B :

t -

- { (88.11 a .to } a B = I ( aoba ) lato}
The B - orbit :

co:.im ios co:.int:1 to:X : Ha ::L
Performing a  change of variables  as  in Tracysi talk

,
we  see that the B - orbit  is  iso .

to

{ Lp , g) e ITxD
'

with pig and p , gtfo) 4

( you  can  also  check that this  is  open

!
B - Stable divisors : I that  arent G - stable )

From Tracy's  talk
,  we  have : Dt  

= II
'

x { I 1,013 & D-  
= { Eliot 's x IP

'

Notice  also  that  the  closed  G - orbit  is  Z -

- diag L P
'

) . We  also have  the following B - stable  affine  open  set :

Xz
, B  = Xl ( Dtv D- ) = { Ex

,
, ]

,
Ey ,  it }  = IIE

From Rob 's talk
,  recall that  the function field of P'x II

'  
- ALP

' ) is the  same  as  that of HH - QLX
. y )

-  1

In Xz
, , ,

we know  a Local equation for  Zi fu , y ) = ( X - y ) . This  is  a B - eigenvector of weight  - a , .

-Thus
,

we have  the following :  Lp ( Z )
,

a
,

>  = - I
,

and HEX) = Qzo Vz . D
,

=
 vanishing of Xz ,

Notice  also that 849 ) has polls of Order " Along D "

and DJ so that µ D2 =  Vanishing XZZ )< p LD 'T
,

a , > =  

Tp CD -1,47 = t . pub  D= Up
,

(f) = I
I I

ND ,
( MY

and

Finally , from Rob 's notes  we have that NX 21
,

so that NLX ) = Home ( NX )
,

Q ) = Q1 . plum ) -
- No ,

=/

Using this
,

we get the following painted cone : I

7) ( GIH ) f p ( D 'T =p C D- ) =  y

for
Mmmm  mmmm  unwomanly ,

•

NLGIH )
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Y Horo spherical varieties

Def .
A homogeneous  space GIH is  called horo  spherical if one of the following holds :

• It  is  a torus bundle  over  a flag variety GIP

• H contains the  Uni potent  radical of a Borel subgroup
These  are  all

• H is the  Kernel of characters of a parabolic  subgroup Poy G

I "  wi  "  at  " t

↳ This  is  uniquely defined as  the  normalizer

of Hin  G
Theorem X is  horo  spherical if  and only if VIX ) = NLX )

.

Example Let G- -
- Sh again .

 We'll take H -

- U =  set of Uni potent  upper A  matrices  in  G
.

" = '

Noa,
) f and B -

-

Haob
a.) lato 's

NOTICE : GI H = SHIU = EIKO , O) }
.

-

~ so y is  a B - eigenvector  with weight  wi .

• The  only color D is given by the equation { y -03
.

⇒ ALS LIU ) = Thw
,

• Lp ( D )
,  w ,

) =

 up ( fw
,
) =

 No Ly ) = T

•

Notice : VISHU ) ± NISHI U ) .

We have the following non trivial simple  embeddings :

*mmmmnmnmmmmmmmmt

-⑥ - s

• ( 4
,

Di ) = ( Oh so p LD)
,

0 )
. According to Pezzini

, this gives

the  embedding GIH US line @ as }
. . . ( 1121903 )

-!nwmmmmm•mmsmmmmmmynuminous . ( Ez
,

Da ) = ( Oh zo p
LD)

,
{ D } )

.
This gives the  embedding

GIH u { to
,

013 = Cl?

&

humming
.

@ww#*
• ( Cs

,
Ds ) = ( Q±o PLD)

,
0 )

.
This gives  us Bb Cl?

0

This  is possibly a  stupid question ,
but  how do these painted fans  compare to  their toric  variety

counterparts ? Lie Block . . .
 as  a toric  variety )

A i i

ily .  
- i

9 !

• •
Block

•^
d- L The shaded regions  are  only to  indicate  the

• = • y - - - - .
maximal cones of the fan )
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. . . What about  the wmonmsimmpue embeddings of Sulu ? There  are two :

↳ painted fad instead of a painted cone !

• F = L ( { 03,0 )
,

LC
, ,

D
,
)

,

( Cz
,
Da ) } gives  embedding II ?  The fan  is  the following :

Hnmmwwwfnwwwwww←mmr tramcar >

O I

•  F -

- { ( 503
,

0 )
,

( C
, ,

D , ) ,
( Cs

,
Ds ) } which gives Bto IP?

← mainmast's @ominous
O

H Wonderful Varieties
$11111111111111111111111111117411

.

Def.
Let X be  a G -

variety . We  call X wonderful if :

Li ) X is  smooth and complete

Lii ) X contains  an  open G - orbit  XI  whose  complement  is the  union of  smooth G - stable prime  divisors

X
"
,

'
. . .

,
X

" '

which  have  normal crossings  and nonempty intersection .

Ciii) For  all x
, y E X we have :

Gx =

Gy if  and only if { it xex
" ' } =L jl ye Kid}

The  number  r Log divisors from part Lii) ) is the  rand of X
,  and ¥

,

X " '
l union of G - stable primedivisors )

is the boundary of X
,

which  we denote  as 2X .

A  note  on
" normal crossing

"
i I interpret  this to  mean that the X

" '
intersect  like the  coordinate

[hyperplanes  in Cl ? As  in Pezzinis notes
, any intersection of them  will give  a  wonderful subvariety .

I
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Theorem ( due to Luna  in 19967 Wonderful  varieties  are projective  and spherical .

Def Let  ZEX be the unique point fixed by B
.

.

It lies  on I -

- Gz  =

 unique  closed G - orbit .

Consider the  vector  space Te X / Tz E
.

L this  is  naturally a t - module ) Its T - weights  are  called

spherical roots of X
,

and we  denote  the  set of these by Ex .

If X is the  wonderful  embedding of a S .  H .
 S

.
GIH of rank  r

,
then the spherical roots  are  in

bijection  with co  dim  t G - stable  closed sub  varieties
,

and with  co  dim  r - I G - stable  closed subvariety .es
.

\

Facts L That I found interesting )

•Flag varieties  are  wonderful of rank ① .

• The  only wonderful varietythat is toric  and wonderful is the point .asA  spherical  variety is  wonderful if t  only if it's the  canonical embedding of its open G

orbit  and the embedding is  smooth .

Thus :  a  spherical homogeneous  space  admits  at  most one wonderful embedding
. •Wonderful varieties  are  classified by their associated root  system

•A  natural question :  when does  a  spherical homog .
 space  admit  a  wonderful  embedding ?

→ Classification of such  spaces  is  not yet  complete .

Although ,
there  is  a  necessary condition :  Not 1H must  be finite .

The general situation :  The homogeneous  spaces GIH =  Hx H / diag LH) for H semisimple and adjoint

admit  wonderful compactification X .
X has  spherical roots  Oi  =  dit  di ,

where  di  and di.  are  simple

roots for  each  copy of H .
There  are  also  n  colors

, g we  can determine the  values of their functionals

On each Oi  via the  Cartan  matrix  assoc . to H
.

According to Pezzini
. .

.

Note . Sh admits  a  wonderful compactification . ( Its the  only non - adjoint

simple group that does ) it  is :

X = had - be = E3 c It ( Marot Q )
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Example .
Let G=PGLz . We  consider GXG

,
with X -

- Elman ) I IP '  =

A  wonderful

D= Borel  subgroup of GXG
. .  so  we'll take D= B

-

x B
,  with :

%
compactification f

B-  
= I ( ofE) / and B - { ( gbe )) .

notice  that B
-

no

"""  "  "  "  "  "  "  "  "  "  "  "  "  "  " "

• What  is the B - orbit of X ? C How  does Bacton the  identity ? )

( doba . ,
) ! ) Oc ) = ( ?Id ba.cc/g/Needat-o.

Also
. .

 didn't Keller  mention this

so  the  

open
B-  orbit  will be : x :-. I L qba ) I a ,⇒

,
ad .bc±o}

( "  "  " " Tae"
cergtzxwsiczn?

)
•  what  is the G - orbit of X ?

yes  Now  we  can figure  out  what

This  should just be : { ( acby) I ad ,bc±o )
,

our  boundary divisors  should  be .

so
,

the  open GXG - orbit of X will be : Xo  
= IP L MHz ) ) 2- Lad - be )

then
. . XIXO ought  to give  us the boundary divisors

.
Notice Holman) I ( B ( Man ) I Elad - be )) =

-I Had - be )
T

• What  about the  colors ? boundary divisor

Recall from the defn .

. Xo IX :3 =
 union of prime B - stable divisors  =  union of colors

so
. .

Xo IX : = UP 't Had .be )) i ( BYE Cadrbc ) UZLAD) =IZLa es  one  color !

f.
See

"
Total word ring of a Wonderful( variety "  by Brion )

• Spherical roots ( writ BIB ) are pairs Gai , di )
,

where di  are the  simple  roots of the  root  system

associated to Pbbz . . .
 Which  is Ai .

A  choice of simple  root for A ,  is  e
,  

- ez .

So
. . .

NX ) ± root lattice of Ay ,
and NLX ) = Home ( NX )

,

Q ) I weight lattice of A
, .

L tensor  ed w/ Oh ? )

Finally . . .

VLX ) =  negative  Weyl chamber
. ( I think  Blake  talked about  this ? )

an  attempt  at  a painted fan :

-  eitez
•

ULX ) ?
•  et -

ee


